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Motivation 

Calculating the Massive 2-loop Amplitude 
Amplitude generation 

Integral reduction 

Numerical calculation of Feynman integrals 

Results 

 @ NLO via massive quark loops 

 @ NLO massless + massive quark loops 

Outlook

gg → ZZ

gg → ZZ
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Collider Precision

Parton Distribution 
Functions (PDFs)

Hard Scattering 
Matrix Element

d� =

Z
dxadxbf(xa)f(xb)d�̂ab(xa, xb)FJ +O ((⇤/Q)m)
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Non-perturbative 
effects ~ few %

+ Parton Shower 
+ Resummation 
+ Hadronisation 
+ Underlying Event

a b
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Perturbation Theory

Anomalous couplings in Higgs boson pair production Gudrun Heinrich7

building blocks of fixed order calculations
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NLO

NLO

NNLO

NNLO

NNLO

N3LO

N3LO

N3LO

N3LO

1-loop virtual 

2-loop virtual 

3-loop virtual 

loops

"(unresolved) real radiation 

triple real double real

real-virtual (RV) RRV

RVV 

real 

5-. %
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example diagrams: 

σ = α jαk
s (σLO + αsσNLO + α2

s σNNLO + α3
s σN3LO+… + ασNLO (EW) + … + ααsσNNLO (QCD−EW))

σLO = ∫n
dσB

σNLO = ∫n
dσV + ∫n+1

dσR

σNNLO = ∫n
dσVV + ∫n+1

dσRV + ∫n+2
dσRR

⋮

At sufficiently high energies  can expandαs ∼ 0.1

Beyond LO each piece separately 
Infrared (IR) divergent in 4 dim. 

 d = 4 − 2ϵ

Figure ( ) : G. Heinriche+e− → jets

 EW effects 
can be enhanced
α ∼ 0.01



Motivation: ZZ Production
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Higgs off-shell effects at NLO 
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Higgs Off-shell Effects at LO

          “signal”             “prompt / background”

Amplitudes (incl. mass dependence) well known 

Glover, v.d. Bij ‘89; Matsuura, v.d. Bij ‘91; Zecher, Matsuura, v.d. Bij ‘94; Binoth, Kauer, Mertsch’08; Campbell,Ellis, Williams ‘11, ‘14

Z

Z

Vector boson pair production at LHC:

sensitive to details of EWSB

possible NP contributions at tree or loop level

e.g. W+W� production:

W
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Andreas v. Manteuffel (Mainz) WW/ZZ @ NNLO ERC workshop 2014 2 / 20
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Overview of pp → ZZ

The  channel 
contributes to   
starting at NNLO in QCD 

However due the large 
gluon-gluon luminosity 
at the LHC: 

Contributes significantly 
to the total cross section 
(5-10%) 

Accounts for 60% of 
NNLO corrections 

Expected to have very 
large 2-loop contribution

gg → ZZ
pp → ZZ
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Motivation

Why calculate Z boson pair production via gluon-fusion? 

 Precision measurements 
 Background to Higgs production through gluon fusion 

 Higgs width 
 Provides indirect constraints on Higgs width via off-shell Higgs production 

 BSM Searches 
 Searches for heavy diboson resonances decaying to 4 lepton final states 

 Anomalous couplings 

 Provides constraints on anomalous  & triple gauge couplingsttZ

CMS 18; ATLAS 20;

ATLAS 18; CMS 19;

ATLAS 20; CMS 23;

ATLAS 23
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Higgs Width

Channel opens @ NNLO for , interferes with  @ LOpp → ZZ pp → H → ZZ

ICHEP 2016
Chicago, 08/04/2016

Raoul Röntsch (KIT)
Higgs off-shell effects at NLO 
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Higgs Off-shell Effects at LO

          “signal”             “prompt / background”

Amplitudes (incl. mass dependence) well known 

Glover, v.d. Bij ‘89; Matsuura, v.d. Bij ‘91; Zecher, Matsuura, v.d. Bij ‘94; Binoth, Kauer, Mertsch’08; Campbell,Ellis, Williams ‘11, ‘14

Figure: Raoul Röntsch (ICHEP 2016)

Strong destructive 
interference with Higgs 
amplitude probes unitarizing 
behaviour of the Higgs 

Off-shell measurements can 
provide model-dependent 
indirect constraints on Higgs 
properties (e.g. width)

Kauer, Passarino 12; Caola, Melnikov 13; 
Campbell, Ellis, Williams 14; 
(See also: Englert, Spannowsky 14)

ATLAS     

CMS       

ΓH = 4.5+3.3
−2.5 MeV

ΓH = 3.2+2.4
−1.7 MeV

σon−shell
gg→H→ZZ ∼

g2
ggFg2

HZZ

mHΓH

σoff−shell
gg→H→ZZ ∼

g2
ggFg2

HZZ

m2
ZZ

CERN-EP-2023-03

CERN-EP-2021-272

Signal            Prompt/Background



Anomalous Couplings
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‡SM

Øoff-she ll Higgs

ttZ tZj
ZZû1 3 ZZû1 0 0

-0 .4 -0 .2 0 .0 0 .2 0 .4
-1 .2

-0 .8

-0 .4

0 .0

0 .4

0 .8

dvt

da
t

Cao, Yan, Yuan, Zhang 20

For  production of longitudinally 
polarised ZZ via  can probe 
axial-vector coupling (  in SM)

mq ≠ 0
gg → ZZ

at = 1/2

𝒱Vff̄
μ = i

e
2 sin θW cos θW

γμ (vt + atγ5)

axial-vector ∼ atγμγ5vector   ∼ vt γμ

ℳ±±00 ∼
m2

t

m2
Z (a2

t −
1
4 ) ln2 ( s

m2
t ) − 2iπ ln ( s

m2
t )

Complements measurements of  ttZ, tZj



Calculation: gg → ZZ

ICHEP 2016
Chicago, 08/04/2016

Raoul Röntsch (KIT)
Higgs off-shell effects at NLO 
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Higgs Off-shell Effects at LO

          “signal”             “prompt / background”

Amplitudes (incl. mass dependence) well known 

Glover, v.d. Bij ‘89; Matsuura, v.d. Bij ‘91; Zecher, Matsuura, v.d. Bij ‘94; Binoth, Kauer, Mertsch’08; Campbell,Ellis, Williams ‘11, ‘14

Z

Z

u, d, …, b, t
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Known Amplitudes for gg → ZZ

Gröber, Maier, Rauh 19

NLO amplitudes (massive quark loop) obtained via sector 
decomposition or series solutions of differential equations

Full leading order  (loop induced)
Glover, van der Bij 89

NLO (massless quark loop contribution)

u, …, b

u, …, b, t

von Manteuffel, Tancredi 15

NLO expansion around large top quark mass
Melnikov, Dowling 15; Caola, Dowling, Melnikov, Röntsch, Tancredi 16

+ Padé approx Campbell, Ellis, Czakon, Kirchner 16

+ Threshold (Higgs int.)

NLO expansion around small top quark mass
Davies, Mishima, Steinhauser, Wellmann 20

Agarwal, SJ, von Manteuffel 20; Brønnum-Hansen, Wang 21

t

NLO amplitudes small-  + small top quark masspT
Degrassi, Gröber, Vitti 24



Virtual Amplitudes

+
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Rational functions 
Large num. terms/ high degree 
Handled with specialist symbolic 
manipulation programs

Feynman integrals 
Analytically: Involved special functions 
(Polylogs, Elliptic…) 

We compute them numerically

ℳμνρσ = ∑
i

AiT
μνρσ
i , Ai = ∑

k

Ci,k Ik

12

ℳμνρσ ∼
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M = Mµ⌫⇢� ✏
µ
1 (p1) ✏

⌫
2(p2) ✏

⇤⇢
3 (p3) ✏

⇤�
4 (p4)

 138 parity-even tensor structures 
+ transversality 
+ gauge fixing 

 20 tensor structures remain 
+ Bose symmetry 9 indep. + 11 related by crossing

→

→

<latexit sha1_base64="AAVHD/iH1gmACHqUnqJ0JWbi2Qk="></latexit>

✏1(p1).p1 = 0, ✏2(p2).p2 = 0

13

Decomposition

Tensor structure

The amplitude can then be written as :

M
µ⌫⇢�(p1, p2, p3, p4) =

20X

i=1

Ai(s, t, m
2
t , m

2
Z) Tµ⌫⇢�

i (2.10)

where the Ai
0s are the form factors, and the remaining 20 tensors Ti

0s are as follows:

