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The Fermions: Gauge interactions§

§ P. Langacker: TASI Lectures 2007.

Gauge invariant, massless.
This leads to a large accidental global symmetry.

U(3)QL⊗U(3)uR⊗U(3)dR 
→ SU(3)QL⊗SU(3)uR⊗SU(3)dR  ⊗ U(1)B⊗U(1)Y 

and similarly for leptons.

for 3 generations of quarks:
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The Fermions: Masses§
However, a fermion mass must flip chirality:

    → not SM gauge invariant L(doublet) ≠ R(singlet) !

Need something like a doublet constructing a gauge singlet:

that’s the Higgs-like doublet!

            (We could have guessed the Higgs!)

-
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The gauge invariant Yukawa interactions:
                            (S. Weinberg, “A Model of Leptons”, 1967)

After the EWSB,  

Need a doublet with a flip Y:  
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Quark mixings between gauge & mass states:

12. CKM quar k-mixing matr i x 1

12. CK M Quark-M ix ing M at r ix
Revised January 2018 by A. Ceccucci (CERN), Z. Liget i (LBNL), and Y. Sakai (KEK).

12.1. I nt roduct ion
Themasses and mixings of quarks have a common origin in the Standard Model (SM).

They arise from the Yukawa interact ions with the Higgs condensate,
LY = −Ydi j QIL i φd

I
Rj − Y

u
i j QIL i ϵφ

∗uIRj + h.c., (12.1)

where Yu,d are 3× 3 complex matrices, φ is the Higgs field, i , j are generat ion labels, and
ϵ is the 2 × 2 ant isymmetric tensor. QIL are left -handed quark doublets, and d

I
R and u

I
R

are right -handed down- and up-type quark singlets, respect ively, in the weak-eigenstate
basis. When φ acquires a vacuum expectat ion value, ⟨φ⟩ = (0, v/

√
2), Eq. (12.1) yields

mass terms for the quarks. The physical states are obtained by diagonalizing Yu,d

by four unitary matrices, Vu,dL ,R, as M
f
diag = V fL Y

f V f †R (v/
√
2), f = u, d. As a result ,

the charged-current W± interact ions couple to the physical uL j and dLk quarks with
couplings given by

− g√
2
(uL , cL , tL )γµ W+

µ VCKM

⎛

⎝
dL
sL
bL

⎞

⎠ + h.c., VCKM ≡ VuL V
d
L
† =

⎛

⎝
Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb

⎞

⎠ .

(12.2)
This Cabibbo-Kobayashi-Maskawa (CKM) matrix [1,2] is a 3 × 3 unitary matrix. It

can be parameterized by three mixing angles and the CP-violat ing KM phase [2]. Of
the many possible convent ions, a standard choice has become [3]

VCKM =

⎛

⎝
1 0 0
0 c23 s23
0 − s23 c23

⎞

⎠

⎛

⎝
c13 0 s13e

− iδ

0 1 0
− s13e

iδ 0 c13

⎞

⎠

⎛

⎝
c12 s12 0
− s12 c12 0
0 0 1

⎞

⎠

=

⎛

⎝
c12c13 s12c13 s13e

− iδ

− s12c23− c12s23s13e
iδ c12c23− s12s23s13e

iδ s23c13
s12s23− c12c23s13e

iδ − c12s23− s12c23s13e
iδ c23c13

⎞

⎠ , (12.3)

where si j = sinθi j , ci j = cosθi j , and δ is the phase responsible for all CP-violat ing
phenomena in flavor-changing processes in the SM. The angles θi j can be chosen to lie in
the first quadrant , so si j , ci j ≥ 0.
It is known experimentally that s13 ≪ s23 ≪ s12 ≪ 1, and it is convenient to exhibit

this hierarchy using the Wolfenstein parameterizat ion. We define [4–6]

s12 = λ = |Vus|
|Vud|2 + |Vus|2

, s23 = Aλ2 = λ Vcb
Vus

,

s13eiδ = V ∗ub = Aλ
3(ρ+ iη) = Aλ3(ρ̄+ i η̄)

√
1− A2λ4√

1− λ2[1− A2λ4(ρ̄+ i η̄)]
. (12.4)

These relat ions ensure that ρ̄+ i η̄ = − (VudV ∗ub)/ (VcdV
∗
cb) is phase convent ion independent ,

and the CKM matrix writ ten in terms of λ, A, ρ̄, and η̄ is unitary to all orders in λ.
The definit ions of ρ̄, η̄ reproduce all approximate results in the literature. For example,
ρ̄ = ρ(1 − λ2/ 2 + . . .) and one can write VCKM to O(λ4) either in terms of ρ̄, η̄ or,
t radit ionally,

M. Tanabashi et al. (Part icle Data Group), Phys. Rev. D 98, 030001 (2018)
June 5, 2018 19:49

•  Generation mixing, but no tree-level FCNC:
     → follow the Higgs?!
• Mixing highly hierarchical 
     → family symmetry?
• Insufficient CP violation for baryon asymmetry
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High successful description: CKM

This leads to the “Minimal Flavor Violation” (MFV) hypothesis:
Flavor violation interactions follows the same pattern 

as that in the SM U(3)QL⊗U(3)uR⊗U(3)dR 

For BSM:
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Tremendous experimental efforts:
LHCb, Belle II, tau-charm factories, kaons …

Lepton universality (anomalies?)
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Rare B decays – sensitive to BSM @ high scales!
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BSM: much harder to accommodate!
• Generate multiple mass scales
• Avoid FCNC
• Avoid Excessive CP violation 
• Why the flavor mixing aligned with 
      the SM Yukawa form?
 → Minimal Flavor Violation (MFV)

Flavor physics in theory: a serious challenge!

• Horizontal flavor symmetry: Froggatt-Nielson mechanism

• Warped extra-dimension: Couplings 
determined by the overlap with the EW brane.
• Radiative generation of mf :
     light generation masses loop suppressed ~ 1/16𝜋2 ~ 10-2. 

Vibrant field in experimental explorations!



𝜈’s: the most elusive/least known particle in the SM:
• How many species:  3 𝝂L ’s + NR? 
• Absolute mass scale:
       

    or a new physics scale via “see-saw”:
• Flavor oscillations & CP violation? 
• Mixing with sterile 𝜈’s? 
• Portal to dark sector? 

m𝝂 ~ y𝝂 𝑣 < 1 eV? 

12

Studying neutrino physics has been rewarding:
     6+ Nobel Prizes related to 𝜈’s! 
 

     Great playground for theory & experimentation!

