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... entanglement is eventually dependent on the reference frame

see also Peres and Terno, RMP 2004
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... some attention

[...]
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Transformation of the spin density operator?

Not entanglement, rather the reduced density operator

ρ→???

No non-trivial finite dimensional unitary rep. of the Lorentz group
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Transformation of spin and momentum

Under the Lorentz transformation

|p〉 ⊗ |s〉 → |Λp〉 ⊗Dσ[W (Λ, p)] |s〉

with the Wigner’s rotation

W (Λ, p) = L−1(Λp)ΛL(p)

where L(p) boosts a rest particle to four-momentum p

F. Scheck, Quantum Field Theory (Springer)
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For a pair of spin

For each pair of momenta (p1, p2) one has a density operator

ρp1,p2

which transform under Λ to

(Dσ[W (Λ, p1)]⊗Dσ[W (Λ, p2)])ρp1,p2(D†σ[W (Λ, p1)]⊗D†σ[W (Λ, p2)])

In QI, local unitary, entanglement is conserved
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Reduced density operator in a new frame

The reduced spin density operator∫
dp1dp2ρ

p1,p2

transforms under Λ as∫
dp1dp2(Dσ[W (Λ, p1)]⊗Dσ[W (Λ, p2)])ρp1,p2(D†σ[W (Λ, p1)]⊗D†σ[W (Λ, p2)])

Not a group transformation, entanglement is also not conserved

see also Peres and Terno, RMP 2004

... this trouble only begins when one traces out available momenta
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Spin-momentum ensemble

Instead of tracing out the momenta, consider (unnormalised) ensemble

{ρp1,p2}

of spin density operators as a whole
momenta available anyway
entanglement is conserved under Lorentz transform

All momenta-dependent observables Xp1,p2 can be estimated as

〈X〉 =

∫
dp1dp2 tr[ρp1,p2Xp1,p2 ]

HCN, G. Tetlalmatzi-Xolocotzi, C. Diez Pardos, O. Gühne, M. Kleinman, in preparation
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Entanglement of spin-momentum ensemble

Entanglement witness W are defined to be

tr[ρW ] ≥ 0

for all unentangled states ρ

One can choose different witnesses at different momentum W p1,p2 , if∫
dp1dp2 tr[ρp1,p2W p1,p2 ] < 0

there is some entanglement in the ensemble
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Effective density operator

Fixed particular W0 and choose

W p1,p2 = (Up11 ⊗ U
p2
2 )†W0(Up11 ⊗ U

p2
2 )

then
〈W 〉 = tr(ρeffW0)

where
ρeff =

∫
dp1dp2(Up11 ⊗ U

p2
2 )ρp1,p2(Up11 ⊗ U

p2
2 )†

These include
Z the standard reduced density operator (QI community)
Z center of mass reduced density operator (ATLAS, Nature 2024)
Z ‘fictitious’ density operators (Afik et al, Quantum 2022)

each can tell about entanglement of the ensemble, but not all
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Characterising the whole ensemble?

Too many density operators?

{ρp1,p2}

Data collection contains single events

(p
(k)
1 , p

(k)
2 , n̂

(k)
1 , n̂

(k)
2 )

Tomography not possible!
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Shadow tommography of spin-momentum ensemble

Shadow tomography converts a single shot measurement of spin to a
single shot estimate of density operator called classical shadow

ρ̂p1,p2n̂1,n̂2
= ρ̂p1n̂1

⊗ ρ̂p2n̂2

Noisy, not positive, but converge rightly when estimating observables
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A closer look at the measurement of spin

Decay of a polarised particle at rest

P (n̂) = tr(ρFn̂)

Covariant under rotation R

FRn̂ = Dσ[R]Fn̂D
†
σ[R]

This implies

Fn̂ =

+σ∑
m=−σ

αm |n̂,m〉 〈n̂,m|

HCN et al, arXiv:2003.12553
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Classical shadows and their symmetry

Abtract definition of classical shadows∫
dΩ(n̂) tr(ρFn̂)ρ̂n̂ = ρ

for all ρ. Notice
flexible in choices
general not positive
averaging converges to ρ

The classical shadow can inherit the same symmetry as measurement

ρ̂n̂ =

+σ∑
m=−σ

βm |n̂,m〉 〈n̂,m|

where βm can be explicitly computed from αm

HCN et al, PRL 2022
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Use of classical shadows

Tomography of all effective density operators

ρeff ≈
1

M

∑
k
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Estimate of momentum-dependent spin observable Xp1,p2

〈X〉 ≈ 1

M

∑
k

tr(ρ̂
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n̂
(k)
1 ,n̂
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2

Xp
(k)
1 ,p
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Test entanglement in the whole ensemble
If events come from different channels I ∈ {1, 2}, one can classify
classical shadows ρ̂p1,p2n̂1,n̂2

to the most probable channel
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Summary & outlook

Z Tracing out available momenta brings conceptual difficulty
Z Shadow tomography allows for processing full information
Z Constraints/properties of ρp1,p2 can be analysed as a whole

The abstract relationship of QI and HEP
it is not only about entanglement, it is about density operators
it is not only about observables, but methods of processing

HCN, G. Tetlalmatzi-Xolocotzi, C. Diez Pardos, O. Gühne, M. Kleinman, in preparation

Thank you for your attention!

18 / 18



Summary & outlook

Z Tracing out available momenta brings conceptual difficulty
Z Shadow tomography allows for processing full information
Z Constraints/properties of ρp1,p2 can be analysed as a whole

The abstract relationship of QI and HEP
it is not only about entanglement, it is about density operators
it is not only about observables, but methods of processing

HCN, G. Tetlalmatzi-Xolocotzi, C. Diez Pardos, O. Gühne, M. Kleinman, in preparation

Thank you for your attention!

18 / 18