T ⇢�µ⌫
1 = gµ⌫g⇢� T ⇢�µ⌫

2 = gµ⇢g⌫� T ⇢�µ⌫
3 = gµ�g⌫⇢ T ⇢�µ⌫

4 = p⇢1 p�1 gµ⌫

T ⇢�µ⌫
5 = p⇢1 p�2 gµ⌫ T ⇢�µ⌫

6 = p�1 p⇢2 gµ⌫ T ⇢�µ⌫
7 = p⇢2 p�2 gµ⌫ T ⇢�µ⌫

8 = p�1 p⌫3 gµ⇢

T ⇢�µ⌫
9 = p�2 p⌫3 gµ⇢ T ⇢�µ⌫

10 = p⇢1 p⌫3 gµ� T ⇢�µ⌫
11 = p⇢2 p⌫3 gµ� T ⇢�µ⌫

12 = p�1 pµ3 g⌫⇢

T ⇢�µ⌫
13 = p�2 pµ3 g⌫⇢ T ⇢�µ⌫

14 = p⇢1 pµ3 g⌫� T ⇢�µ⌫
15 = p⇢2 pµ3 g⌫� T ⇢�µ⌫

16 = pµ3 p⌫3 g⇢�

T ⇢�µ⌫
17 = p⇢1 p�1 pµ3 p⌫3 T ⇢�µ⌫

18 = p⇢1 p�2 pµ3 p⌫3 T ⇢�µ⌫
19 = p⇢2 p�1 pµ3 p⌫3 T ⇢�µ⌫

20 = p⇢2 p�2 pµ3 p⌫3
(2.11)

The form factors Ai(s, t, m2
t , m

2
Z) can be derived from the amplitude using projection op-

erators Pµ⌫⇢�
i which can themselves be decomposed in terms of the Ti

µ⌫⇢�’s as

Pµ⌫⇢�
i =

20X

j=1

B ij(s, t, m
2
t , m

2
Z) (Tµ⌫⇢�

j )† (2.12)

Exact forms of B ij ’s are available at the VVamp project website.
Due to Bose symmetry, the amplitude must remain unchanged under the exchange of

the incoming gluons or the outgoing Z-bosons [15] i.e.

1 $ 2 : p1 $ p2, ✏1(p1) $ ✏2(p2)

3 $ 4 : p3 $ p4, ✏3(p3) $ ✏4(p4)

This leads to the following identities between the form factors :

A7 = A4 , A12 = �A11 , A13 = �A10 , A14 = �A9 , A15 = �A8 , A20 = A17

(2.13)
as well as following relations under the crossing p1 $ p2 =) t $ u :

A1(s, t) = A1(s, u) A4(s, t) = A4(s, u) A7(s, t) = A7(s, u)

A16(s, t) = A16(s, u) A17(s, t) = A17(s, u) A20(s, t) = A20(s, u)

A2(s, t) = A3(s, u) A5(s, t) = A6(s, u) A8(s, t) = A13(s, u)

A9(s, t) = A12(s, u) A10(s, t) = A15(s, u) A11(s, t) = A14(s, u)

A18(s, t) = A19(s, u)

(2.14)

It is straightforward to derive amplitudes for polarized external particles from the Ai

form factors. Taking fermionic decays of the Z bosons into account, the amplitudes for
specific fermion helicities can be found e.g. in [15]. Here, we consider specific polarizations

– 4 –

von Manteuffel, Tancredi 15
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20 = p⇢2 p�2 pµ3 p⌫3
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The form factors Ai(s, t, m2
t , m

2
Z) can be derived from the amplitude using projection op-

erators Pµ⌫⇢�
i which can themselves be decomposed in terms of the Ti
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Pµ⌫⇢�
i =

20X

j=1
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2
t , m

2
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Exact forms of B ij ’s are available at the VVamp project website.
Due to Bose symmetry, the amplitude must remain unchanged under the exchange of

the incoming gluons or the outgoing Z-bosons [15] i.e.

1 $ 2 : p1 $ p2, ✏1(p1) $ ✏2(p2)

3 $ 4 : p3 $ p4, ✏3(p3) $ ✏4(p4)

This leads to the following identities between the form factors :

A7 = A4 , A12 = �A11 , A13 = �A10 , A14 = �A9 , A15 = �A8 , A20 = A17

(2.13)
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It is straightforward to derive amplitudes for polarized external particles from the Ai

form factors. Taking fermionic decays of the Z bosons into account, the amplitudes for
specific fermion helicities can be found e.g. in [15]. Here, we consider specific polarizations

– 4 –

Our task is now to compute the 20 scalar form factors Ai(s, t, m2
t , m2

Z)
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•Can decompose the amplitude into 138 tensor structures
𝒜𝜇𝜈𝜌𝜆 = 𝐴1 𝑔𝜇𝜈𝑔𝜌𝜆 + 𝐴2 𝑔𝜇𝜌𝑔𝜈𝜆 + 𝐴3 𝑔𝜇𝜆𝑔𝜈𝜌 + ⋯

•Use transversality of gluons and gauge freedom to eliminate most of these:

𝜖1. 𝑝1 = 𝜖2. 𝑝2 = 0 &    𝜖1. 𝑝2 = 𝜖2. 𝑝1 = 𝜖3. 𝑝3 = 𝜖4. 𝑝4 = 0

•20 tensor structures left 

𝑝1

𝑝2

𝑝3

𝑝4

𝒜𝜇𝜈𝜌𝜆

= 𝐴1 𝑔𝜇𝜈𝑔𝜌𝜆 + 𝐴2 𝑔𝜇𝜌𝑔𝜈𝜆 + 𝐴3 𝑔𝜇𝜆𝑔𝜈𝜌 + (A1,1,1 − 𝐴1,1,3) 𝑔𝜇𝜈 𝑝1
𝜌 𝑝1𝜆 + (A1,1,2−𝐴1,1,3) 𝑔𝜇𝜈 𝑝1

𝜌 𝑝2𝜆 + (A1,2,1
− A1,2,3) 𝑔𝜇𝜈 𝑝2

𝜌 𝑝1𝜆 + (A1,2,2 − A1,2,3) 𝑔𝜇𝜈 𝑝2
𝜌 𝑝2𝜆 + (A2,3,1−𝐴2,1,3) 𝑔𝜇𝜌 𝑝3𝜈 𝑝1𝜆 + (A2,3,2−𝐴2,1,3) 𝑔𝜇𝜌 𝑝3𝜈 𝑝2𝜆

+ A3,1,3 𝑔𝜇𝜆𝑝1
𝜌𝑝3𝜈 + A3,2,3 𝑔𝜇𝜆𝑝2

𝜌𝑝3𝜈 + (𝐴4,3,1 − 𝐴4,3,3) 𝑔𝜌𝜈 𝑝3
𝜇 𝑝1𝜆 + (𝐴4,3,2 − 𝐴4,3,3) 𝑔𝜌𝜈 𝑝3

𝜇 𝑝2𝜆

+ 𝐴5,3,3 𝑔𝜌𝜆 𝑝3
𝜇 𝑝3𝜈 + 𝐴6,1,3 𝑔𝜆𝜈 𝑝1

𝜌 𝑝3
𝜇 + 𝐴6,2,3 𝑔𝜆𝜈 𝑝2

𝜌 𝑝3
𝜇 + (𝐴3,3,1,1−𝐴3,3,1,3) 𝑝3

𝜇𝑝3𝜈𝑝1
𝜌𝑝1𝜆

+ (𝐴3,3,1,2−𝐴3,3,1,3) 𝑝3
𝜇𝑝3𝜈𝑝1

𝜌𝑝2𝜆 + (𝐴3,3,2,1−𝐴3,3,2,3) 𝑝3
𝜇𝑝3𝜈𝑝2

𝜌𝑝1𝜆 + +(𝐴3,3,2,2−𝐴3,3,2,3) 𝑝3
𝜇𝑝3𝜈𝑝2

𝜌𝑝2𝜆

𝑔

𝑔

𝑍

𝑍

Calculation setup

μ

ν

ρ

σ



Dimensional Regularisation &  γ5
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𝒱Vff̄
μ = i

e
2 sin θW cos θW

γμ (vt + atγ5)

In dim. reg. ( ) we can’t retain all properties of  in  dimensionsd = 4 − 2ϵ γ5 d ≠ 4

h,Hq̄

q

W,Z

W,Z

Figure 30: Diagram contributing to qq̄ → V ∗ → h/H + V at lowest order.