Neutrinos are massive
thus mix as well
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The neutrino mixing: PMNS 
(Pontecorvo–Maki–Nakagawa–Sakata)

14. Neutr ino masses, mixing, and osci l lat ions 253

neutrinos νj are Dirac or Majorana part icles, by 1 or 3 CP violat ion
phases [54,55]:

U =

⎡

⎣
c12c13 s12c13 s13e− iδ

− s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ − c12s23 − s12c23s13eiδ c23c13

⎤

⎦

× diag(1, ei
α 21
2 , ei

α31
2 ) . (14.6)

where ci j = cosθi j , si j = sinθi j , the angles θi j = [0,π/ 2), δ = [0, 2π]
is the Dirac CP violat ion phase and α21, α31 are two Majorana CP
violat ion (CPV) phases. Thus, in the case of massive Dirac neutrinos,
the neutrino mixing matrix U is similar, in what concerns the number
of mixing angles and CPV phases, to the CKM quark mixing matrix.
The presence of two addit ional physical CPV phases in U if νj are
Majorana part icles is a consequence of the special propert ies of the
lat ter (see, e.g., Refs. [52,54]) .
As we see, the fundamental parameters characterizing the 3-

neutrino mixing are: i) the 3 angles θ12, θ23, θ13, ii) depending on
the nature of massive neutrinos νj - 1 Dirac (δ), or 1 Dirac + 2
Majorana (δ,α21,α31), CPV phases, and iii) the 3 neutrino masses,
m1, m2, m3. Thus, depending on whether the massive neutrinos are
Dirac or Majorana part icles, this makes 7 or 9 addit ional parameters
in the minimally extended Standard Model of part icle interact ions
with massive neutrinos.
The angles θ12, θ23 and θ13 can be defined via the elements of the

neutrino mixing matrix:

c212 ≡ cos2 θ12 =
|Ue1|2

1− |Ue3|2
, s212 ≡ sin2 θ12 =

|Ue2|2

1− |Ue3|2
, (14.7)

s213 ≡ sin2 θ13 = |Ue3|2, s223 ≡ sin2 θ23 =
|Uµ3|2

1− |Ue3|2
,

c223 ≡ cos
2 θ23 =

|Uτ 3|2

1− |Ue3|2
. (14.8)

The neutrino oscillat ion probabilit ies depend (Sect ion 14.7), in
general, on the neutrino energy, E, the source-detector distance
L, on the elements of U and, for relat ivist ic neutrinos used in all
neutrino experiments performed so far, on ∆m2i j ≡ (m

2
i − m

2
j ), i ̸= j .

In the case of 3-neutrino mixing there are only two independent
neutrino mass squared differences, say ∆m221 ̸= 0 and ∆m231 ̸= 0. The
numbering of massive neutrinos νj is arbit rary. It proves convenient
from the point of view of relat ing the mixing angles θ12, θ23 and
θ13 to observables, to ident ify |∆m221| with the smaller of the two
neutrino mass squared differences, which, as it follows from the data,
is responsible for the solar νe and, the observed by KamLAND, reactor
ν̄e oscillat ions. We will number (just for convenience) the massive
neutrinos in such a way that m1 < m2, so that ∆m221 > 0. With
these choices made, there are two possibilit ies: either m1 < m2 < m3,
or m3 < m1 < m2. Then the larger neutrino mass square difference
|∆m231| or |∆m232|, can be associated with the experimentally observed
oscillat ions of the atmospheric and accelerator νµ and ν̄µ, as well as
of the reactor ν̄e at L ∼ 1 km. The effects of ∆m231 or ∆m232 in the
oscillat ions of solar νe, and of ∆m221 in the oscillat ions of atmospheric
and accelerator νµ and ν̄µ or of the reactor ν̄e at L ∼ 1 km, are
relat ively small and subdominant as a consequence of the facts that i)
L , E and L/ E in the experiments with solar νe and with atmospheric
and accelerator νµ and ν̄µ, or with reactor ν̄e and baseline L ∼ 1 km,
are very different, ii) the condit ions of product ion and propagat ion
(on the way to the detector) of the solar νe and of the atmospheric
or accelerator νµ and ν̄µ and of the reactor ν̄e, are very different,
and iii) ∆m221 and |∆m231| (|∆m232|) in the case of m1 < m2 < m3
(m3 < m1 < m2), as it follows from the data, differ by approximately
a factor of 30, ∆m221 ≪ |∆m231(32) |, ∆m

2
21/ |∆m231(32) | ∼= 0.03. This

implies that in both cases of m1 < m2 < m3 and m3 < m1 < m2
we have ∆m232 ∼= ∆m231 with |∆m

2
31 − ∆m232| = ∆m221 ≪ |∆m231,32|.

Obviously, in the case of m1 < m2 < m3 (m3 < m1 < m2) we have
∆m231(32) > 0 (∆m

2
31(32) < 0).

It followed from theresultsof theChoozexperiment [57] with reactor
ν̄e and from the more recent data of the Daya Bay, RENO, Double
Chooz and T2K experiments (which will be discussed in Sect ion14.12),
that, in the convent ion we use, in which 0 < ∆m221 < |∆m231(32) |, the
element |Ue3|= sinθ13 of the neutrino mixing matrix U is relat ively
small. This makes it possible to ident ify the angles θ12 and θ23 as the
neutrino mixing angles associated with the solar νe and the dominant
atmospheric νµ (and ν̄µ) oscillat ions, respect ively. The angles θ12 and
θ23 are somet imes called “ solar” and “ atmospheric” neutrino mixing
angles, and are somet imes denoted as θ12 = θ⊙ and θ23 = θA (or
θatm), while ∆m221 and ∆m231 are often referred to as the “ solar”
and “atmospheric” neutrino mass squared differences and are often
denoted as ∆m221 ≡ ∆m2⊙, ∆m231 ≡ ∆m2A (or ∆m

2
atm).

The solar neutrino data tell us that ∆m221 cos2θ12 > 0. In the
convent ion employed by us we have ∆m221 > 0. Correspondingly, in
this convent ion one must have cos2θ12 > 0.
Theenormousamount of neutrino oscillat ion data accumulated over

many years of research allow us to determine the parameters which
are responsible for the solar νe oscillat ions (flavour conversion), ∆m221
and sin2 θ12, for the dominant oscillat ions of the atmospheric νµ and
ν̄µ, |∆m231| (|∆m232|) and sin2 θ23, and the angle θ13 responsible for
the νµ → νe and ν̄µ → ν̄e (νµ → νe) oscillat ions observed in the T2K
(NOνA) experiment as well as for the reactor ν̄e oscillat ions observed
in the Daya Bay, RENO and Double Chooz experiments. In the two
most recent global analyses of the neutrino oscillat ion data [58,59]
the indicated 3-neutrino oscillat ion parameters ∆m221, θ12, |∆m231|
(|∆m232|), θ23 and θ13 have been determined with an impressively
high precision. The new data included in these analyses were, in
part icular, the latest T2K ν̄µ → ν̄e oscillat ion data [43] and the latest
NOνA data on νµ disappearance [60] and νµ → νe oscillat ions [42],
reported first at the XXVII Internat ional Conference on Neutrino
Physics and Astrophysics, held in London at the beginning of July
2016, and published at the beginning of 2017. The authors of the two
independent analyses [58,59] report pract ically the same (within 1σ)
results on ∆m221, sin2 θ12, |∆m231|, sin2 θ13, sin2 θ23 and δ. We present
in Table 14.1 the best fit values and the 99.73% confidence level (CL)
allowed ranges of the neutrino oscillat ion parameters, as well as the
95% CL allowed range of the CP violat ion phases δ, found in Ref. 58.
In both analyses [58,59] the authors find, in part icular, that

sin2 θ23 = 0.5 lies outside the 2σ range allowed by the current data.
This results is mainly driven by the NOνA data [60] on sin2 θ23.
Both groups also find that the best fit value of the Dirac CPV
phases δ is close to 3π/ 2: in [58], for example, the values found are
δ = 1.38π (1.31π) for ∆m231(32) > 0 (∆m

