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The Tall of the Mantis Shrimp

* Reflects left and right
circularly polarized light
differently

* Led biologists to discover
that its eyes have
differential sensitivity

* It communicates via the
helicity formalism

“It's the most private communication
system imaginable. No other animal
can see it.”

| RI1-7 Cells

- Roy Caldwell (U.C. Berkeley) AL acmainens Menbine
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What the Biologists Didn't Know

Particle theorists have also evolved capability
to communicate results via helicity formalism

LHC experimentalists are blind to it ~ any final-state
polarization

effects washed
out by fragmentation

unpolarized

must sum over
all helicity
configurations
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Helicity Formalism Exposes
Tree-Level Simplicity in QCD

Many helicity amplitudes either vanish or are very short

right-handed left-handed
h=+1 h=—1

Lk

Analyticity
makes it possible
to recycle this
simplicity into
loop amplitudes

i} (i )*
(12)(23)---(n 1)

Parke-Taylor formula (1986)
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Basic variables: two-component
spinors & spinor products

right-handed: (\))a = uy (k;) left-handed: (A a = u—(k;)
h=+1/2 _O_.. h=—1/2 _0_,.

Lorentz products: s =2k = Cer7)?

Better to use u—(ky)uy(kj) = 5aﬁ()‘i)@()‘j)6 = (17)
RDIRIERE g (k)u(k)) = e Q)a(3y) 5 = [i]

Which always obey: <7, ]) [] 7,] = S
If momenta k. are real, they are complex square roots of Sy
(ij) = \/sij €' [ji] = /s "0
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Special Complex Momenta

* Make sense of most basic process with all 3 particles massless m@i
sij =2k;-kj=(k; +k)2=0 Vi,j  (@Hlid=siy

real (singular) //
/

(ij) = [ij] = s;53, = O Vi, ]

complex (nonsingular) /] =0 but (ij) % O
1] = t]

A (im = k) = (i7)*
/\3: J = 12)(23)(3 1)
Mmakes sense
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Most famous (simplest) Feynman diagram

2 ¢ Qg 9 add helicity information,
Y numeric labels

_ Ay = 2z’e2Qqu(Sf§A4

-
1 L 1,4
1 - Fierz identit
Ay = v=(k2)7v" u— (k1) w3 (k3)vpv4(ka) S v
1 . (M aa ()P =2 8a 8,
= 5 (s )G ()7 (33) 5(Ma)g
1 _ ) _ /,/.rs
= s (A2)*(A1)"(Ng)a(A3)4s = T
. 4 -
(24)[13] 513 __ et helicity suppressed
A, = = = =——(1-c0s0) as 1|3 or 2|4
$12 512
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Sometimes useful to rewrite answer

Crossing symmetry more manifest

2 3t . © maniie
if we switch to all-outgoing helicity labels
(flip signs of incoming helicities)

1+ 4

N (24)[13] useful identities
YT s (ij) = —(ji)
_ (24)[13](13) [ij] = —[ji]

(12)[21](13) (ii) = [ii] =0

= 292424 (@3)[7i = s

(1 2)2[2 41(4 3) . J

_ (24 ijYljk] = O

As = (12)(34) “holomorphic” j§1< o

§12 — 8534

Or|Ag = % “antiholomorphic” 513 = 524
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Symmetries for all other helicity config’s

2 3* C 2+ 3+
>WW< 162
. . =
1 A, — (24)° ) " (14)2 o
4= (12)(34) As = —q 533

P |} O <l J

; : 2>WW.< ’
1_>\~W< 4 m— 1+ 4+
[2 4]2 [1 4]2

21[34] A4 = — 1 57[374]

A4:[1
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Unpolarized, helicity-summed cross sections

(the norm in QCD)

do(etTe™ = qq) > (24)2 |2 (14)2 2
d cos 6 O<h§ez|.|A4| o 2“(12}(34)‘ +‘(12)(34)‘}
— 2334"‘3%4
<2
12

— % [(1 — cos8)? + (1 + cos8)?]
— 1+ cos?0

L. Dixon QCD & Jets @ LHC - L2 Herbstschule-HEP Sept. 2025 10



Reweight helicity amplitudes -
electroweak/QCD processes

For example, Z exchange

LR q ¢ s g
e q
V§ LU S
LRYL.R
QGQC] = Qqu _l_ 2 .
S — MZ —I— ”’I_ZMZ
2 —2Qssin?ew ¢ 20sin? 6y
L sin 20y R sin 20y
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Next most famous pair
of Feynman diagrams

(to a higher-order QCD person)

2 e ’Y q ] A5 p— 2262 Qqu(Ta4)3§A5
:::>7Vvvvvv<if%%“g 4"
€ q 5 _(25) (AT (K3t Ka) £l I37)

$12 534

L 13127 (Kat Ks) 57T)

2) 'Y q
$12 S
MQ 45
(25)2
e g ...”2 |45 =

(12)(34)(45)
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Properties of As(eTe™ — qgq)

1 Sotguonbenaver

N — (25)  _ (35) (25)2
5 T (12)(34)(45) _ (34)(45) " (12)(35)

— S(3,47,5) x Ag(1T,27,3T7,57)

Universal “eikonal” factors S(a,sT,b) = % e
for emission of soft gluon s R S b e
between two hard partons a and b S(a,s7,b) = — [a s][s b]

Soft emission is from the classical chromoelectric current:
independent of parton type (g vs. g) and helicity
— only depends on momenta of a,b, and color charge
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Properties of As(eTe™ — qgg) (cont.)

NCBRGERBREN < '+ 's=>br o= (1 )k

kp=ks+ ks, k%—0
)\3%\/5)\p, A~ /1 —zAp, etc.