H

q

q̄

g

t

t̄

H

g

g

t

t̄

Figure 31: Typical diagrams contributing to qq̄/gg → tt̄H at lowest order.

threshold effects are strongly diminished. The main parts of the QCD corrections originate from regions
significantly above the production threshold and can be approximated by a fragmentation approach
involving first producing a tt̄ pair supplemented by the t → tH fragmentation in the high-energy
limit [191, 194]. Although this provides a bad approximation for the magnitude of the cross section
itself it leads to a reasonable estimate of the relative QCD corrections [191]. The full NLO results have
recently been implemented in the Powheg box [195], matched to Sherpa [196] and generated within the
Mg5 amc@nlo framework [193] thus offering NLO event generators matched to parton showers. The
NLO result has recently been improved by a soft and collinear gluon resummation based on the SCET
approach starting from the boosted final-state particle triplet11 [198] leading to a further increase of the
cross section by 5-10%. The residual scale dependence is reduced to the level of 5− 10%. Recently the
electroweak corrections have been calculated for tt̄H production [199]. They range a the per-cent level
and are thus small. Moreover, off-shell top-quark effects have been determined at NLO in QCD [200]
with leptonic top-quark decays and turn out to be small for the inclusive tt̄H cross section. However,
they play a role in certain regions of phase space and are thus of relevance for distributions.

bb̄H production. Higgs bremsstrahlung off bottom quarks does not play a significant role for the
SM Higgs boson, but yields an important constraint on the bottom Yukawa coupling. Its total cross
section is of similar size as the tt̄H production cross section. The results of tt̄H production can be
taken over for bb̄H production. However, they have to be transformed to the four-flavour-scheme (4FS)
in order to avoid artificial large logarithms initiated by the bottom mass in the combination of the
virtual and real corrections at NLO. In this way finite bottom-mass effects can be taken into account
consistently. The NLO QCD corrections are positive and large. There is a decrease by about 10% due

11The recent alternative approach using conventional threshold resummation techniques does not yield a sizeable con-
tribution beyond NLO [197] due to the strong threshold suppression.
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Z

Larin Scheme 
Sacrifice anti-commuting property of  

Fix Ward identities/ABJ anomaly:

γ5

Kreimer Scheme 
Retain , but, sacrifice 
cyclicity of traces involving   

Define `reading point’ and 
carefully manipulate all traces

{γ5, γμ} = 0
γ5J5

μ = Z5,ns J5
μ,B = Z5,ns [ i

3!
ϵμνρσψ̄γνγργσψ̄]

P5 = Z5,p P5
B = Z5,p [ i

4!
ϵμνρσψ̄γμγνγργσψ̄]

Z5,ns = 1 + αs(−4CF) + …
Z5,p = 1 + αs(−8CF) + …

Larin, Vermaseren 91; Larin 93 

Kreimer 90; Korner, Kreimer, Schilcher 92

axial-vector ∼ atγμγ5vector   ∼ vt γμ



Agarwal, SPJ, von Manteuffel 20 
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Diagrams

Class   
Z bosons couple 
to same massless 
fermion line

Al

Class B  
Z bosons couple 
to different 
fermion lines

Campbell, Ellis, Czakon, Kirchner 16

von Manteuffel, Tancredi 15

Class C  
Z bosons couple 
to Higgs boson

Djouadi, Spira, Zerwas 91

Class   
Z bosons couple 
to same massive 
fermion line

Ah



Agarwal, SPJ, von Manteuffel 20 
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Diagrams

Class   
Z bosons couple 
to same massless 
fermion line

Al

Class B  
Z bosons couple 
to different 
fermion lines

Campbell, Ellis, Czakon, Kirchner 16

von Manteuffel, Tancredi 15

Class C  
Z bosons couple 
to Higgs boson

Djouadi, Spira, Zerwas 91

Class   
Z bosons couple 
to same massive 
fermion line

Ah
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Diagrams: gg → ZZ

Most challenging piece 
Contains a total of 29247 scalar  264 master Feynman Integrals→

Class   Ah



Basis choice 
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Choice of master integral basis is very important for size/performance of amplitude 

Basis Choice: 
1) Select finite integrals 

2) Require - and kinematic dependence of denominators factorises 

       

d
N(s, t, d)
D(s, t, d)

I + … →
N′�(s, t, d)

D′�1(d)D′�2(s, t)
I′� + …

Bern, Dixon, Kosower 92; Panzer 14; von Manteuffel, Panzer, Schabinger 14; 
Agarwal, SPJ, von Manteuffel 20

Smirnov, Smirnov 20; 
Usovitsch 20

Avoid monstrosities like: 

                                    

They increase expr. size and introduce spurious singularities in the amplitude

D(s, t, d ) =
1250 − 500 d − 9000 t + 3600 d t + 16200 t2 − 6480 d t2

−4050 s + 1575 d s + 19440 s t − 8100 d s t − 52488 s t2

+20412 d s t2 − 29160 s2 t + 11664 d s2 t

−125 + 375 s + 900 t − 2160 s t
+2916 s2 t − 1620 t2 + 4860 s t2

d → 4



Finite Integrals
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Not all finite integrals are created equal 
Can take vastly different times to numerically integrate (will discuss this shortly) 

Can algorithmically construct finite linear combinations      

Integral
Rel. err. leading 

term
Timing (s)

~2*10^-3 45

~4*10^-2 63

~8*10^-6 55

~8*10^-4 60

~1*10^-4 18

(6 − 2ϵ)

(6 − 2ϵ)

∼
1
ℱ

∼
1

ℱ2

∼
1

ℱ3I

Agarwal, SPJ, von Manteuffel 20 
See also: Gambuti, Kosower, Novichkov, 
Tancredi 23

Fi
ni

te



Baikov Representation

<latexit sha1_base64="jeAIJmr72HD8pO9vFyEVKl5NiTs="></latexit> 
NX

i=1

fi
@P

@zi

!
+ fN+1 P = 0

20

Scalar integrals can be written as Baikov 96

IBPs become
<latexit sha1_base64="RS4WdU7dmVfnStQemXxrl7XGlvk="></latexit>

0 =

Z
dz1...dzN

NX

i=1

@

@zi

 
fi

1
QN

i=1 z⌫i
i

P
d�L�E�1

2

!

0 =

Z
dz1...dzN

NX

i=1

✓
@fi
@zi

+
d� L� E � 1

2P
fi

@P

@zi
� ⌫i

fi
zi

◆
1

QN
i=1 z⌫i

i

P
d�L�E�1

2

Dimension shift Dots (doubled propagators)

IBPs generate dim shifted & dotted integrals  huge linear system to solve→

Impose `Syzygy’ Constraints

<latexit sha1_base64="9Kp1pFIOGvf0ma8OQ+rkbvwxpug="></latexit>

fi ⇠ zi

Larsen, Zhang 15;  

Abreu, Febres Cordero, Ita, Page, Zeng 17; 

Boehm, Georgoudis, Larsen, Schoenemann, 
Zhang 17, 18; 

 No dimension shift→

 No doubled props.→

<latexit sha1_base64="Ay1c8Nd938OtKIR5W5k48IT5N70="></latexit>

I = N
Z

dz1...dzN
1

QN
i=1 z⌫i

i

P
d�L�E�1

2



Reduction 
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Even with these tools, still too difficult to obtain fully symbolic amplitudes! 

Fix mass ratio: m2
z /m2

t = 5/18

IBP system now contains  equations (was  before syzygy constraints) 

Still need tools to actually solve this system of equations…

𝒪(105) 𝒪(108)

FinRed     +     Syzygy Solver
von Mantueffel Agarwal, von Mantueffel 

See e.g: von Mantueffel, Schabinger 14; Peraro 16

Toolchain relies extensively on the use of finite fields

Input Integrals: ~29000 integrals 

After symmetry: ~1500 integrals 

Master Integrals: 264 integrals 

Time:  on cluster 

Output IBP Tables: 

𝒪(months)

𝒪(200 GB)



Substituting in Amplitude 
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Now need to substitute  expression into a complicated amplitude… 
Yields intermediate expressions of 

𝒪(200 GB)
𝒪(1 TB)

Multivariate partial fractioning 
1. Employ multivariate partial fractioning  

2. Partial fraction in  to separate the poles 

3. Expand about  

d

d = 4 − 2ϵ

Pak 11; Abreu, Dormans, Febres Cordero, Ita, Page, Sotnikov 19; 
Böhm, Wittman, Wu, Xu, Zhang 20; Bendle, Böhm, Heymann, Ma, 
Rahn, Ristau, Wittmann, Wu, Zhang 21; Heller, von Manteuffel 21; 

1
(−1 + d)(−3 + d)2(−4 + d)(−7 + 2d)

= (
1
3

+
2ϵ
9

)(1 + 2ϵ)2(
−1
2ϵ

)(1 + 4ϵ)  terms∼ 16

1
3(−4 + d)

+
5

4(−3 + d)
+

1
2(−3 + d)2

+
1

60(−1 + d)
+

−16
5(−7 + 2d)