2
31(32) < 0). The absolute

χ2 minimum takes place for ∆m231(32) > 0, the local minimum
in the case of ∆m231(32) < 0 being approximately by 0.7σ higher.
According to Ref. 58, the CP conserving values δ = 0 or 2π are
disfavored at 2.4σ (3.2σ) for ∆m231(32) > 0 (∆m

2
31(32) < 0); the CP

conserving value δ = π in the case of ∆m231(32) > 0 (∆m
2
31(32) < 0)

is stat ist ically approximately 2.0σ (2.5σ) away from the best fit
value δ ∼= 1.38π (1.31π). In what concerns the CP violat ing value
δ = π/ 2, it is strongly disfavored at 3.4σ (3.9σ) for ∆m231(32) > 0
(∆m231(32) < 0). The quoted confidence levels for δ = 0,π and π/ 2
are all with respect to the absolute χ2 minimum. At 3σ, δ/ π is
found to lie in the case of ∆m231(32) > 0 (∆m231(32) < 0) in the
following intervals [58]: (0.00 − 0.17(0.16))⊕(0.76(0.69) − 2.00)).
Similar results are obtained in [59].
It follows from the results given in Table 14.1 that the value of

θ23 can deviate by about ± 0.1 from π/ 4, π/ 4 belonging to the 3σ
allowed region, θ12 ∼= π/ 5.4 and that θ13 ∼= π/ 20. Correspondingly,
the pattern of neutrino mixing is drast ically different from the pat tern
of quark mixing.
Note also that ∆m221, sin2 θ12, |∆m231(32) |, sin

2 θ23 and sin2 θ13
are determined from the data with a 1σ uncertainty (= 1/ 6 of
the 3σ range) of approximately 2.3%, 5.8%, 1.6%, 9.6% and 4.0%,
respect ively.
Further, the exist ing SK atmospheric neutrino, K2K, MINOS, T2K

and NOνA data do not allow to determine the sign of ∆m231(32) .
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neutrinos νj are Dirac or Majorana part icles, by 1 or 3 CP violat ion
phases [54,55]:

U =

⎡

⎣
c12c13 s12c13 s13e− iδ

− s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ − c12s23 − s12c23s13eiδ c23c13

⎤

⎦

× diag(1, ei
α21
2 , ei

α31
2 ) . (14.6)

where ci j = cosθi j , si j = sinθi j , the angles θi j = [0,π/ 2), δ = [0, 2π]
is the Dirac CP violat ion phase and α21, α31 are two Majorana CP
violat ion (CPV) phases. Thus, in the case of massiveDirac neutrinos,
the neutrino mixing matrix U is similar, in what concerns the number
of mixing angles and CPV phases, to the CKM quark mixing matrix.
The presence of two addit ional physical CPV phases in U if νj are
Majorana part icles is a consequence of the special propert ies of the
latter (see, e.g., Refs. [52,54]) .
As we see, the fundamental parameters characterizing the 3-

neutrino mixing are: i) the 3 angles θ12, θ23, θ13, ii) depending on
the nature of massive neutrinos νj - 1 Dirac (δ), or 1 Dirac + 2
Majorana (δ,α21,α31), CPV phases, and iii) the 3 neutrino masses,
m1, m2, m3. Thus, depending on whether themassive neutrinos are
Dirac or Majorana part icles, this makes 7 or 9 addit ional parameters
in the minimally extended Standard Model of part icle interactions
with massive neutrinos.
The angles θ12, θ23 and θ13 can be defined via the elements of the

neutrino mixing matrix:

c212 ≡ cos2 θ12 =
|Ue1|2

1− |Ue3|2
, s212 ≡ sin2 θ12 =

|Ue2|2

1− |Ue3|2
, (14.7)

s213 ≡ sin2 θ13 = |Ue3|2, s223 ≡ sin2 θ23 =
|Uµ3|2

1− |Ue3|2
,

c223 ≡ cos
2 θ23 =

|Uτ 3|2

1− |Ue3|2
. (14.8)

The neutrino oscillat ion probabilit ies depend (Section 14.7), in
general, on the neutrino energy, E, the source-detector distance
L, on the elements of U and, for relativist ic neutrinos used in all
neutrino experiments performed so far, on ∆m2i j ≡ (m

2
i − m

2
j ), i ̸= j .

In the case of 3-neutrino mixing there are only two independent
neutrino mass squared differences, say ∆m221 ̸= 0 and ∆m231 ̸= 0. The
numbering of massive neutrinos νj is arbit rary. It proves convenient
from the point of view of relat ing the mixing angles θ12, θ23 and
θ13 to observables, to identify |∆m221| with the smaller of the two
neutrino mass squared differences, which, as it follows from the data,
is responsible for the solar νe and, theobserved by KamLAND, reactor
ν̄e oscillat ions. We will number (just for convenience) the massive
neutrinos in such a way that m1 < m2, so that ∆m221 > 0. With
these choices made, there are two possibilit ies: either m1 < m2 < m3,
or m3 < m1 < m2. Then the larger neutrino mass square difference
|∆m231| or |∆m232|, can beassociated with theexperimentally observed
oscillat ions of the atmospheric and accelerator νµ and ν̄µ, as well as
of the reactor ν̄e at L ∼ 1 km. The effects of ∆m231 or ∆m232 in the
oscillat ions of solar νe, and of ∆m221 in the oscillat ions of atmospheric
and accelerator νµ and ν̄µ or of the reactor ν̄e at L ∼ 1 km, are
relat ively small and subdominant as a consequence of the facts that i)
L , E and L/ E in the experiments with solar νe and with atmospheric
and accelerator νµ and ν̄µ, or with reactor ν̄e and baseline L ∼ 1 km,
are very different, ii) the condit ions of product ion and propagation
(on the way to the detector) of the solar νe and of the atmospheric
or accelerator νµ and ν̄µ and of the reactor ν̄e, are very different,
and iii) ∆m221 and |∆m231| (|∆m232|) in the case of m1 < m2 < m3
(m3 < m1 < m2), as it follows from the data, differ by approximately
a factor of 30, ∆m221 ≪ |∆m231(32) |, ∆m

2
21/ |∆m231(32) | ∼= 0.03. This

implies that in both cases of m1 < m2 < m3 and m3 < m1 < m2
we have ∆m232 ∼= ∆m231 with |∆m

2
31 − ∆m232| = ∆m221 ≪ |∆m231,32|.

Obviously, in the case of m1 < m2 < m3 (m3 < m1 < m2) we have
∆m231(32) > 0 (∆m

2
31(32) < 0).

