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1 Lecture 1: The Flavour Sector of the Standard Model

1.1 What is flavour physics?

Flavour physics deals with one of the puzzles in the Standard Model (SM), namely the existence
of three generations of quarks and leptons with very different masses. In these lectures, we will
describe how flavour comes about in the SM, which ingredients are needed to describe flavour
phenomena, and some of the current problems.

We start by writing the SM Lagrangian schematically as

LSM = Lgauge + LYuk + V (H). (1.1)

We discuss the various terms in turn, with the exception of the Higgs potential V (H).

1.1.1 The gauge sector

The gauge-sector Lagrangian is

Lgauge =
3∑
i=1

∑
ψ̂=Q̂L,ûR,d̂R,L̂L,êR

¯̂
ψ
,i
i /Dψ̂,i − 1

4

8∑
a=1

GaµνG
aµν

− 1
4

3∑
a=1

W a
µνW

aµν − 1
4BµνB

µν .

(1.2)

The first term contains the fermionic kinetic terms, while the remaining terms are the field-strength
tensors of SU(3)c, SU(2)L, and U(1)Y .

The fermion representations are

SU(3)c SU(2)L U(1)Y
Q̂L 3 2 1/6

quarksûR 3 1 2/3
d̂R 3 1 −1/3

L̂L 1 2 −1/2 leptons
êR 1 1 −1

From the point of view of gauge interactions, the three generations are the same. For example,
under a unitary rotation in flavour space,

3∑
i=1

¯̂
Q
,i

Li /DQ̂
,i
L −→

3∑
i,j,k=1

¯̂
Q
,j

L(UQL )†jii /D(UQL )ikQ̂,kL

=
3∑

k=1

¯̂
Q
,k

L i /DQ̂
,k
L ,

(1.3)

and analogously for the other fields. The gauge sector is therefore invariant under independent
rotations of the five fermion multiplets and has the global flavour symmetry

Gflavour = U(3)5. (1.4)

1.1.2 The Yukawa sector

The Yukawa terms distinguish the three generations:

− LYuk = Y ij
d

¯̂
Q
,i

Ld̂
,j
RH + Y ij

u
¯̂
Q
,i

Lû
,j
RH

c + Y ij
e

¯̂
L
,i

Lê
,j
RH + h.c., (1.5)
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where
H =

(
φ+

φ0

)
, 〈0|H|0〉 = 1√

2

(
0
v

)
, Hc = iσ2H∗. (1.6)

The Yukawa matrices Yu,d,e are complex 3 × 3 matrices. A generic flavour rotation gives, for
example,

¯̂
Q
,i

Ld̂
,j
R −→

¯̂
Q
,k

L (UQL )†ki(U
d
R)j`d̂,`R, (1.7)

so the Yukawa couplings break Gflavour.
After spontaneous symmetry breaking, in unitary gauge,

Q̂iL =
(
ûiL
d̂iL

)
, H = 1√

2

(
0

h+ v

)
, (1.8)

and therefore
− LYuk = h+ v√

2

(
Y ij
d

¯̂
d
,i

Ld̂
,j
R + Y ij

u
¯̂u,iLû

,j
R

)
+ h.c.. (1.9)

The terms proportional to v are mass terms. We diagonalise the two Yukawa matrices through
biunitary transformations,

Y diag
d = V d†

L YdV
d
R, Y diag

u = V u†
L YuV

u
R , (1.10)

with the field redefinitions
ûL = V u

L uL, ûR = V u
RuR,

d̂L = V d
LdL, d̂R = V d

RdR ,
(1.11)

and the matrices V u,d
L,R being separately unitary. With these transformations, the Yukawa Lagrangian

becomes diagonal,

LYuk = −h+ v√
2

3∑
i=1

(
(Y diag
d )iid̄iLdiR + (Y diag

u )iiūiLuiR
)

+ h.c., (1.12)

and we identify
mu = v√

2
Y diag
u , md = v√

2
Y diag
d (1.13)

the mass matrices for the up and down quarks, respectively.