=
−1
6ϵ

+
−13

9
 terms2

Reduces coefficients of amplitude to <  per coefficient 
For one of the hardest coefficients: 

 

1 MB

{deg(num, s) + deg(den, s), deg(num, t) + deg(den, t), deg(num, d) + deg(den, d)} = {107,117,38}

{deg(num, s) + deg(den, s), deg(num, t) + deg(den, t), deg(num, d) + deg(den, d)} = {20,15,9}



Intermezzo:  
Computing Feynman Integrals



Feynman integrals can be difficult to compute analytically  

Various methods to approximate/evaluate them numerically 

Numerical differential equations 

Series solutions of differential equations (AMFlow, DiffExp, Seasyde) 

Taylor expansion in Feynman parameters (TayInt) 

Numerical Mellin-Barnes (MB, Ambre) 

Tropical sampling (Feyntrop) 

Numerical Loop-Tree Duality (cLTD, Lotty) 

Sector decomposition (Sector_decomposition, FIESTA, pySecDec)

24

Computing Feynman Integrals

ODE/PDE

Series Solutions

~Monte Carlo 
Integration
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pySecDec: a program for numerically evaluating dimensionally regulated 
parameter integrals on CPU or GPU

pySecDec

Latest Version:  
Improved: Method of Regions  
Improved: Amplitude Evaluation 
+ disteval Integrator  
+ Median QMC Rules

python3 -m pip install --user --upgrade pySecDec

Heinrich, SPJ, Kerner, Magerya, Olsson, Schlenk 23

Well known in the QCD community, often used for checking master integrals 

Used to compute two-loop amplitudes for pp → {HH, HJ, γγ, ZH, ZZ, ttH}
Borowka, Greiner, Heinrich, SPJ, Kerner, Schlenk, Schubert, Zirke 16; SPJ, Kerner, Luisoni 18; 
Chen, Heinrich, Jahn, SPJ, Kerner, Schlenk, Yokoya 19; Chen, Heinrich, SPJ, Matthias Kerner, Klappert, Schlenk 20; 
Agarwal, SPJ, von Manteuffel 20; Agarwal, Heinrich, SPJ, Kerner, Klein, Lang, Magerya, Olsson 24
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Sector Decomposition in a Nutshell

  

Singularities 

1. UV/IR singularities when some  simultaneously  Sector Decomposition 

2. Thresholds when  vanishes inside integration region  

Sector decomposition 
Find a local change of coordinates for each singularity that factorises it (blow-up)

I ∼ ∫ ddk1…ddkl
1

∏N
i=1 (qi − mi)vi

↔ I ∼ ∫ℝN+1
>0

[dx] xν [𝒰(x)]N−(L+1)D/2

[ℱ(x, s) − iδ]N−LD/2
δ(1 − H(x))

{x} → 0 ⟹

ℱ ⟹ iδ

Can exchange loop integrals for integrals over Feynman parameters

 are polynomials in FP  𝒰, ℱ x

Hepp 66; Roth, Denner 96; Binoth, Heinrich 00; Heinrich 08
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Sector Decomposition in a Nutshell

  

 

Normal vectors incident to each extremal vertex define a local change of variables* 

  

  

*If , need triangulation to define variables (simplicial normal cones  )

I ∼ ∫ℝN
>0

[dx] xν (ci xri)t

𝒩(I) = convHull(r1, r2, …) = ⋂
f∈F

{m ∈ ℝN ∣ ⟨m, nf⟩ + af ≥ 0}

xi = ∏
f∈Sj

y⟨nf ,ei⟩
f

I ∼ ∑
σ∈ΔT

𝒩

|σ | ∫
1

0
[dyf] ∏

f∈σ

y⟨nf ,ν⟩−taf
f ci∏

f∈σ

y⟨nf ,ri⟩+af
f

t

|Sj | > N σ ∈ ΔT
𝒩

Singularities Finite

Kaneko, Ueda 10
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Sector Decomposition in a Nutshell

Calculation of Multi-Loop Integrals with SecDec-3.0 Johannes Schlenk

is performed in sector j. The vectors ei denote the orthonormal basis of RN−1, the set Sj contains
the facets incident to the vertex j. In cases where the set Sj contains more than N− 1 elements,
an additional triangulation of the sector is needed. In SECDEC the triangulation algorithm imple-
mented in NORMALIZ is used for this purpose.

Compared to the other strategies implemented in SECDEC, strategy G2 is the fastest method
and it usually produces the smallest number of sectors.

As an example we decompose the two-loop vacuum integral with one massive and two mass-
less propagators using strategy G2. After employing the Cheng-Wu theorem to integrate out the
massive Feynman parameter x3, the Feynman integral becomes

I =

m

=−Γ(−1+2ε)
(

m2
)1−2ε

∫ ∞

0

dx1dx2
(

x11x
0
2+ x11x12+ x01x12

)2−ε . (3.4)

The exponent vectors

v1 =

(

1
0

)

,v2 =

(

1
1

)

,v3 =

(

0
1

)

(3.5)

can be read off from the polynomial in the denominator of Eq. (3.4) and the associated Newton
polytope Δ is shown in Fig. 1.

1

2

1

0
1
v1

v2v3

n3
n1

n2

Figure 1: Newton polytope Δ associated to the two loop vacuum integral of Eq. (3.4)

The facet normal vectors

n1 =

(

−1
0

)

n2 =

(

0
−1

)

n3 =

(

1
1

)

a1 = 1 a2 = 1 a3 = −1
(3.6)

together with Eq. (3.2) specify the facet representation of the polytope Δ. The sets Sj associated to
the three extremal vertices v1 to v3 are S1 = {3,1}, S2 = {1,2} and S3 = {2,3}. In this case no
additional triangulation is necessary since the size of the sets already equals N−1. The change of
variables defined in Eq. (3.3) can then be written as

x1 = y−11 y3,
x2 = y−12 y3

(3.7)

4
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𝒩(I ) =
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4

r r r

=

Schlenk 2016

For each vertex make the local change of variables  

e.g.  :  ,   : ,   : r1 x1 = y−1
1 y1

3 , x2 = y0
1 y1

3 r2 x1 = y−1
1 y0

2 , x2 = y0
1 y−1

2 r3 x1 = y0
2 y1

3 , x2 = y−1
2 y1

3
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leading to the decomposed form of the vacuum integral

I =−Γ(−1+2ε)
(

m2
)1−2ε

∫ 1

0
dy1dy2dy3

y−ε1 y−ε2 y−1+ε3

(y1+ y2+ y3)2−ε
[δ (1− y2)+δ (1− y3)+δ (1− y1)] ,

(3.8)
where the δ -distributions correspond to the sets S1 to S3.

3.2 Complex Masses

In certain applications, especially in the electroweak context, the width of unstable particles
can be important. A consistent treatment is provided by the complex-mass scheme [24, 25], where
the width Γ is included as a negative imaginary part of the mass via the replacement

m2 → m2c ≡ m2
(

1− i
Γ
m

)

. (3.9)

The graph polynomial F then has the form

F = F0+U∑
j
x j
(

m2j − im jΓ j
)

, (3.10)

i.e. the widths induce a negative imaginary part:

ImF =−U∑
j
x jm jΓ j (3.11)

In general, for zero widths, F will exhibit kinematic-dependent zeros even after sector de-
composition, which can be avoided by a suitable deformation of the integration contour [26–28].
Similarly, a non-zero width can help to avoid these singular regions as well, but one cannot expect
this to lead to a stable numerical integration in all cases. Thus it makes sense to try to combine the
two in a consistent way, which should be possible since both the contour deformation and the com-
plex masses are required to produce only negative imaginary parts in order to fulfill the Feynman
+iδ prescription. For SECDEC-3.0 we have chosen

z⃗(⃗x) = x⃗− i⃗τ (⃗x), (3.12a)

τk = λxk(1− xk)
∂ReF
∂xk

, (3.12b)

i.e. to set the widths to zero in the definition of the deformation. For small deformations we then
have

F (⃗z(⃗x)) = ReF (⃗x)+ i ImF (⃗x)− iλ∑
k
xk(1− xk)

[

(

∂ReF
∂xk

)2
+ i

∂ ReF
∂xk

∂ ImF

∂xk

]

−
λ 2

2 ∑k,l
xk(1− xk)xl(1− xl)

∂ReF
∂xk

∂ReF
∂xl

[

∂ 2 ReF
∂xk∂xl

+ i
∂ 2 ImF
∂xk∂xl

]

+O(λ 3). (3.13)

Up to order λ , the imaginary parts induced by the widths and the contour deformation are both
negative as they should. The term involving ∂ ImF

∂xk does no harm because it is purely real. At order
λ 2, however, ImF leads to an imaginary part of indefinite sign, which would otherwise have been

5



Performance Improvements
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v1.5: Adaptive sampling of sectors, automatic contour def. adjustment 

v1.5.6: Optimisations in integrand code 

v1.6: New Quasi-Monte Carlo integrator ``Disteval’’ 
Faster implementation of old integrator ``IntLib’’ 

CPU & GPU: fusion of integration/integrand code (less modular arithmetic) 

CPU: better utilisation via SIMD instructions (AVX2, FMA) 

GPU: sum result on GPU, less synchronisation 

Parse amplitude coefficients w/GiNaC (supports e.g. partial fractioned input) 

Workers can run on remote machines (via ssh) 

Does it help?