It followed from theresultsof theChoozexperiment [57] with reactor
ν̄e and from the more recent data of the Daya Bay, RENO, Double
Chooz and T2K experiments (which will bediscussed in Section14.12),
that, in the convention we use, in which 0 < ∆m221 < |∆m231(32) |, the
element |Ue3|= sinθ13 of the neutrino mixing matrix U is relat ively
small. This makes it possible to ident ify the angles θ12 and θ23 as the
neutrino mixing angles associated with the solar νe and the dominant
atmospheric νµ (and ν̄µ) oscillat ions, respect ively. The angles θ12 and
θ23 are sometimes called “ solar” and “ atmospheric” neutrino mixing
angles, and are sometimes denoted as θ12 = θ⊙ and θ23 = θA (or
θatm), while ∆m221 and ∆m231 are often referred to as the “ solar”
and “atmospheric” neutrino mass squared differences and are often
denoted as ∆m221 ≡ ∆m2⊙, ∆m231 ≡ ∆m2A (or ∆m

2
atm).

The solar neutrino data tell us that ∆m221 cos2θ12 > 0. In the
convention employed by us we have ∆m221 > 0. Correspondingly, in
this convention onemust have cos2θ12 > 0.
Theenormousamount of neutrino oscillat ion data accumulated over

many years of research allow us to determine the parameters which
are responsible for the solar νe oscillat ions (flavour conversion), ∆m221
and sin2 θ12, for the dominant oscillat ions of the atmospheric νµ and
ν̄µ, |∆m231| (|∆m232|) and sin2 θ23, and the angle θ13 responsible for
the νµ → νe and ν̄µ → ν̄e (νµ → νe) oscillat ions observed in the T2K
(NOνA) experiment as well as for the reactor ν̄e oscillat ions observed
in the Daya Bay, RENO and Double Chooz experiments. In the two
most recent global analyses of the neutrino oscillat ion data [58,59]
the indicated 3-neutrino oscillat ion parameters ∆m221, θ12, |∆m231|
(|∆m232|), θ23 and θ13 have been determined with an impressively
high precision. The new data included in these analyses were, in
part icular, the latest T2K ν̄µ → ν̄e oscillat ion data [43] and the latest
NOνA data on νµ disappearance [60] and νµ → νe oscillat ions [42],
reported first at the XXVII Internat ional Conference on Neutrino
Physics and Astrophysics, held in London at the beginning of July
2016, and published at the beginning of 2017. The authors of the two
independent analyses [58,59] report practically the same (within 1σ)
results on ∆m221, sin2 θ12, |∆m231|, sin2 θ13, sin2 θ23 and δ. We present
in Table 14.1 the best fit values and the 99.73% confidence level (CL)
allowed ranges of the neutrino oscillat ion parameters, as well as the
95% CL allowed range of the CP violat ion phases δ, found in Ref. 58.
In both analyses [58,59] the authors find, in part icular, that

sin2 θ23 = 0.5 lies outside the 2σ range allowed by the current data.
This results is mainly driven by the NOνA data [60] on sin2 θ23.
Both groups also find that the best fit value of the Dirac CPV
phases δ is close to 3π/ 2: in [58], for example, the values found are
δ = 1.38π (1.31π) for ∆m231(32) > 0 (∆m

2
31(32) < 0). The absolute

χ2 minimum takes place for ∆m231(32) > 0, the local minimum
in the case of ∆m231(32) < 0 being approximately by 0.7σ higher.
According to Ref. 58, the CP conserving values δ = 0 or 2π are
disfavored at 2.4σ (3.2σ) for ∆m231(32) > 0 (∆m

2
31(32) < 0); the CP

conserving value δ = π in the case of ∆m231(32) > 0 (∆m
2
31(32) < 0)

is stat ist ically approximately 2.0σ (2.5σ) away from the best fit
value δ ∼= 1.38π (1.31π). In what concerns the CP violat ing value
δ = π/ 2, it is strongly disfavored at 3.4σ (3.9σ) for ∆m231(32) > 0
(∆m231(32) < 0). The quoted confidence levels for δ = 0,π and π/ 2
are all with respect to the absolute χ2 minimum. At 3σ, δ/π is
found to lie in the case of ∆m231(32) > 0 (∆m231(32) < 0) in the
following intervals [58]: (0.00 − 0.17(0.16))⊕(0.76(0.69) − 2.00)).
Similar results are obtained in [59].
It follows from the results given in Table 14.1 that the value of

θ23 can deviate by about ± 0.1 from π/ 4, π/ 4 belonging to the 3σ
allowed region, θ12 ∼= π/ 5.4 and that θ13 ∼= π/ 20. Correspondingly,
the pattern of neutrino mixing is drast ically different from the pattern
of quark mixing.
Note also that ∆m221, sin2 θ12, |∆m231(32) |, sin

2 θ23 and sin2 θ13
are determined from the data with a 1σ uncertainty (= 1/ 6 of
the 3σ range) of approximately 2.3%, 5.8%, 1.6%, 9.6% and 4.0%,
respectively.
Further, the exist ing SK atmospheric neutrino, K2K, MINOS, T2K

and NOνA data do not allow to determine the sign of ∆m231(32) .
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Table 14.1: The best-fit values and 3σ allowed ranges of the
3-neutrino oscillat ion parameters, derived from a global fit of
the current neutrino oscillat ion data (from [58]) . For the Dirac
phase δ we give the best fit value and the 2σ allowed range.
The values (values in brackets) correspond to m1 < m2 < m3
(m3 < m1 < m2). The definit ion of ∆m2, which is determined
in the global analysis in [58] is: ∆m2 = m23 − (m22 + m21)/ 2.
Thus, ∆m2 = ∆m231 − ∆m221/ 2 > 0, if m1 < m2 < m3, and
∆m2 = ∆m232 + ∆m221/ 2 < 0 for m3 < m1 < m2. We give
the values of ∆m231 > 0 for m1 < m2 < m3, and of ∆m223 for
m3 < m1 < m2, obtained from those for ∆m2 quoted in [58].