1.2 Interactions in the mass basis

We now examine the consequences of this rotation for the gauge interactions. The kinetic terms
remain diagonal, since the unitary rotations cancel between each field and its conjugate. The same
is true for neutral currents:

¯̂uiLγµûiLZµ = ūiLγ
µuiLZµ. (1.14)

Thus, at tree level, the SM has no flavour-changing neutral currents.
For charged-current interactions, instead,

¯̂uiLγµ(1− γ5)d̂iLW+
µ −→ ūiL(V u†

L )ikγµ(1− γ5)(V d
L )kjdjLW

+
µ

= ūiLγ
µ(1− γ5)VijdjLW

+
µ ,

(1.15)

where
VCKM = V u†

L V d
L (1.16)

is the Cabibbo–Kobayashi–Maskawa matrix [1, 2], by construction unitary, and describing flavour
violation in the quark sector. In the following, we discuss how to characterise it.
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1.2.1 Counting physical parameters

An n× n unitary matrix contains

nθ =
(
n

2

)
= 1

2n(n− 1) (1.17)

rotation angles and
nφ = n2 − nθ = 1

2n(n+ 1) (1.18)

phases. We are free to rephase the quark fields,

uiL → eiαiuiL, djL → eiβjdjL, (1.19)

provided that the corresponding right-handed fields are rephased in the same way, so that the
mass terms remain unchanged. In the charged current this is equivalent to

Vij → ei(βj−αi)Vij . (1.20)

There are 2n quark-field phases, but their common shift αi → αi +χ, βj → βj +χ leaves the CKM
matrix unchanged. It is the surviving global U(1) transformation associated with baryon number.
Hence only 2n− 1 rephasings can remove phases from V , and

np = 1
2n(n+ 1)− (2n− 1) = 1

2(n− 1)(n− 2) (1.21)

physical phases remain. For n = 3, there is one physical CKM phase; for n = 2 there is none. The
nonzero phase for three generations allows CP violation.

To summarise, tree-level FCNCs are absent, flavour-changing charged currents are proportional
to CKM elements, and the six quark masses together with the four CKM parameters govern the
quark-flavour sector of the SM.

1.3 Properties of the CKM matrix

The standard parametrisation uses three rotation angles and one phase. With sij = sin θij and
cij = cos θij ,

V = R23R13(δ)R12 =

 c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13
s12s23 − c12c23s13e

iδ −c12s23 − s12c23s13e
iδ c23c13

 . (1.22)

Symbolically,

V =

Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb

 . (1.23)

The CKM elements are not parametrically independent. Numerically,

s12 ∼ 0.2, s23 ∼ 0.04, s13 ∼ 0.004, δ ∼ 65◦. (1.24)

This hierarchy motivates the Wolfenstein parametrisation [3],

λ = s12, Aλ2 = s23, Aλ3(ρ− iη) = s13e
−iδ, (1.25)

for which

V =

 1− λ2/2 λ Aλ3(ρ− iη)
−λ 1− λ2/2 Aλ2

Aλ3(1− ρ− iη) −Aλ2 1

+O(λ4). (1.26)

At higher orders, it is convenient to replace the parameters ρ and η with the parameters ρ̄ and η̄,
defined as

ρ̄ = ρ

(
1− λ2

2

)
+O(λ4), η̄ = η

(
1− λ2

2

)
+O(λ4). (1.27)
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1.3.1 CKM unitarity and the unitarity triangle

Figure 1: On the left panel we show the results from the UTfit collaboration [4], and on the right
panel those from CKMfitter [5].

Unitarity of the CKM matrix implies these two sets of relations
3∑

k=1
V ∗kiVki = 1,

3∑
k=1

V ∗kiVkj = 0 (i 6= j). (1.28)

For the first and third columns,

V ∗udVub + V ∗cdVcb + V ∗tdVtb = 0. (1.29)

Dividing by −V ∗cdVcb gives
− V ∗udVub
V ∗cdVcb

− V ∗tdVtb
V ∗cdVcb

= 1. (1.30)

The two complex ratios are

ρ̄+ iη̄ = −V
∗
udVub
V ∗cdVcb

, 1− ρ̄− iη̄ = −V
∗
tdVtb
V ∗cdVcb

, (1.31)

and can be represented as the sides of a triangle in the (ρ̄, η̄) plane.