Performance Improvements
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࢙

yȳʚƨǖɼŗʚǶɄȳ ʚǶȭƨࣘ 6ΐЅЏ͛л̙ά ˙ʌ yκЏ�ΐ̼

ݞ ݖݞ � � ˱ �৫ݞƜ

yȳʚƨǖɼŗʚɄɼ࣪�ƉƉʯɼŗƉ˦ ��˱ ��˱ ��˱ ��˱ଡ଼ ��˱ଢ଼ ��˱
eâĎ 6ΐЅЏ͛л̙ά ࡽࣖࢅ ʌ ࢁࣖࢍ ʌ ࡽ ʌ ࢉࣖࡹ ȭ ࡹ ȭ ࢅࢉ ȭ

yκЏ�ΐ̼ ࡱࣖࡽࡽ ʌ ࡱࣖࡽࡽ ʌ ࡱࡹࡹ ʌ ࣖࢍ ȭ ࡱࢉ ȭ ࢁࢍࡽ ȭ
óɱƨƨƕʯɱ ࡽࣖࢉ ࡽࣖࢉ ࢅ ࣖࡹ ࢍࣖࢉ ࡱࣖࢁ ࢙ࣖࢅ

,âĎ 6ΐЅЏ͛л̙ά ࢉ ࣖࡹ ʌ ࢅࡹ ʌ ࢍࣖࡹ ȭ ࢁࣖ ȭ ࢉ ȭ ࣖࢅ ǫ
yκЏ�ΐ̼ ࣖࡱࡽ ʌ ࢍ ʌ ࡽࣖࢅࡹ ȭ ࡽࣖࡽࢍ ȭ ࡱࢅ ȭ ࢁࢅ ࣖࡹ ǫ
óɱƨƨƕʯɱ ࢅ ࣖࡹ ࢍ ࣖࡹ ࣖ ࣖ ࢉ ࢅࣖ ࡽ࢙ࣖ

ࣷeâĎࣘ ¥ĬǶƕǶŗ ࡱࡱࡹ� ࣙ$eࡱࢅ ,âĎࣘ �¡6 Eϵц̈́ ࡽࢁb ˝Ƕʚǫ ࡽࢁ ʚǫɼƨŗƕʌࣹ
Vitaly Magerya (Radcor 2023) 
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Vitaly Magerya (Radcor 2023) 
ࡹࡽ
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6Ƕŗǖɼŗȭ>éƨțŗʚǶ˙ƨ ɱɼƨƉǶʌǶɄȳ ��˱ ��˱ ��˱ ��˱ଡ଼ ��˱ଢ଼ ��˱
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,âĎ ʌࡱࡹ ʌࡱࢉ ʌࡱࡱࢅ ʌࡱࡱࡱࢅ ȭࡱࡹ ȭࡱࡱࡽࡹ

ݒݞ ݥݞݒݞ ݥݞ ݥݞݥݞ ݥݞ ݥݞ eâĎ ʌࡹ ʌ࢙ࡹ ʌࡱࢁ ʌࡱࡽ ȭࡽࣖࡹ ȭࡽ

,âĎ ʌࢉ ʌࢅࡹ ʌࡱࢍ ʌࡱࢉ ȭࡽࡹ ȭࢍࡹ

ݒݞ ݥݞݒݞ ݏݞݥݞ
eâĎ ʌࢍ ʌࡹࡹ ʌࡽࡹ ʌࡱࢁ ȭࢁ ȭࢅࡽ

,âĎ ʌࢉ ʌࡱࡹ ʌࡱࢉ ʌࡱࡱ ȭࡱࢍ ȭࡱࡱ
ࣷóŗȭƨ ƕǶŗǖɼŗȭʌ ŗʌ Ƕȳ 6ʯſɄ˙˦ȕࣗ ĎʌɄ˙ǶʚʌƉǫࣗ eɼ˲ŗȳȕŗ ऒࣹࡹࡽ

yȳ ʌǫɄɼʚࣘ ɾƣƅȹȩƐɾ ʋȹ ȣǮȩʠʋƣɾ ɤƣɮ Ǯȩʋƣǐɮŗȑ ʚɄ ŗƉǫǶƨ˙ƨ ɱɼŗƉʚǶƉŗț ɱɼƨƉǶʌǶɄȳࣖ

a×āࣘࢁ ¥ĬǶƕǶŗ ࡱࡱࡹ� ࣙ$eࡱࢅ *×āࣘ �¡6 Eϵц̈́ ࡽࡱࢁ ˝Ƕʚǫ ࡽࢁ ʚǫɼƨŗƕʌࣖ
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Li, Wang, Yan, Zhao 15; de Doncker, Almulihi, Yuasa 17, 18;  de Doncker, Almulihi 17;  Kato, de Doncker, Ishikawa, Yuasa 18

 - Fractional part 
 - Random shift vector 

 - Generating vector 

Previously: 
Precompute  with (CBC) construction 

Guarantee error  if  is square-
integrable and periodic 

CBC needs  bytes memory  @ 2TB 
Can encounter ``unlucky’’ lattices

{}
Δk
z

z

∼ 1/nα δ(α)
x I(x)

𝒪(n) n ≲ 4.1010
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Nuyens, Cools 06

Dick, Kuo, Sloan 13
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ࡹ

ç¡, ƨɼɼɄɼ ʌƉŗțǶȳǖ ſ˦ țŗʚʚǶƉƨ ʌǶ˲ƨ
âɼƨƉǶʌǶɄȳ ſ˦ țŗʚʚǶƉƨ ǑɄɼ ŗ țɄɄɱࣽࡽ ȭŗʌʌǶ˙ƨ ſɄ˥ࣘ ݞ Ɯݞ

�ʌ˦ȭɱʚɄʚǶƉ ƨɼɼɄɼ ʌƉŗțǶȳǖ Ƕʌ ̛ ��݆ୗ�ࣗ ſʯʚࣘ
� ʌɄȭƨ țŗʚʚǶƉƨʌ ŗɼƨ ʠȩȑʠƅȋ˖ࣗ ʌɄȭƨʚǶȭƨʌ ſ˦ ȭʯțʚǶɱțƨ Ʉɼƕƨɼʌ ɄǑ ȭŗǖȳǶʚʯƕƨࣙ
� ʚǫƨ ,$, țŗʚʚǶƉƨ ƉɄȳʌʚɼʯƉʚǶɄȳ ȳƨƨƕʌ ާ 
݆� ſ˦ʚƨʌ ɄǑ ȭƨȭɄɼ˦ࣙʱ ˝ƨ ŗɼƨ ŗſțƨ ʚɄ ƉɄȳʌʚɼʯƉʚ țŗʚʚǶƉƨʌ Ʉȳț˦ ʯɱ ʚɄ �Τ��ୡୠ Ʉȳ ŗ $ÿࡽ ʌƨɼ˙ƨɼࣖ

¥ࣖ$ࣖࣘ ɱțŗǶȳ ¡Ʉȳʚƨ ,ŗɼțɄ ˝Ʉʯțƕ ǫŗ˙ƨ ʌƉŗțƨƕ ŗʌ ̛ ��݆ୖ�ࣖ

Good: Asymptotic error scaling  

Bad: Huge drop in precision for some “unlucky” lattices  
         Not consistent across integrands

∼ 1/n1.5
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Good: Asymptotic error scaling  

Bad: Huge drop in precision for some “unlucky” lattices  
         Not consistent across integrands