Parameter best-fit 3σ

∆m221 [10− 5 eV 2] 7.37 6.93− 7.96
∆m231(23) [10

− 3 eV 2] 2.56 (2.54) 2.45− 2.69 (2.42− 2.66)
sin2 θ12 0.297 0.250− 0.354
sin2 θ23, ∆m231(32) > 0 0.425 0.381− 0.615
sin2 θ23, ∆m232(31) < 0 0.589 0.384− 0.636
sin2 θ13, ∆m231(32) > 0 0.0215 0.0190− 0.0240
sin2 θ13, ∆m232(31) < 0 0.0216 0.0190− 0.0242
δ/ π 1.38 (1.31) 2σ: (1.0 - 1.9)

(2σ: (0.92-1.88))

Maximal solar neut rino mixing, i.e., θ12 = π/ 4, is ruled out at more
than 6σ by the data. Correspondingly, one has cos2θ12 ≥ 0.29 (at
99.73% CL).
Apart from the hint that the Dirac phase δ ∼= 3π/ 2, no other

experimental informat ion on the Dirac and Majorana CPV phases in
the neutrino mixing matrix is available at present . Thus, the status
of CP symmetry in the lepton sector is essent ially unknown. With
θ13 ∼= 0.15 ̸= 0, the Dirac phase δ can generate CP violat ing effects
in neutrino oscillat ions [54,61,62], i.e., a difference between the
probabilit ies of the νl → νl ′ and ν̄l → ν̄l ′ oscillat ions, l ̸= l ′ = e, µ, τ .
The magnitude of CP violat ion in νl → νl ′ and ν̄l → ν̄l ′ oscillat ions,
l ̸= l ′ = e, µ, τ , is determined by [63] the rephasing invariant JCP ,
associated with the Dirac CPV phase in U:

JCP = Im Uµ3 U∗e3 Ue2 U∗µ2 . (14.9)

It is analogous to the rephasing invariant associated with the Dirac
CPV phase in the CKM quark mixing matrix [64]. In the “ standard”
parametrizat ion of the neut rino mixing matrix (Eq. (14.6)), JCP has
the form:

JCP ≡ Im (Uµ3 U∗e3 Ue2 U∗µ2)

= 1
8
cosθ13 sin 2θ12 sin 2θ23 sin 2θ13 sinδ . (14.10)

Thus, given the fact that sin 2θ12, sin 2θ23 and sin 2θ13 have been
determined experimentally with a relat ively good precision, the size
of CP violat ion effects in neutrino oscillat ions depends essent ially
only on the magnitude of the current ly not well determined value
of the Dirac phase δ. The current data implies 0.026(0.027)| sinδ|
|JCP | 0.035| sinδ|, where we have used the 3σ ranges of sin2 θ12,
sin2 θ23 and sin2 θ13 given in Table 14.1. For the current best
fit values of sin2 θ12, sin2 θ23, sin2 θ13 and δ we find in the case
of ∆m231(2) > 0 (∆m231(2) < 0): JCP ∼= 0.032sinδ ∼= − 0.030
(JCP ∼= 0.032sinδ ∼= − 0.027). Thus, if the indicat ion that δ has
a value close to 3π/ 2 is confirmed by future more precise data, i)
the JCP − factor in the lepton sector would be approximately by 3
orders of magnitude larger in absolute value than corresponding JCP −
factor in the quark sector, and ii) the CP violat ion effects in neutrino
oscillat ions would be relat ively large.
If the neut rinos with definite masses νi , i = 1, 2, 3, are Majorana

part icles, the 3-neutrino mixing matrix contains two addit ional

Majorana CPV phases [54]. However, the flavour neutrino oscillat ion
probabilit ies P(νl → νl ′ ) and P(ν̄l → ν̄l ′ ), l , l ′ = e, µ, τ , do not depend
on the Majorana phases [54,65]. The Majorana phases can play
important role, e.g., in |∆ L | = 2 processes like neutrinoless double
beta ((ββ)0ν -) decay (A, Z ) → (A, Z + 2) + e− + e− , L being the total
lepton charge, in which the Majorana nature of massive neut rinos νi
manifests itself (see, e.g., Refs. [52,66]) . Our interest in the CPV
phases present in the neut rino mixing matrix is st imulated also by
the int riguing possibility that the Dirac phase and/ or the Majorana
phases in UPMNS can provide the CP violat ion necessary for the
generat ion of the observed baryon asymmetry of the Universe [67,68].
As we have indicated, the exist ing data do not allow one to

determine the sign of ∆m231(32) . In the case of 3-neutrino mixing, the
two possible signs of ∆m231(32) correspond to two types of neutrino
mass spectrum. In the widely used convent ions of numbering the
neut rinos with definite mass in the two cases employed by us, the two
spectra read:

– i) spectrum with normal ordering (NO):

m1 < m2 < m3, ∆m231 = ∆m2A > 0,

∆m221 ≡ ∆m2⊙ > 0, m2(3) = (m21 + ∆m221(31) )
1
2 . (14.11)

– i i) spectrum with inverted ordering (IO):

m3 < m1 < m2, ∆m232 = ∆m2A < 0, ∆m221 ≡ ∆m2⊙ > 0,

m2 = (m23 + ∆m223)
1
2 , m1 = (m23 + ∆m223 − ∆m221)

1
2 . (14.12)

Depending on the values of the lightest neut rino mass [69], min(mj ),
the neutrino mass spectrum can be:

– Normal Hierarchical (NH):

m1 ≪ m2 < m3, m2 ∼= (∆m221)
1
2 ∼= 0.0086 eV,

m3 ∼= |∆m231|
1
2 ∼= 0.0506 eV; or (14.13)

– Inverted Hierarchical (IH):

m3 ≪ m1 < m2, m1 ∼= (|∆m232| − ∆m221)
1
2 ∼= 0.0497 eV,

m2 ∼= |∆m232|
1
2 ∼= 0.0504 eV; or (14.14)

– Quasi-Degenerate (QD):

m1 ∼= m2 ∼= m3 ∼= m0, m2j ≫ |∆m231(32) |, m0 0.10 eV. (14.15)

Somet imes the determinat ion of the neut rino mass spectrum is referred
to in the literature on the subject as determinat ion of “ neutrino mass
hierarchy” . However, as we have seen, the neutrino mass spectrum
might not be hierarchical. Therefore, determinat ion of “ neutrino mass
ordering” is a more precise expression and we are going to use this
expression in the present review art icle.
Eq. (14.11) and Eq. (14.12) suggest that , for consistency, the data

on the larger neutrino mass squared difference, obtained in 3-neut rino
oscillat ion analyses, should be presented i) either on the value of
∆m232 in the case of NO spectrum and on ∆m231 for IO spectrum, or
ii) on the value of ∆m231 for the NO spectrum and on ∆m232 for IO
spectrum. It would be preferable that all experimental groups which
provide data on the larger neutrino mass squared difference, choose
one of the indicated two possibilit ies to present their data - this
will make st raight forward the comparison of the results obtained in
different experiments.
All types of neutrino mass spectrum, discussed above, are

compat ible with the exist ing const raints on the absolute scale of
neut rino masses mj . Informat ion about the lat ter can be obtained,
e.g., by measuring the spectrum of elect rons near the end point in 3H
β-decay experiments [70–74] and from cosmological and ast rophysical
data. The most stringent upper bounds on the ν̄e mass were obtained
in the Troitzk [74,71] experiment :

mν̄e < 2.05 eV at 95% CL. (14.16)

• Bi-maximal mixing, only small 𝝷13
• New sources of CP violation? 
• Dirac mass (Yukawa)? or Majorana (not from h)?
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SM as a low-energy effective field theory:

Neut rinos are massive

In t he cont ext of t he St andard Model:

L a =
νa
la L

, a = 1, 2, 3

T he leading SM gauge invariant operat or is at dim-5:∗

1
Λ
( yνLH ) ( yνLH ) + h.c. ⇒

y2ν v2

Λ
νL vcR.