(0, 0) (1, 0)

(ρ̄, η̄)

−V
∗

udVub

V ∗
cdVcb

− V
∗

tdVtb

V ∗
cdVcb

γ β

α

The sides and angles of the triangle are invariant under arbitrary quark-field rephasings. For
example,

VudV
∗
ub

VcdV
∗
cb

−→ Vude
i(βd−αu)V ∗ube

−i(βb−αu)

Vcdei(βd−αc)V ∗cbe
−i(βb−αc)

= VudV
∗
ub

VcdV
∗
cb

.

(1.32)

Consistency checks of the unitarity triangles are performed by combining bounds from many
observables. In Fig. 1 we see the results from two collaborations that perform these tests. It is
evident here that consistency among observables is a key element to assess whether our current
description of the flavour sector of the SM suffices. In the following, we see how to describe some
of these constraints from a theoretical point of view.
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2 Lecture 2: Charged Currents, EFTs, and Hadronic Matrix
Elements

2.1 Flavour-changing charged currents

In the unitarity-triangle plot that we saw in the first lecture, there was another important constraint,
namely the ratio |Vcb/Vub|. These are the couplings appearing in

LW ⊃
g√
2
Vib ūiγ

µPLbW
+
µ + h.c., i = u, c. (2.1)

The CKM elements Vib need to be determined from data, using observables whose dependence on
Vib is theoretically controlled. Usually, we measure Vcb and Vub with semileptonic decays.

b

ui

`−ν̄`

W−

Figure 2: Feynman diagram depicting the b→ ui`ν̄ semileptonic decay.

Semileptonic decays are described by the diagram in Fig. 2. We first look at the energy scales
involved in this process. The available initial energy is mb. This is clearly understandable if we
work in the b-quark rest frame. The W is a virtual particle. When we write down the amplitude,
we will have that it is proportional to the W -boson propagator,

A(b→ ui`ν) ∼ 1
q2 −M2

W

, (2.2)

where q2 is the four-momentum squared flowing into the W internal line, and it is nothing but

q2 = (pb − pui)2. (2.3)

From kinematics, we see that q2 ∼ m2
b �M2

W . This means that we can safely neglect the q2 term
in the propagator, so that

A(b→ ui`ν) ∼ − 1
M2
W

, q2 �M2
W . (2.4)

From a diagrammatic point of view, the exchange of the W can therefore be replaced by the
contact-interaction diagram depicted in Fig 3. This means that our process is well described by a
contact interaction, modulo corrections of order q2/M2

W .
What is happening here is that there is an energy gap between mb and MW . Due to this

energy gap, we can construct an effective theory where the W is not a dynamical degree of freedom
anymore. Technically, we say that we have integrated out the W . At leading order, the local
interaction is

Leff = −4GF√
2
Vib(ūiγµPLb)(¯̀γµPLν`) + h.c.. (2.5)
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b

ui

`−ν̄`

Figure 3: Feynman diagram depicting the semileptonic b→ ui`ν̄ in the low energy effective theory.

2.2 The effective-field-theory expansion

Effective field theories, when technically introduced rigorously, are a very complicated topic. The
most important point is the separation of energy scales in the problem. Formally, we perform the
path integral over high-energy modes, and thereby expand the action in terms of local operators
where only the light fields appear.

Alternatively to the functional approach, one can proceed in a different way. First, we list all
possible gauge-invariant operators of a fixed dimension in our low-energy theory, allowed by the
symmetries and the quantum numbers of the low-energy fields for a given problem:

Leff =
∑
d≥4

∑
i

C
(d)
i (µ)
Λd−4 Q

(d)
i (µ). (2.6)

The Wilson coefficients encode short-distance physics, while the matrix elements of the local
operators contain the low-energy, long-distance dynamics.