∼ 1/n1.5

ࡹ

ç¡, ƨɼɼɄɼ ʌƉŗțǶȳǖ ſ˦ țŗʚʚǶƉƨ ʌǶ˲ƨ
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�ʌ˦ȭɱʚɄʚǶƉ ƨɼɼɄɼ ʌƉŗțǶȳǖ Ƕʌ ̛ ��݆ୗ�ࣗ ſʯʚࣘ
� ʌɄȭƨ țŗʚʚǶƉƨʌ ŗɼƨ ʠȩȑʠƅȋ˖ࣗ ʌɄȭƨʚǶȭƨʌ ſ˦ ȭʯțʚǶɱțƨ Ʉɼƕƨɼʌ ɄǑ ȭŗǖȳǶʚʯƕƨࣙ
� ʚǫƨ ,$, țŗʚʚǶƉƨ ƉɄȳʌʚɼʯƉʚǶɄȳ ȳƨƨƕʌ ާ 
݆� ſ˦ʚƨʌ ɄǑ ȭƨȭɄɼ˦ࣙʱ ˝ƨ ŗɼƨ ŗſțƨ ʚɄ ƉɄȳʌʚɼʯƉʚ țŗʚʚǶƉƨʌ Ʉȳț˦ ʯɱ ʚɄ �Τ��ୡୠ Ʉȳ ŗ $ÿࡽ ʌƨɼ˙ƨɼࣖ

¥ࣖ$ࣖࣘ ɱțŗǶȳ ¡Ʉȳʚƨ ,ŗɼțɄ ˝Ʉʯțƕ ǫŗ˙ƨ ʌƉŗțƨƕ ŗʌ ̛ ��݆ୖ�ࣖ
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Median Lattice Rules

Instead:  
Compute  on-the-fly 
1. Choose  random  
2. Estimate integral on each lattice 
3. Choose lattice with median integral value

z
R z ∈ Uniform(0; N − 1)

If  is square-integrable and 
periodic  
Integration error:   
With probability:  

δ(α)
x I(x)

C(α, ε)/(ρn)α−ϵ

1 − ρR+1/2/4
∀ 0 < ε & 0 < ρ < 1
Goda, L’Ecuyer 22

࢙ࡹ

¡ƨƕǶŗȳ țŗʚʚǶƉƨʌ Ƕȳ ɱɼŗƉʚǶƉƨ
âɼƨƉǶʌǶɄȳ ſ˦ țŗʚʚǶƉƨ ǑɄɼ ŗ țɄɄɱࣽࡽ ȭŗʌʌǶ˙ƨ ſɄ˥ࣘ ݞ Ɯݞ

yȳ ʌǫɄɼʚࣘ

� ȭƨƕǶŗȳ țŗʚʚǶƉƨʌ ŗɼƨ Ʉȳ ŗ˙ƨɼŗǖƨ ƉɄȭɱƨʚǶʚǶ˙ƨ ˝Ƕʚǫ ,$, țŗʚʚǶƉƨʌࣙ
� ŗʚ ǫǶǖǫƨɼ ɱɼƨƉǶʌǶɄȳʌ ʚǫƨ ˝Ʉɼʌʚ ʯȳțʯƉȕ˦ țŗʚʚǶƉƨʌ ŗɼƨ ŗ˙ɄǶƕƨƕࣙ
� ȳɄ țǶȭǶʚŗʚǶɄȳ Ʉȳ ʚǫƨ țŗʚʚǶƉƨ ʌǶ˲ƨࣙ
� ſʯʚࣘ ȳƨƨƕ ʚɄ ſƨ ƉɄȳʌʚɼʯƉʚƨƕ Ʉȳ ʚǫƨ ̈ ࣗ˦ Ƕȳʚƨɼțƨŗ˙ƨƕ ˝Ƕʚǫ ǶȳʚƨǖɼŗʚǶɄȳࣖ
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Some Future Developments

Computing integrals with leading 
Landau singularities inside the 
integration domain 

Impossible  Possible to compute→

Avoiding contour deformation even in 
the Minkowski/physical regime 

Speedup ~100-1000x for some cases

p1 p3

p2 p4

(a) G••

p1 p3

p2 p4

(b) G•s

p1 p3

p2 p4

(c) G•t

p1 p3

p2 p4

(d) G•u

p1 p3

p2 p4

(e) Gss

p1 p3

p2 p4

(f) Gtt

p1 p3

p2 p4

(g) Guu

p1 p3

p2 p4

(h) Gst

p1 p3

p2 p4

(i) Gsu

p1 p3

p2 p4

(j) Gtu

Figure 2: All the four-point three-loop graphs with possibly hidden Landau singularities.

variables. Might be good to say something about the logic of inserting the derivative with the
imaginary part.]Einan

F(e↵) = F(↵) � i

X

j

⌧j
@F(↵)

@↵j
+ O(⌧

2
), ⌧j = �j↵j(1 � ↵j)

@F(↵)

@↵j
, (3.18)

– 12 –

I = ϵ−4 [8.340040392028 − 52.3598775598347i] + 𝒪 (ϵ−3)
Iana. = ϵ−4 [8.34004039223768 − 52.35987755984493i] + 𝒪 (ϵ−3)
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Introduction & Motivation Massless Integrals Massive Integrals Outlook

2-Loop Non-Planar Box

p1

p2
p3

p4

U = x0x1 + x0x2 + x0x3 + x0x4 + x1x2 +
x1x3+x1x5+x2x4+x2x5+x3x4+x3x5+x4x5

F = �sx1x2x5 � tx0x1x3 � ux0x2x4

Momentum conservation implies s + t + u = 0 ) u = �(s + t)
Hence, F can be 0 within {xi} 2 R6

�0 even with s > 0, t > 0
Not possible to define a Euclidean region at all!
Nevertheless, the method works

Evaluating Parametric Integrals in the Minkowski Regime without Contour Deformation Thomas Stone

w/ Gardi, Herzog, Ma (WIP)

w/ Olsson, Stone (WIP)
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Checks

This calculation was complicated, before we do anything we should check it: 

Our amplitudes agree with the later calculations using series solutions and with the 
small-  expansion in the relevant region pT

 Symmetries between form factors (and helicity amplitudes)  

 Crossing relations 

 Pole cancellation (UV and IR) 

 Alternate finite basis (checks definition of our finite integrals, basis 
change to finite integrals, and their numerical evaluation) 

 Different  schemes (Kreimer/Larin scheme) 

 Large top-mass and small top-mass expansions in the relevant regions

γ5

Uncovered bug in nvcc  
(fixed in current version)

Brønnum-Hansen, Wang 21; Degrassi, Gröber, Vitti 24



40

NLO QCD Corrections

Virtual ( ) and Real ( ) parts not separately finite for  

1) UV renormalize:  in   & top quark mass in  scheme 

2) IR structure well known @ NLO subtract divergences from V add them back to R

dσV dσR ϵ → 0

αs MS OS

<latexit sha1_base64="wkR9hMdMmviN9ZFLGTGXF+GhKGg="></latexit>

A(0),fin
i = A(0),UV

i ,

A(1),fin
i = A(1),UV

i � I1A(0),UV
i ,

<latexit sha1_base64="hO7FlCiq1lvXbflXnoIOIoDxSjM="></latexit>

I1 = Isoft1 + Icoll1 ,

Isoft1 = � e✏�E

�(1� ✏)

✓
µ2
R

s

◆✏ ✓
1

✏2
+

i⇡

✏

◆
2CA,

Icoll1 = ��0

✏

✓
µ2
R

s

◆✏

.

Reals

 -scheme:qT

Gosam (cross-checked with MadGraph and OpenLoops)

Catani, Cieri, de Florian, Ferrera, Grazzini 14

<latexit sha1_base64="eZNxbgcYjG62p4ZUyjhEAtngAo4="></latexit>

�̂ = �̂LO + �̂NLO

�̂LO =

Z

n
d�B

�̂NLO =

Z

n
d�V +

Z

n+1

d�R +

Z

n
d�C
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Amplitudes

Expand the helicity amplitudes in   

Compute the square/interference 

We also define

αS

ℳfin
λ1λ2λ3λ4

= ( αs

2π ) ℳ(1)
λ1λ2λ3λ4

+ ( αs

2π )
2

ℳ(2)
λ1λ2λ3λ4

+ …

𝒱(1)
λ1λ2λ3λ4

= |ℳ(1)
λ1λ2λ3λ4

|2 ,

𝒱(2)
λ1λ2λ3λ4

= 2 Re (ℳ*(1)
λ1λ2λ3λ4

ℳ(2)
λ1λ2λ3λ4)

𝒱(i)
λ3λ4

=
1
4 ∑

λ1,λ2

𝒱(i)
λ1λ2λ3λ4

and 𝒱(i) = ∑
λ3,λ4

𝒱(i)
λ3λ4

  amplitude depends 
on two kinematic variables 
(after fixing masses) 

Choose: 

 

 - angle in c.o.m frame 
between -axis and 

2 → 2

s = (p1 + p2)2

θz
p1 p3

g(p1)

Z(p3)

θz

First present results for the Born and Born-Virtual interference helicity amplitudes
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Comparison to Expansion

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5p
s/mt

0.900

0.925

0.950

0.975

1.000

1.025

1.050

1.075

1.100

V
(2

)
ex

p
/V

(2
)

ex
a
ct

Exact

1/m12
t

m32
t

cos(✓z) = 0.1286

Expanded results from: Davies, Mishima, Steinhauser, Wellmann 20

Expansion can be improved by fitting Padé approximants & conformal mapping, 
have not compared to these approaches Campbell, Ellis, Czakon, Kirchner 16; Davies, Mishima, Schönwald, 

Steinhauser 23
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Scheme Dependence

Can change the subtraction scheme of our finite virtuals with shifts  Born∝

3

massless fermion loops and M
(2)

B , M
(2)

C are the class B
and C contributions, respectively. Inserting the decom-
posed two-loop virtual amplitude into Eq. 9 the interfer-
ence with the full Born amplitude M

(1) can be written
as

V
(2) =

X

�

2 Re
⇣
M

⇤(1)

� M
(2)

�,Anh

+M
⇤(1)

� (M(2)

�,Anf
+ M

(2)

�,B + M
(2)

�,C)
⌘

.