Implicat ion 1. D im-5 operat or indicat es a new physics scale Λ

T he See-saw spirit : †

If mν ∼1 eV, t hen Λ ∼ y2ν ( 1014 GeV) .

Λ ⇒ 1014 GeV for yν ∼ 1;
100 GeV for yν ∼ 10− 6.

T he See-saw implies t he “ synergy” !
∗S. Weinberg, Phys. Rev. Let t . 1566 ( 1979) .
†M inkowski ( 1977) ; Yanagit a ( 1979) ; Gell-M ann, Ramond, Slansky ( 1979) ,
S.L . Glashow (1980) ; M ohapat ra, Senjanovic ( 1980) ...

Neut rinos are “ hot ” !

Act ive field, rich physics

At dim-5, t he leading gauge invariant operat or is ∗

1
Λ
( yνLH ) ( yνLH ) + h.c. ⇒

y2νv2

Λ
νL νcR.

yν Yukawa coupling, v t he Higgs vev, Λ an energy scale.

T he See-saw spirit : †

If mν ∼1 eV, t hen Λ ∼ y2ν (1014 GeV) .

Λ ⇒ 1014 GeV for yν ∼ 1;
100 GeV for yν ∼ 10− 6.

See-saw implies t he synergy:
among low-energy, high-energy, and cosmology!
∗S. Weinberg, Phys. Rev. Let t . 1566 (1979) ; Belen Gavela, t his conference.
†Yanagit a (1979) ; Gell-Mann, Ramond, Slansky (1979) ,
S.L . Glashow (1980) ; Mohapat ra, Senjanovic (1980) ...Implications:

• Theoretical: 𝜦 → new scale / particles,
      implies an underlying (UV) theory!

Neut rinos are massive

In t he cont ext of t he St andard Model:

L a =
νa
la L

, a = 1, 2, 3

T he leading SM gauge invariant operat or is at dim -5:∗

1
Λ
( yνLH ) ( yνLH ) + h.c. ⇒

y2ν v2

Λ
νL vcR.

Implicat ion 1. D im-5 operat or indicat es a new physics scale Λ

T he See-saw spirit : †

If mν ∼1 eV , t hen Λ ∼ y2ν ( 1014 GeV) .

Λ ⇒ 1014 GeV for yν ∼ 1;
100 GeV for yν ∼ 10− 6.

T he See-saw implies t he “ synergy” !
∗S. Weinberg, Phys. Rev. Let t . 1566 ( 1979) .
†M inkowski ( 1977) ; Yanagit a ( 1979) ; Gell-M ann, Ramond, Slansky ( 1979) ,
S.L . Glashow (1980) ; M ohapat ra, Senjanovic ( 1980) ...

4

The See-Saw Mechanism
• SM neutrino masses can come from RH neutrinos, N

39

Looking Forward
• And there are many more exciting connections between unsolved problems in 

cosmology and particle physics that I seek to uncover

• Non-WIMPy dark matter

• Connections with neutrinos

• Why are we made of matter and not antimatter?

m⌫SM =
hH i 2y2

MN

• N can be light, but we expect it to be (very) weakly coupled!

• For fixed         and mν ~  0.1 eV, we havehH i MN ⇠ GeV
✓

y2

10− 14

◆

L = y L̄H N + MN

2
N̄ cN

• With additional symmetries, coupling can be much larger

Minkowski, 1977; Yanagida, 1979; Mohapatra and Senjanovic, 1980; …

Mohapatra and Valle, 1986; Casas and Ibarra, 2001; Shaposhnikov, 2006; …

Neut rinos are “ hot ” !

Act ive field, rich physics

At dim-5, t he leading gauge invariant operat or is ∗

1
Λ
( yνLH ) ( yνLH ) + h.c. ⇒

y2ν v2

Λ
νL νcR.

yν Yukawa coupling, v t he Higgs vev, Λ an energy scale.

T he See-saw spirit : †

If mν ∼1 eV, t hen Λ ∼ y2ν ( 1014 GeV) .

Λ ⇒ 1014 GeV for yν ∼ 1;
100 GeV for yν ∼ 10− 6.

See-saw implies t he synergy:
among low-energy, high-energy, and cosmology!
∗S. Weinberg, Phys. Rev. Let t . 1566 (1979) ; Belen Gavela, t his conference.
†Yanagit a ( 1979) ; Gell-M ann, Ramond, Slansky ( 1979) ,
S.L . Glashow (1980) ; M ohapat ra, Senjanovic ( 1980) ...

• Observational:
     𝚫L=2 → Majorana mass (Majorana neutrinos)

→ Opens the door to BSM 𝜈 physics at low & high energies! 
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Group representations based on SM SUL(2) doublets: 

→ There are three possibilities:
• Type I:     Fermion singlets ⊗(L H)S 
• Type II:   Scalar triplet ⊗(L L)T
• Type III: Fermion triplets ⊗(L H)T 

The Weinberg operator non-renormalizable 
→ Need Ultra-Violet completion at/above 𝜦 .  

UV-complete theoretical Models:

E. Ma: PRL 81, 1771 (1998).
For recent reviews: Z.Z. Xing: arXiv:1406.7739; 
Y. Cai, TH, T. Li & R. Ruiz: arXiv:1711.02180.
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Type I Seesaw: Singlet NR ’s – Sterile neutrinos

Neut rino masses: D irac or Majorana

Simplest ( renormalizible) ext ension of t he SM :

L aL =
νa
la L

, a = 1, 2, 3; NbR, b = 1, 2, 3, ...n ≥ 2.

Gauge-invariant Yukawa int eract ions:

− L Y =
3

a= 1

n

b= 1
f νab L aL Ĥ NbR + h.c.

⇒
3

a= 1

n

b= 1
νaL mν

ab NbR + h.c.

lead t o t hree generat ions of D irac neut rinos.

Dirac plus Majorana mass terms:

T ype I Seesaw (wit h NR) :
∗

W it h t he ferm ionic singlet s NR, one can have

n≥ 2

b,b′= 1
N cbL M bb′ Nb′R + h.c.

t hen t he full neut rino mass t erms read

νL N cL
03× 3 D ν

3× n
D νT
n× 3 M n× n

νcR
NR

Majorana neut rinos:

νaL =
3

m= 1
UamνmL +

3+ n

m ′= 4
Vam ′N cm ′L ,

N caL =
3

m= 1
X amνmL +

3+ n

m ′= 4
Yam ′N cm ′L ,

mν ≈
D2

M
, mN ≈ M , UU† ≈ I ( PM N S) , V V † ≈

mν
mN

.

∗M inkowski ( 1977) ; Yanagit a ( 1979) ; Gell-M ann, Ramond, Slansky ( 1979) ,
S.L . Glashow ( 1980) ; M ohapat ra, Senjanovic ( 1980) ...