For a process i→ f ,

Ai→f ∼
∑
d≥4

∑
k

C
(d)
k (µ)
Λd−4 〈f |Q

(d)
k (µ)|i〉. (2.7)

We match the high-energy and low-energy theories by imposing

〈f |Lhigh|i〉 =
∑
d≥4

∑
k

C
(d)
k (µ)
Λd−4 〈f |Q

(d)
k (µ)|i〉. (2.8)

With this procedure, we obtain the Wilson coefficients at the high scale. The last step consists
of running the Wilson coefficients to a different energy scale, and this is done by solving the
renormalisation-group equations for the Wilson coefficients.

Let us go back to our example of semileptonic decays. In the SM there is only one operator.
Where is the Wilson coefficient? Once we factor out GF and Vib, the Wilson coefficient is one at
leading order. This is a particularly lucky case, but in most cases the Wilson coefficient is quite
different from one.

2.3 Hadronic matrix elements

Once we have simplified our Lagrangian, there is a second aspect to be concerned about. Until
now, we talked about quarks. However, the asymptotic states in QCD are not quarks, but hadrons.
What we actually have to evaluate in the diagram in Fig. 4, that corresponds to the following
amplitude

A ∝ 〈D+(pD)|c̄γµPLb|B̄0(pB)〉. (2.9)

A hadronic matrix element cannot be evaluated in perturbation theory. This is intuitively why.
Let us take the example of a B meson. We know that it is made up of the b quark and a spectator
quark, let us say the d in the case of the B̄0. But this is not the end of the story: the hadronic
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b

d̄

c

d̄

`−ν̄`

B̄0 D+

Figure 4: Diagram contributing to the B̄0 → D+`ν̄ semileptonic decay.

dynamics is actually governed by a cloud made of all possible gluons and quark-antiquark pairs
that are created in such a way that the net quantum numbers are carried by the valence quarks,
b and d̄. Since mB −mb ∼ 1 GeV, it means that the typical energy of the sea is actually about
1 GeV. At this energy, QCD is non-perturbative. Hence, we need non-perturbative methods to
characterise hadronic matrix elements.

fermion fields
gauge fields

a

L = Na

Figure 5: 2-dimensional example of discretised space-time in a finite volume.

The challenge is then to calculate hadronic matrix elements. In the case of heavy-quark physics,
we usually rely on the following methods:

• Lattice QCD, designed to overcome this problem through a discretised space-time in a
finite volume. Lattice QCD works in a box, where the sites of the grid are fermions and the
links are gauge fields. The volume and lattice spacing are the regulators in a discretised
quantum field theory that is now free from infinities and divergences. Of course, we have to
take the continuum limit to obtain physical observables, and this precise point is currently
producing systematic errors associated with this procedure.

• QCD sum rules, which relate the hadronic representation of a correlation function to its
calculation through an OPE in an appropriate kinematic region. Quark–hadron duality is
used to approximate the contribution of other hadronic states and isolate the state of interest.
To illustrate the principle behind this, we start with a two-point correlation function,

Π(q2) = i

∫
d4x eiq·x〈0|T{J(x)J†(0)}|0〉. (2.10)

Inserting a complete set of hadronic states gives the hadronic representation

1 =
∑
n

|n〉〈n|, ρhad(s) = 1
π

Im Π(s) =
∑
n

δ(s−m2
n)|〈0|J |n〉|2. (2.11)
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Analyticity yields the dispersion relation

Π(q2) =
∫ ∞
sth

ds
ρhad(s)

s− q2 − i0 + subtractions. (2.12)

The same correlator is calculated using an OPE in a kinematic region where short- and long-
distance dynamics can be separated. The dispersion relation puts the OPE representation
in correspondence with the hadronic spectral density. Quark–hadron duality is then used
to separate the state of interest from the remaining hadronic contributions, which are
approximated by the partonic spectral density above an effective threshold. See [6] for a
review. Depending on the process, one could also need to employ more sophisticated versions
of the QCD Sum Rules such as light-cone Sum Rules.