(11)

We sample the first interference term using massive vir-
tual amplitude evaluations distributed according to un-
weighted events based on the top-quark only Born distri-
bution, as described below. The remaining Born-virtual
interference terms are evaluated with higher statistics
and are sampled dynamically by our phase-space gen-
erator code using the VEGAS algorithm [35, 36].

By default, we use the qT subtraction scheme for
our two-loop amplitudes [37] and the Catani-Seymour
scheme [38] to construct the dipoles for our real radia-
tion diagrams. This mismatch amounts to a term propor-
tional to the Born contribution which is straightforward
to add/subtract from the virtual/real contributions as we
desire. Similarly, we can obtain the virtual and real con-
tributions in the original Catani subtraction scheme [39]
by adding terms proportional to the Born contribution.
Starting with the I-operator in the qT scheme, we can
obtain results in the Catani and Catani-Seymour sub-
traction schemes by adding [subtracting?]Stephen the fol-
lowing shifts,

�IC = �
1

2
⇡2CA + i⇡�0, (12)

�ICS = �i⇡CA

✓
1

✏
+ ln

✓
µ2

R

s

◆◆
�

⇡2CA

3
+ �0 + kg,

(13)

with �0 = (11CA � 4TF nf )/6 and kg = (67/18 �

⇡2/6) CA � 10/9TF nf . The imaginary parts of the shifts
do not contribute when computing the Born-virtual in-
terference.

We utilise this proportionality to construct our virtual
and real contributions in all three schemes (qT , Catani-
Seymour, and Catani) starting from the default schemes
described above. We find that the size of the virtual con-
tribution in the various schemes di↵ers by more than an
order of magnitude as does the real radiation (or, more
specifically, the subtraction terms) such that the total
NLO result we obtain in any scheme is identical. This
fact can be exploited to reduce the number of samples re-
quired for the expensive virtual contribution, by selecting
a scheme in which the virtual contribution is small and a
larger relative error on this contribution can be tolerated.

For the process at hand, we have good control of all vir-
tual contributions and can produce precise results in any

subtraction scheme, however, for other processes, partic-
ularly challenging high-multiplicity processes, the scheme
choice of the virtual contribution o↵ers another avenue
for optimising calculations.

The Born and Virtual partonic cross-sections can be
written as

�̂i =

Z
d⇧2

1

2 ŝ
c0 V

(i), i = 1, 2 (14)

where c0 = 1/64 [Is that correct? c0 = (1/2)final�state ·

(1/22)helicity ·(1/(N2
c �1)2)colour = 1/2·1/4·1/64]Stephenis

the factor arising from colour and spin averaging over
the initial state particles as well as the symmetry factor
due to identical particles in the final state, and d⇧2 is
the 2-body Lorentz-invariant phase space. The partonic
cross-section then needs to be integrated over the par-
ton distribution functions to produce the total hadronic
cross-section

�i =

Z
dx1dx2 �̂i f1(x1, µF ) f2(x2, µF ) (15)

where fi(xi, µF ) are the parton distribution functions
and µF is the factorisation scale.

[Bakul, please state where we obtain massless, higgs
only and anomalous contributions and what they are
checked against.]Stephen

The original calculation of our class A massive vir-
tual amplitudes was described in Ref. [27]. For the cur-
rent work, we have evaluated the amplitudes at 3000
additional phase-space points. The samples were ob-
tained on multiple GPUs using the distributed evalua-
tion (disteval) feature of pySecDec. Our new virtual
amplitude code is checked against our original code and
an independent calculation using di↵erent methods de-
scribed in Ref. [28]. [Comment on time/range of times
to obtain a phase-space point?]Stephen

Real corrections

The real corrections for this process include three dif-
ferent partonic channels: gg ! ZZ + g, q(q̄) g ! ZZ +
q(q̄), and qq̄ ! ZZ +g (see figure 2 for representative di-
agrams). In our real radiation diagrams, we require that
both Z bosons are coupled to the closed fermion loop, in
particular, we exclude diagrams that involve a Z boson
coupling to an incoming or outgoing quark line.

The amplitudes for the real radiation diagrams are gen-
erated using GoSam [40, 41]. The real radiation ampli-
tudes are validated numerically at the level of individual
phase-space points against MadGraph and OpenLoops.

To obtain stable numerical results we use the Ninja
integrand reduction package [42, 43] with a quadruple
precision rescue system. Our rescue system employs a
three-step procedure; each point is evaluated twice in
double precision after an azimuthal rotation about the

A(1),fin,C
i = A(1),fin

i + ΔIC A(0),fin
i

This significantly impacts the level of agreement of the full virtual vs expansions

Observation: quality of an approximation depends strongly on the scheme 
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Figure 11. The cos(✓) dependence of 1-loop and 2-loop interferences for polarised ZZ production

in gluon fusion at
p

s/mt = 2.331. The Padé improved small top-quark mass expansion [36] is

shown for comparison.

Figure 12. The cos(✓) dependence of 1-loop and 2-loop interferences for polarised ZZ production

in gluon fusion at
p

s/mt = 4.703. The small top-quark mass expansion (to order m32
t ) and Padé

improved expansion [36] are shown for comparison.
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Figure 14. The cos(✓) dependence of 1-loop and 2-loop interferences for polarised ZZ production

in gluon fusion at
p

s/mt = 1.426. The large top-quark mass expansion [36] (to order 1/m12
t ) is

shown for comparison. Here we reproduce the top left and bottom right panels of figure 10 using

Catani’s original subtraction scheme [116].
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Figure 15. The cos(✓) dependence of 1-loop and 2-loop interferences for polarised ZZ production

in gluon fusion at
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s/mt = 2.331. The Padé improved small top-quark mass expansion [36] is

shown for comparison. Here we reproduce the top left and bottom right panels of figure 11 using

Catani’s original subtraction scheme [116].

Figure 16. The cos(✓) dependence of 1-loop and 2-loop interferences for polarised ZZ production

in gluon fusion at
p

s/mt = 4.703. The small top-quark mass expansion (to order m32
t ) and Padé

improved expansion [36] are shown for comparison. Here we reproduce the top left and bottom

right panels of figure 12 using Catani’s original subtraction scheme [116].
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Top-Quark Only NLO QCD Corrections

Agarwal, SPJ, Kerner, von Manteuffel 24

We find that the NLO corrections considering only massive quarks are not small!