T ype I Seesaw (wit h NR) :
∗

W it h t he ferm ionic singlet s NR, one can have

n≥ 2

b,b′= 1
N cbL M bb′ Nb′R + h.c.

t hen t he full neut rino mass t erms read

νL N cL
03× 3 D ν

3× n
D νT
n× 3 M n× n

νcR
NR

Majorana neut rinos:

νaL =
3

m= 1
UamνmL +

3+ n

m ′= 4
Vam ′N cm ′L ,

N caL =
3

m= 1
X amνmL +

3+ n

m ′= 4
Yam ′N cm ′L ,

mν ≈
D2

M
, mN ≈ M , UU† ≈ I ( PM N S) , VV † ≈

mν
mN

.

∗M inkowski ( 1977) ; Yanagit a ( 1979) ; Gell-M ann, Ramond, Slansky ( 1979) ,
S.L . Glashow (1980) ; M ohapat ra, Senjanovic ( 1980) ...

If D ∼ yνv, mν ∼1 eV , t hen mN ∼ y2ν ( 1014 GeV)

⇒ 1014 GeV for yν ∼ 1;
100 GeV for yν ∼ 10− 6.

U2ℓm ∼ V 2PM N S ≈ O(1) ; V 2ℓm ≈ mν / mN .

St ill, it ’s possible for much lower Seesaw scales†, and sizable m ixing‡.

A ll Uℓm, ∆ mν are from oscillat ion experiment s.
But , we consider Vℓm, mN free paramet ers
— hopefully, experiment ally accessible.

T he charged current s:

− L CC =
g√
2
W +
µ

τ

ℓ= e

3

m= 1
U∗ℓm νmγµPL ℓ + h.c.

+
g√
2
W +
µ

τ

ℓ= e

3+ n

m ′= 4
V ∗ℓm ′ N cm ′γµPL ℓ + h.c.

†Andrè de Gouvea ( 2005) ; Andrè de Gouvea, Jenkins, Vasudevan ( 2006) ; ...
‡M .C. Gonzalez-Garcia, J.W .F . Valle ( 1989) ; Z .Z .X ing et al ( 2008) ...
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Type I Seesaw features:
 Existence of NR (possibly low mass*)

are from oscillation experiments
a free parameter: could be accessible!

 But difficult to see NR:
      The mixing is typically small, mass wide open: 

• Fine-tune or hybrid could make it sizeable.
• “Inverse seesaw” Casas and Ibarra (2001); 

A. Y. Smirnov and R. Zukanovich Funchal (2006);
A. de Gouvea, J. Jenkins and N. Vasudevan (2007);
W. Chao, Z. G. Si, Z. Z. Xing and S. Zhou (2008).
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Complementarity @ high & low masses
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Type II Seesaw: No need for NR, with Φ-triplet*Type II Seesaw (no NR) :
∗

W it h a scalar t riplet Φ (Y = 2) : φ± ± ,φ± ,φ0 (many represent at ive models) .
Add a gauge invariant / renormalizable t erm:

Yi j L Ti C( iσ2)ΦL j + h.c.

T hat leads t o t he Majorana mass:

M i j νTi Cνj + h.c.

where
M i j = Yi j ⟨Φ⟩ = Yi j v′ <∼ 1 eV ,

∗Magg, Wet t erich (1980) ; Lazarides, Shafi ( 1981) ; Mohapat ra, Senjanovic ( 1981) . ...

T ype II Seesaw (no NR) :
∗

W it h a scalar t r iplet Φ ( Y = 2) : φ± ± ,φ± , φ0 (many represent at ive models) .
Add a gauge invariant / renormalizable t erm :

Yi j L Ti C( iσ2)ΦL j + h.c.

T hat leads t o t he M ajorana mass:

M i j νTi Cνj + h.c.

where
M i j = Yi j ⟨Φ⟩ = Yi j v ′ <∼ 1 eV ,

Very same gauge invariant / renormalizable t erm :

µH T ( iσ2)Φ†H + h.c.

predict s v ′ = µ
v2

M 2
φ
,

leading t o t he T ype II Seesaw. †

∗Magg, Wet t erich ( 1980) ; Lazarides, Shafi ( 1981) ; M ohapat ra, Senjanovic ( 1981) . ...
†In L it t le Higgs model: T .Han, H.Logan, B .M ukhopadhyaya, R.Srikant h ( 2005) .

T ype II Seesaw (no NR) :
∗

W it h a scalar t r iplet Φ ( Y = 2) : φ± ± ,φ± ,φ0 (many represent at ive models) .
Add a gauge invariant / renormalizable t erm :

Yi j L Ti C( iσ2)ΦL j + h.c.

T hat leads t o t he M ajorana mass:

M i j νTi Cνj + h.c.

where
M i j = Yi j ⟨Φ⟩ = Yi j v ′ <∼ 1 eV ,

Very same gauge invariant / renormalizable t erm :

µH T ( iσ2)Φ†H + h.c.

predict s v ′ = µ
v2

M 2
φ
,

leading t o t he T ype II Seesaw. †

∗Magg, Wet t erich ( 1980) ; L azarides, Shafi ( 1981) ; M ohapat ra, Senjanovic ( 1981) . ...
†In L it t le Higgs model: T .Han, H.Logan, B .M ukhopadhyaya, R.Srikant h ( 2005) .

T ype II Seesaw (no NR) :
∗

W it h a scalar t riplet Φ (Y = 2) : φ± ± ,φ± ,φ0 (many represent at ive models) .
Add a gauge invariant / renormalizable t erm:

Yi j L Ti C( iσ2)ΦL j + h.c.

T hat leads t o t he Majorana mass:

M i j νTi Cνj + h.c.

where
M i j = Yi j ⟨Φ⟩ = Yi j v′ <∼ 1 eV ,

Very same gauge invariant / renormalizable t erm:

µH T ( iσ2)Φ†H + h.c.

predict s v′ = µ
v2

M 2
φ
,

leading t o t he T ype II Seesaw. †

∗Magg, Wet t erich (1980) ; Lazarides, Shafi ( 1981) ; Mohapat ra, Senjanovic ( 1981) . ...
†In L it t le Higgs model: T .Han, H.Logan, B .Mukhopadhyaya, R.Srikant h (2005) .
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Type II Seesaw features*

Variations

• Triplet vev → Majorana mass → neutrino mixing pattern!
→ neutrino mixing pattern! 

                                 Competing channel       

Naturally embedded in L-R symmetric model:#

W±R → NR e±

Type II Seesaw (no NR) :
∗

W it h a scalar t riplet Φ (Y = 2) : φ± ± ,φ± ,φ0 (many represent at ive models) .
Add a gauge invariant / renormalizable t erm:

Yi j L Ti C( iσ2)ΦL j + h.c.

T hat leads t o t he Majorana mass:

M i j νTi Cνj + h.c.

where
M i j = Yi j ⟨Φ⟩ = Yi j v′ <∼ 1 eV ,

Very same gauge invariant / renormalizable t erm:

µH T( iσ2)Φ†H + h.c.

predict s v′ = µ
v2

M 2
φ
,

leading t o t he T ype II Seesaw. †

∗Magg, Wet t erich (1980) ; Lazarides, Shafi ( 1981) ; Mohapat ra, Senjanovic ( 1981) . ...
†In L it t le Higgs model: T .Han, H.Logan, B .Mukhopadhyaya, R.Srikant h (2005) .