• Effective theories of QCD, where we exploit a separation of scale to reduce the QCD
Lagrangian. In heavy-quark physics, we employ heavy Quark Effective Theory (HQET)
[7, 8], where we exploit the heavy-quark mass to expand the QCD Lagrangian in powers of
ΛQCD/mHQ

and of αs/π through the matching to QCD. This introduces the heavy-quark
flavour symmetry, where hadrons whose light degrees of freedom have the same angular
momentum and spin quantum numbers are dominated by the same non-perturbative objects.

2.4 Processes used to extract Vub and Vcb

Representative channels are

Exclusive Inclusive

|Vub| B → π`ν, Bs → K`ν B → Xu`ν

|Vcb| B → D(∗)`ν B → Xc`ν∣∣∣∣VubVcb

∣∣∣∣ Λb → p`ν /Λb → Λc`ν,
Bs → K`ν /Bs → D(∗)

s `ν
—

The B-meson channels are primarily studied at Belle and Belle II, whereas modes involving Bs
mesons or Λb baryons are measured at LHCb. LHCb is not optimised to measure non-normalised
quantities, for two main reasons. First of all, the initial partonic momentum is not known, and the
neutrino is not detected, leaving ambiguities in the kinematics, which can be partially resolved
using vertexing information. Second, one needs

N(B → D`ν) ∝ σ(pp→ bb̄) fb→B B(B → D`ν) ε. (2.13)

and the cross section and fragmentation fraction are not so precisely measured. Hence, it is best
to measure ratios, where some uncertainties can be cancelled out. The leptonic decay is possible at
Belle II, but it still has large uncertainties. This is why, usually, Vcb and Vub are extracted from
semileptonic decays.

From the theoretical point of view, semileptonic decays imply calculating matrix elements of
the type

〈`ν̄D|Leff |B̄〉 = − 4GF√
2
Vcb〈`ν̄|¯̀γµPLν|0〉〈D|c̄γµPLb|B̄〉+O(αem). (2.14)

At first approximation, the leptonic and hadronic matrix elements factorise. Since the W has been
integrated out, there is no longer a propagating weak boson. At leading order, the leptonic and
hadronic currents factorise. However, QED corrections can break this factorisation.

For a pseudoscalar-to-pseudoscalar transition,

〈D(k) |c̄γµb| B̄(p)〉 = f+(q2)
[
(p+ k)µ − M2

B −M2
D

q2 qµ
]

+ f0(q2) M
2
B −M2

D

q2 qµ. (2.15)
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36 38 40 42 44
|Vcb| × 103

3

3.5

4

4.5

|V
ub

|×
10

3

B

b
p

b
c

[Bs
K

Bs
Ds

]high q2

B

B D
B D*

Bs D(*)
s

inclusive

Figure 6: Vcb and Vub plane from [9]. The black cross represents the combination of all exclusive
measurements, while the blue cross is the inclusive determination.

with q = p− k. The functions f+(q2) and f0(q2) are scalar functions known as form factors, and
encode the non-perturbative dynamics that governs hadronic decays. Their determination relies,
hence, on the previously mentioned methods. For light charged leptons only f+(q2) contributes to
an excellent approximation. Vector final states such as D∗ or ρ require several form factors and an
angular analysis. In the narrow width approximation for the final vector state, in this case the D∗,
we have:

〈D∗(k, η) |c̄γµb| B̄(p)〉 = −εµνρση∗ν(k) pρkσ
2V (q2)

MB +MD∗
, (2.16)

〈D∗(k, η) |c̄γµγ5b| B̄(p)〉 = iη∗ν(k)
{

2MD∗A0(q2)q
µqν

q2

+ 16MBM
2
D∗

λ
A12(q2)

[
2pµqν − M2

B −M2
D∗ + q2

q2 qµqν
]

+ (MB +MD∗)A1(q2)
[
gµν + 2

(
M2
B +M2

D∗ − q2)
λ

qµqν − 2
(
M2
B −M2

D∗ − q2)
λ

pµqν
]}

.