A = (25)2 1 (25)°

(12)(34)(45) ~ VI—2(34)  (12)(P5)

(3t at + 5= pt -
— Split_(3;,47) x A4(17,27,PT,57) Time-like kinematics

.| (fragmentation).
5 b 2 Z Space-like
(parton evolution)
b b -z related by crossing

Universal collinear factors, or splitting amplitudes
Split_y,,,(a"e,b") depend on parton type and helicity
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Collinear limits (cont.)

(WeOURGNOMY /5 | ha:  SPIE(e 0D = ity
: oot ooy 12
i : i + 11—y — z
Applying C and P: Split_(aq ,b;) = ~ A=Tab]
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Simplest pure-gluonic amplitudes

G O e G o + o
tree 41 £ __ +7000 & __ . ‘ ' ",
Ay (1 : 2+’ .. ,n‘l‘) — . ) — - . = 0
A& ; A& LT
o ; + +;, '

Maximally helicity-violating (MHV) amplitudes:

Ay MRV — o gqtreeq+ oF i i, nT)
.- 1 ¥
J +
2 a4
= 7 _— (1])
, : (12)(23)---(n1)
i i-1) Parke-Taylor formula (1986)
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MHV amplitudes with massless quarks

0 g i t _
more vanishing ones: Afee(1z, 28,37, .,

the MHV amplitudes:

Agree(lg,Qj,...,z'—,...,n+) —

Related to pure-gluon MHV amplitudes by N=4 supersymmetry:
after stripping off color factors, massless quarks ~ gluinos

Grisaru, Pendleton, van Nieuwenhuizen (1977);
Parke, Taylor (1985); Kunszt (1986)
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Properties of MHV amplitudes

1. Verify soft imit 2’

(ab) (i)

kS 50 (12)---(as)(sh)---

n1)  (as)(sb)(12)---(ab)---(nl)

— Soft(a,s™,b) x AZJ MHV

I GGE e . | ) (0= o+ 1)

(i5)* (i)*
(12)---(a—1,a)(ab)(b,b+ 1) --(n1) 1/z(l—z Yab)y(12) --(a—1,P)(P,b+1)---(nl)
— Split_(at,5T) x 4% MRV

So

Split_(a™,67) = \/ﬁw)

2

and Splity(a,b") = s

Sp|it_|_(a+; b™) = \/Zgii_g(ab)

L. Dixon QCD & Jets @ LHC - L2
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From splitting amplitudes to probabillities

2

a

b

1
dop ~ do,_1 X — X P(z)

Sab
P(z) o Y [Split_p,(a",b")]% sy,
hPaha:hb

q— qg. 1
Pyy(z) x Cp N
1—|—,z2
l1—=z2

Note soft-gluon singularityas zg =1 —2z — O

Z

N

z <1

2
-

2
__ N2-1
Cp = 2N,
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Space-like splitting

* The case relevant for parton evolution & e
* Related by crossing to time-like case
* Have to watch out for flux factor, however

q9—49. kp=uwks, k4= (1-x)ks p

(252 % (2 P2 q o d
(12)(34)(45) " /T2 (45)  (12)(3P) 5 g 4
1 1 (2 P)?
VavI—z(45)  (12)(3P)

As =

\ _ dog SL
absorb into flux factor: ; s

g4 X —
4 SlP I S15

When dust settles, get exactly the same splitting kernels (at LO)
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Similarly for gluons

2 2

g%gg: 1 22 (1—2)2 2
Fog(2) o € (1 = 2) i (1= 2) * J2(1 = 2)
Z4 —24
= CAl—l_z(j__(i) ) OAENC
— QCALiz+1;z+z(1—z)] 2<1

Again a soft-gluon singularity. Gluon number not conserved.
But momentum is. Momentum conservation mixes g — gg with

N

979G | pg(z) = Tp[24 (-2 Tp =

(can deduce, up to color factors, by taking
et lle” in As(etTe™ = quq) )
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Gluon splitting (cont.)

g — gg:  Applying momentum conservation, _
) Exercise:
/Odzz [Pyg(2) + 20 Pyg(2)] = O Work out b,
gives | p(x) = 204 | +1""+z<1—z>] + bod(1 =)
(1-2)4 z
11C 4 — 4ny T,
bo = -

Amusing that first B-function coefficient enters,
since no loops were done, except implicitly via unitarity:

o + oy + i+ (e
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“Suitable” final state, and
Infrared divergences in QCD

2
o[>

Usually regulate
dimensionally,

D =4 — 2¢
2 d*k — d4—2¢k
NLO > < t < . in all phase-space
_ and loop integrals
real virtual
oreal o s P (ks =0
soft singularities: ks — O /k§(1+6) (=0
. . e k-z 0 (k I ) N f dkfb LO(k, )
collinear singularities: Fgp, — a || kp 20+ 7 P
ab

. . . g 2
virtual soft/collinear singularities: vt [~y ¢~ 25" pyjin(£2)] o-O
€& €y

* Virtual corrections cancel real singularities, but only for quantities
iInsensitive to soft/collinear radiation - infrared-safe observables O
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Infrared safety

Infrared-safe observables O:
- Behave smoothly in soft limit as any parton momentum = 0

- Behave smoothly in collinear limit as any pair of partons - parallel (||)

. ) = (... %, 0) ks — O

* Cannot predict perturbatively any infrared-unsafe quantity, such as:
- the number of partons (hadrons) in an event
- observables requiring no radiation in some region (rapidity gaps
or overly strong isolation cuts)
- p+(W, Z or Higgs) precisely at py=0
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