#

(* Large Type I signals via WR-NR )
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Type II continued:  H±± & H±

BSM Whitepaper:  arXiv:2203.08039
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Type III Seesaw: with a fermionic triplet*

Type III Seesaw (no NR, but some ot her lept ons) :
∗

W it h a lept on t riplet T (Y = 0) : T+ T0 T− , add t he t erms:

−MT(T+ T− + T0T0/ 2) + yiTH
T iσ2TL i + h.c.

∗Foot , Lew, He, Joshi ( 1989) ; G. Senjanovic et al. ...

T ype III Seesaw (no NR, but some ot her lept ons) :
∗

W it h a lept on t riplet T (Y = 0) : T + T 0 T − , add t he t erms:

−MT(T+ T − + T0T0/ 2) + yiTH
T iσ2TL i + h.c.

T hese lead t o t he M ajorana mass:
M i j ≈ yi yj

v2

2M T
.

Demand t hat M T <∼ 1 T eV , M i j <∼ 1 eV ,
T hus t he Yukawa couplings:†

yj <∼ 10− 6,

making t he m ixing T± ,0 − ℓ± very weak.

M ain feat ures:
T0 a M ajorana neut rino;
Decay via m ixing (Yukawa couplings) ;
TT Pair product ion via EW gauge int eract ions.

∗Foot , Lew, He, Joshi ( 1989) ; G. Senjanovic et al. ...
†Bajc, Nemevsek, Senjanovic ( 2007)

Again, the seesaw spirit: mν ~ v2/MT . 
Features:

T ype III Seesaw (no NR, but some ot her lept ons) :
∗

W it h a lept on t riplet T (Y = 0) : T + T0 T − , add t he t erms:

−MT(T+ T − + T0T0/ 2) + yiTH
T iσ2TL i + h.c.

T hese lead t o t he M ajorana mass:
M i j ≈ yi yj

v2

2M T
.

Demand t hat M T <∼ 1 T eV , M i j <∼ 1 eV ,
T hus t he Yukawa couplings:†

yj <∼ 10− 6,

making t he m ixing T± ,0 − ℓ± very weak.

M ain feat ures:
T0 a M ajorana neut rino;
Decay via m ixing (Yukawa couplings) ;
TT Pair product ion via EW gauge int eract ions.

∗Foot , L ew, He, Joshi ( 1989) ; G. Senjanovic et al. ...
†Bajc, Nemevsek, Senjanovic ( 2007)

T ype III Seesaw (no NR, but some ot her lept ons) :
∗

W it h a lept on t riplet T (Y = 0) : T + T0 T− , add t he t erms:

−MT(T+ T− + T0T0/ 2) + yiTH
T iσ2TL i + h.c.

T hese lead t o t he M ajorana mass:
M i j ≈ yi yj

v2

2M T
.

Demand t hat M T <∼ 1 T eV , M i j <∼ 1 eV,
T hus t he Yukawa couplings:†

yj <∼ 10− 6,

making t he m ixing T± ,0 − ℓ± very weak.

M ain feat ures:
T 0 a Majorana neut rino;
Decay via m ixing (Yukawa couplings) ;
TT Pair product ion via EW gauge int eract ions.

∗Foot , L ew, He, Joshi ( 1989) ; G. Senjanovic et al. ...
†Bajc, Nemevsek, Senjanovic ( 2007)



23

Radiative Seesaw Models*

Generic features:

• New fields + (Z2) symmetry → no tree-level mass terms
• Close the loops: Quantum corrections could generate m𝝼 .

Suppressions (up to 3-loops) make both m𝝼 and M low:

• New scalars: ϕ0, H±, H±±, … 
→ BSM Higgs physics, possible flavor relations
• Additional Z2 symmetry → Dark Matter 𝜼

h0
 →𝜼𝜼    invisible!

* Zee (1980, 1986); Babu (1988); Ma (2006), Aoki et al. (2009).

With (Majorana) mass scale 𝛍 
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Effective Field Theory
In terms of a large physical scale    , 

below which the theory is valid: 
Λ

(relevant operators)

(irrelevant operators)(marginal operators)

1st example: beta decay n → p+ e- ν 
➔ Charged current interaction: W±

The fact  GF = (300 GeV)-2 implies that:
• A new mass scale to show up at O(100 GeV)!
• Partial-wave Unitarity requires E < 300 GeV !
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Many successful example:

EFT is a consistent systematic approach for calculations.

A “poor man’s approach”:

8

• Don’t know the couplings Ci & Dj, but O(1)?
• Don’t know the scale M, but O(1 – 50 TeV)?
• Each order is smaller by 1/M2, but how many terms?
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Standard Model Effective Field Theory: SMEFT
A gauge invariant EFT with SM fields, H-doublet

At dim-6, there 8 types of operators:
(H⧾H)3, D2(H⧾H), G2(H⧾H), G3, F2H3, F2GH3, F2DH2, F4 

 where H the Higgs, D derivative, G gauge tensor, F fermion

Lepton flavor violation bounds 𝚲 > 102 - 104 TeV 

K-Kbar mixing, heavy quark bounds 𝚲 > 1 - 6 TeV 

LHC bounds on EW physics 𝚲 > a few TeV 
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Higgs Effective Field Theory: HEFT
A gauge invariant EFT non-linear realization, 

no SM Higgs doublet

125-GeV Higgs boson is a “singlet-like”!
SU(2)L relations for H are absent.
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SMEFT  BSM             vs.           HEFT  BSM

but (light) fermion Yukawa’s wide open to explore:

E. Celada, TH et al., arXiv:2312.13082

weakly coupled @ 𝞚              strongly coupled @ 4𝛑 𝞄 
 (SUSY, 2HDM …)               (Composite, T’, 𝛒TC …) 

LHC → Higgs coupling SM-like ~ few %



In these lectures:
1. The Quest for the SM & Beyond                  
The SM is tested to the highest energy scale accessible to date,  and 
can be valid to an exponentially high scale.                                   Yet it 
is incomplete: neutrino mass; DM; baryonic asymmetry.                                 

Higgs boson may serve as a portal to BSM physics.                                          

2. Strongly-coupled EW Sector                Higgs 
is a composite state, as a Nambu-Goldstone boson, showing up with 
a form factor, or with T’, W’, Z’ partners.                                                                   

3. A Weakly-coupled Extension                    SUSY 

extension: top-squark, gluino, multiple Higgs, DM… 4. 
Flavors of Matter Fields & EFT           Precision 

flavor / neutrino physics keep the promise to probe higher scales. 
29



☛
Particle mass generation!

Electroweak phase transition?

Today’s puzzles:
DM, baryogenesis…

Next scale: under 
the Higgs lamppost?

☛

Concluding Remarks

Exploration of BSM Physics 
remains Exciting!

Uninterrupted discoveries in the past 50 years led us to …

30
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Danke Sehr !
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