(2.17)

and η is the polarisation vector for the D∗. In the case of the D∗, the narrow width approximation
is an excellent approximation. The ρ has a sizeable width, however, and the relevant hadronic
object is then a multi-hadron matrix element such as 〈ππ|ūγµb|B〉. Methods that go beyond the
zero-width approximation are now being developed [10, 11].

Comparisons of inclusive and exclusive determinations reveal the longstanding Vcb and Vub
puzzles, as summarised in Fig. 6 taken from [9]. Due to recent progress, form factors for exclusive
decays in Fig. 6 can be almost fully computed using lattice QCD. Inclusive determinations instead
use an OPE, organised as a double expansion in αs and inverse powers of the heavy-quark mass,
and fit moments of measured distributions. New lattice methods are being developed to calculate
sufficiently inclusive Euclidean observables as well, with first applications particularly relevant for
inclusive determinations of Vcb from Bs → Xc`ν̄ [12], albeit with large errors.
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3 Lecture 3: Neutral-Meson Mixing and CP Violation

3.1 Neutral-meson mixing

Let us look at the B0 = db̄, while its antiparticle is B̄0 = d̄b. Under strong and electromagnetic
interactions, B0 and B̄0 are distinct flavour eigenstates. The weak interaction does not conserve
flavour: we can have B0 ↔ B̄0. So the B0 and B̄0 differ only by their flavour quantum numbers.
We saw in the previous lectures that the weak Hamiltonian does not preserve flavour. Therefore,
the eigenstates of the weak Hamiltonian are not the B0 and the B̄0, but a combination. This
gives rise to the B0–B̄0 oscillations, and to the mass difference and width difference of the two
eigenstates. We formalise this. Given that this discussion holds for all neutral mesons (K0, D0, B0

and B0
s ), we write it in general for a meson M0. Most of the material is from [13], which presents

a full review and a comprehensive list of measurements and observables.
The mechanism that we want to describe is the time evolution of M0:

M0(t = 0) −→ P (M0, t) . (3.1)

For that, we need to write the time evolution in quantum mechanics of the M0–M̄0 system. In
this case, since the M0 and M̄0 are unstable particles, we write down the Hamiltonian as

H = M − i

2Γ, (3.2)

with
H =

(
H11 H12
H21 H22

)
=
(
〈M0|H|M0〉 〈M0|H|M̄0〉
〈M̄0|H|M0〉 〈M̄0|H|M̄0〉

)
= M − i

2Γ. (3.3)

where M and Γ are 2× 2 matrices, separately Hermitian. Here CPT invariance implies

M11 = M22, Γ11 = Γ22. (3.4)

We can now diagonalise our system. We define

|ML〉 = p|M0〉+ q|M̄0〉, |MH〉 = p|M0〉 − q|M̄0〉, |p|2 + |q|2 = 1. (3.5)

We call the two states light and heavy because we will associate them with the lighter and heavier
eigenstates, respectively.

Now we have to diagonalise the Hamiltonian. We define some interesting quantities:

∆m = mH −mL, ∆Γ = ΓL − ΓH , (3.6)

where ∆m is defined such that it is positive. Diagonalising the system, we find for the difference
of the eigenvalues

∆λ = λH − λL = ∆m+ i

2∆Γ = 2
√
H12H21. (3.7)

and for the mass difference and width difference,

(∆m)2 − 1
4(∆Γ)2 = 4

(
|M12|2 −

1
4 |Γ12|2

)
, (3.8)

∆m∆Γ = −4 Re (M12Γ∗12) . (3.9)

Finally, for p and q,
q

p
= ∆m− i∆Γ/2

2M12 + iΓ12
. (3.10)

To obtain ∆Γ and ∆m, our task is to evaluate |M12| and |Γ12|.
With these ingredients, we can now write the time evolution:

|MH,L(t)〉 = e−iHt|MH,L(0)〉 = e−iλH,Lt|MH,L(0)〉. (3.11)
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since MH,L are eigenstates of the Hamiltonian. Now we can invert Eq. (3.5):

2p|M0〉 = |ML〉+ |MH〉, |M0〉 = 1
2p (|ML〉+ |MH〉) , (3.12)

2q|M̄0〉 = |ML〉 − |MH〉, |M̄0〉 = 1
2q (|ML〉 − |MH〉) . (3.13)

and they are valid at any t:

|M0(t)〉 = 1
2p (|ML(t)〉+ |MH(t)〉) . (3.14)

and, applying Eq. (3.11), we find

|M0(t)〉 = 1
2p
(
e−iλLt|ML(0)〉+ e−iλH t|MH(0)〉

)
. (3.15)

Now we re-express |ML(0)〉 in terms of |M0(0)〉 and |M̄0(0)〉, using Eq. (3.5):

|M0(t)〉 = 1
2p
[
e−iλLt

(
p|M0(0)〉+ q|M̄0(0)〉

)
+ e−iλH t

(
p|M0(0)〉 − q|M̄0(0)〉

)]
(3.16)

= e−iλLt + e−iλH t

2 |M0(0)〉+ q

p

e−iλLt − e−iλH t

2 |M̄0(0)〉. (3.17)

and similarly for |M̄0(t)〉. We can now use the expressions that we found before for the eigenvalues,
q/p, etc., and find

|M0(t)〉 = e−imte−Γt/2
[
f+(t)|M0(0)〉+ q

p
f−(t)|M̄0(0)〉

]
, (3.18)

|M̄0(t)〉 = e−imte−Γt/2
[
p

q
f−(t)|M0(0)〉+ f+(t)|M̄0(0)〉

]
, (3.19)

where

f+(t) = cosh
(∆Γt

4

)
cos

(∆mt
2

)
− i sinh

(∆Γt
4

)
sin
(∆mt

2

)
, (3.20)

f−(t) = − sinh
(∆Γt

4

)
cos

(∆mt
2

)
+ i cosh

(∆Γt
4

)
sin
(∆mt

2

)
. (3.21)

From these formulae, it is evident that the two key ingredients to obtain predictions are ∆m
and ∆Γ. They are linked to M12 and Γ12. What diagrams do we need? We need the ones that
transform M0 into M̄0. For the sake of definiteness, we now specialise to M0 = B0. We recall from
our previous lecture that at tree level there are no flavour-changing neutral currents. However, we
can have them at loop order, as in Fig. 7.

B0 B̄0

b̄

d

d̄

b

ui

uj

W W

B0 B̄0

b̄

d

d̄

b

W

W

ui uj

Figure 7: Diagrams contributing to B0-B̄0 mixing.
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In particular, we have that M12 depends on the dispersive part of the loop, while Γ12 on the
absorptive part of the loop. For the time being, let us focus on M12. In this case, we have that we
can integrate out the loop and obtain an effective Lagrangian:

L∆B=2
eff = C(µ)Q(µ) + h.c., (3.22)

with
Q(µ) =

(
b̄γµ(1− γ5)d

)(
b̄γµ(1− γ5)d

)
, (3.23)

which is the only operator in the SM, and

C(µ) = G2
Fm

2
W

16π2 (V ∗tbVtd)2S0(xt)ηB(µ). (3.24)

where S0(xt) is the loop function, xt = m2
t /m

2
W , and ηB(µ) contains running effects. In the limit

in which xt is large, we have S0(xt)→ xt/4. We can now directly write M12 as:

M12 = 1
2mB

〈B0|Leff |B̄0〉. (3.25)

We therefore need to evaluate

〈B0|
(
b̄γµ(1− γ5)d

)(
b̄γµ(1− γ5)d

)
|B̄0〉. (3.26)

We insert
1 = |0〉〈0|+

∑
n6=0
|n〉〈n|. (3.27)

and use the vacuum-insertion approximation, that implies neglecting all states in Eq. 3.27 apart
the vacuum:

〈B0|
(
b̄γµ(1− γ5)d

)(
b̄γµ(1− γ5)d

)
|B̄0〉VIA

= 2〈B0|b̄γµ(1− γ5)d|0〉〈0|b̄γµ(1− γ5)d|B̄0〉
+ 2〈B0|b̄,iγµ(1− γ5)d,j |0〉〈0|b̄,jγµ(1− γ5)d,i|B̄0〉

= 2
(

1 + 1
Nc

)
〈B0|b̄γµ(1− γ5)d|0〉〈0|b̄γµ(1− γ5)d|B̄0〉. (3.28)

We know that this is not correct. Nowadays, we write

〈B0|Q(µ)|B̄0〉 = 8
3f

2
Bm

2
BB(µ), (3.29)

where B(µ) is the bag parameter, which accounts for the deviation from the vacuum-insertion
approximation, and fB and B(µ) are determined through lattice QCD.

Now, a word for Γ12. In the B system, we have∣∣∣∣ Γ12
M12

∣∣∣∣� 1, (3.30)

since M12 is enhanced by m2
t , whereas Γ12 is controlled by the scale m2

b .
We can now look at various observables. To do so, we define the generic decay amplitudes of a

B0 to a final state f as

Af = 〈f |Lweak|B0〉, Āf̄ = 〈f̄ |Lweak|B̄0〉, Āf = 〈f |Lweak|B̄0〉. (3.31)

We then define
λf = q

p

Āf
Af

. (3.32)
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The amplitude for a B0 meson at t = 0 to decay to a final state f at a generic time t is:

A
(
B0(t = 0)→ f(t)

)
= 〈f |Lweak|B0(t)〉

= e−imte−Γt/2
[
f+(t)Af + q

p
f−(t)Āf

]
. (3.33)

Analogously for the B̄0. By putting everything together, we find

Γ
(
B0(t = 0)→ f(t)

)
= N0|Af |2e−Γt

{
1 + |λf |2

2 cosh
(∆Γt

2

)
+ 1− |λf |2

2 cos(∆mt)

− Reλf sinh
(∆Γt

2

)
− Imλf sin(∆mt)

}
, (3.34)

Γ
(
B̄0(t = 0)→ f(t)

)
= N0|Af |2e−Γt

{
1 + |λf |2

2 cosh
(∆Γt

2

)
− 1− |λf |2

2 cos(∆mt)

− Reλf sinh
(∆Γt

2

)
+ Imλf sin(∆mt)

}
, (3.35)

where N0 is a normalisation. We can now define:

• direct CP violation, if
|Af | 6= |Āf̄ |, (3.36)

or |Af | 6= |Āf | is f is a CP eigenstate. It does not require mixing between B0 and B̄0;

• CP violation in mixing, if ∣∣∣∣qp
∣∣∣∣ 6= 1. (3.37)

• CP violation in the interference between mixing and decay, from the interference of

B0 → f and B0 → B̄0 → f, (3.38)

which occurs if
arg(λf̄ ) + arg(λf ) 6= 0. (3.39)

For a final state that is an eigenstate of CP,

Imλf 6= 0. (3.40)

To conclude, we use an example of the latter: the measurement of sin(2β) in B → J/ψKS . In
this case, J/ψKS is a CP eigenstate, so

|Āf | = |Af |. (3.41)

so that Āf/Af can only be a phase. Yet we know that, for this decay, the CKM phase is zero at
leading and next-to-leading order, so that the only phase in λf can come from q/p. But |q/p| = 1
if Γ12 ' 0. So we can just have CP violation in the interference, with

Im
(
λBd

J/ψKS

)
= sin(2β). (3.42)

We introduce the asymmetry

ACP(t) =
Γ
(
B̄(0)→ J/ψKS(t)

)
− Γ

(
B(0)→ J/ψKS(t)

)
Γ
(
B̄(0)→ J/ψKS(t)

)
+ Γ

(
B(0)→ J/ψKS(t)

) = sin(2β) sin(∆mt). (3.43)

Measurements of sin(2β) are possible using a time-dependent analysis. An example is in [14],
where a measurement of ACP(t) is performed, enabling the extraction of sin(2β)
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