Size of virtual contribution 
varies between different 
schemes (NLO result is 
independent of scheme) 

 Some schemes are better 
when virtual phase-space 
statistics limited 

Approximation obtained by 
applying the massless K-factor 
to the massive born ~agrees 
within scale uncertainty

→
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NLO QCD Channel Breakdown

200 400 600 800 1000 1200

mZZ [GeV]

�5

�4

�3

�2

�1

0

1

2

3

1/
�

L
O

·d
�
B

⌦
B

/d
m

Z
Z

[1
/G

eV
]

Al ⌦ Al

Ah ⌦ Ah

C ⌦ C

Al ⌦ Ah

Al ⌦ C

Ah ⌦ C

Total

200 400 600 800 1000 1200

mZZ [GeV]

�1.0

�0.5

0.0

0.5

1.0

1.5

2.0

2.5

1/
�

L
O

·d
�
V

⌦
B

/d
m

Z
Z

[1
/G

eV
]

Al ⌦ Al

Al ⌦ Ah

Al ⌦ C

Ah ⌦ Al

Ah ⌦ Ah

Ah ⌦ C

C ⌦ Al

C ⌦ Ah

C ⌦ C

Total

Al ⌦ Al (�V⌦B/�B⌦B)

We also have the complete Class A+B+C NLO QCD corrections implemented, 
Let’s examine the interference patterns

Born Born-Virtual

Observe the unitarizing behaviour of the massive & Higgs-mediated amplitudes 
Above  significant destructive interference between  and , LO and NLO∼ 2mt Ah C
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Complete NLO QCD Corrections

Putting it all together: complete NLO corrections are indeed large, K-factor  ∼ 1.7

NLO corrections reduce the 
scale uncertainties 
significantly 

  

Approximation obtained by 
applying the massless K-
factor to the massive born 
agrees well within the scale 
uncertainty, also for the 
invariant mass distribution

σLO = 1316+23.0%
−18.0% fb

σNLO = 2275(12)+14.0%
−12.0% fb

Agarwal, SPJ, Kerner, von Manteuffel 24



Z-boson Pair Production in Gluon-Fusion 
 NLO corrections are indeed very significant, also for massive amplitudes (~100% enhancement) 

 Size of finite remainder depends strongly on subtraction scheme 

 Approx. based on rescaling the massive Born by massless K-factor quite good for unpol. cross-section 

 Huge cancellations between Higgs and top-quark contributions, sensitive to exact SM couplings 

 Potential to examine , longitudinal cross-section, anomalous couplings at NLO… 

Sector Decomposition 
 New disteval integrator: ~3-10x faster than old intlib 

 Median lattice rules provide lattices of unlimited size, smaller fluctuations in error 

 Can now accept GiNaC compatible coefficient input 

 Work in progress: potential to avoid contour deformation in some cases provides huge speedups 

 

pT

47

Conclusion

Thank you for listening!



Backup
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Periodizing Transforms

Sector decomposed functions are typically continuous and smooth but not periodic 
Functions can be periodized by a suitable change of variables: x = �(u)
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<latexit sha1_base64="imIgd/xnLGUUdKGqHbnUEn5O4NA="></latexit><latexit sha1_base64="imIgd/xnLGUUdKGqHbnUEn5O4NA="></latexit><latexit sha1_base64="imIgd/xnLGUUdKGqHbnUEn5O4NA="></latexit><latexit sha1_base64="imIgd/xnLGUUdKGqHbnUEn5O4NA="></latexit>

e2� 

0

@ 1

 (n)

X

;6=u✓{1,...,d}

��u (2⇣(2↵�))|u|

1

A

1
�

<latexit sha1_base64="leczmSpgrxNhoK4ikNVFnTx+SeQ="></latexit><latexit sha1_base64="leczmSpgrxNhoK4ikNVFnTx+SeQ="></latexit><latexit sha1_base64="leczmSpgrxNhoK4ikNVFnTx+SeQ="></latexit><latexit sha1_base64="leczmSpgrxNhoK4ikNVFnTx+SeQ="></latexit>

Weighted Function Spaces

� 2 (1/(2↵), 1]
<latexit sha1_base64="6snGqZkI9VI6HrUwMW0JgXTe0UU=">AAACBnicbVDLSsNAFJ3UV42vqksRBotQQWpSBF0W3LisYB/QhHIzmbRDJ5MwMxFK6MqNv+LGhSJu/QZ3/o3Tx0JbDwwczjmXO/cEKWdKO863VVhZXVvfKG7aW9s7u3ul/YOWSjJJaJMkPJGdABTlTNCmZprTTiopxAGn7WB4M/HbD1Qqloh7PUqpH0NfsIgR0EbqlY49bsIhYI8JXHEvKjUPeDqAs3PXt+1eqexUnSnwMnHnpIzmaPRKX16YkCymQhMOSnVdJ9V+DlIzwunY9jJFUyBD6NOuoQJiqvx8esYYnxolxFEizRMaT9XfEznESo3iwCRj0AO16E3E/7xupqNrP2cizTQVZLYoyjjWCZ50gkMmKdF8ZAgQycxfMRmABKJNc5MS3MWTl0mrVnUNv7ss12vzOoroCJ2gCnLRFaqjW9RATUTQI3pGr+jNerJerHfrYxYtWPOZQ/QH1ucP9zqWKA==</latexit><latexit sha1_base64="6snGqZkI9VI6HrUwMW0JgXTe0UU=">AAACBnicbVDLSsNAFJ3UV42vqksRBotQQWpSBF0W3LisYB/QhHIzmbRDJ5MwMxFK6MqNv+LGhSJu/QZ3/o3Tx0JbDwwczjmXO/cEKWdKO863VVhZXVvfKG7aW9s7u3ul/YOWSjJJaJMkPJGdABTlTNCmZprTTiopxAGn7WB4M/HbD1Qqloh7PUqpH0NfsIgR0EbqlY49bsIhYI8JXHEvKjUPeDqAs3PXt+1eqexUnSnwMnHnpIzmaPRKX16YkCymQhMOSnVdJ9V+DlIzwunY9jJFUyBD6NOuoQJiqvx8esYYnxolxFEizRMaT9XfEznESo3iwCRj0AO16E3E/7xupqNrP2cizTQVZLYoyjjWCZ50gkMmKdF8ZAgQycxfMRmABKJNc5MS3MWTl0mrVnUNv7ss12vzOoroCJ2gCnLRFaqjW9RATUTQI3pGr+jNerJerHfrYxYtWPOZQ/QH1ucP9zqWKA==</latexit><latexit sha1_base64="6snGqZkI9VI6HrUwMW0JgXTe0UU=">AAACBnicbVDLSsNAFJ3UV42vqksRBotQQWpSBF0W3LisYB/QhHIzmbRDJ5MwMxFK6MqNv+LGhSJu/QZ3/o3Tx0JbDwwczjmXO/cEKWdKO863VVhZXVvfKG7aW9s7u3ul/YOWSjJJaJMkPJGdABTlTNCmZprTTiopxAGn7WB4M/HbD1Qqloh7PUqpH0NfsIgR0EbqlY49bsIhYI8JXHEvKjUPeDqAs3PXt+1eqexUnSnwMnHnpIzmaPRKX16YkCymQhMOSnVdJ9V+DlIzwunY9jJFUyBD6NOuoQJiqvx8esYYnxolxFEizRMaT9XfEznESo3iwCRj0AO16E3E/7xupqNrP2cizTQVZLYoyjjWCZ50gkMmKdF8ZAgQycxfMRmABKJNc5MS3MWTl0mrVnUNv7ss12vzOoroCJ2gCnLRFaqjW9RATUTQI3pGr+jNerJerHfrYxYtWPOZQ/QH1ucP9zqWKA==</latexit><latexit sha1_base64="6snGqZkI9VI6HrUwMW0JgXTe0UU=">AAACBnicbVDLSsNAFJ3UV42vqksRBotQQWpSBF0W3LisYB/QhHIzmbRDJ5MwMxFK6MqNv+LGhSJu/QZ3/o3Tx0JbDwwczjmXO/cEKWdKO863VVhZXVvfKG7aW9s7u3ul/YOWSjJJaJMkPJGdABTlTNCmZprTTiopxAGn7WB4M/HbD1Qqloh7PUqpH0NfsIgR0EbqlY49bsIhYI8JXHEvKjUPeDqAs3PXt+1eqexUnSnwMnHnpIzmaPRKX16YkCymQhMOSnVdJ9V+DlIzwunY9jJFUyBD6NOuoQJiqvx8esYYnxolxFEizRMaT9XfEznESo3iwCRj0AO16E3E/7xupqNrP2cizTQVZLYoyjjWCZ50gkMmKdF8ZAgQycxfMRmABKJNc5MS3MWTl0mrVnUNv7ss12vzOoroCJ2gCnLRFaqjW9RATUTQI3pGr+jNerJerHfrYxYtWPOZQ/QH1ucP9zqWKA==</latexit>

� 2 (1/2, 1]
<latexit sha1_base64="vYfkgQyV7hA9SfcFbbX6B7XYmXc=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iELqQmRdBlwY3LCrYWmlAmk0k7dDIJMxOhluKvuHGhiFv/w51/46TNQlsPDBzOOZd75wQpZ0o7zrdVWlldW98ob1a2tnd29+z9g45KMklomyQ8kd0AK8qZoG3NNKfdVFIcB5zeB6Pr3L9/oFKxRNzpcUr9GA8EixjB2kh9+8jjJhxi5DGBau5548z1K3276tSdGdAycQtShQKtvv3lhQnJYio04Vipnuuk2p9gqRnhdFrxMkVTTEZ4QHuGChxT5U9m10/RqVFCFCXSPKHRTP09McGxUuM4MMkY66Fa9HLxP6+X6ejKnzCRZpoKMl8UZRzpBOVVoJBJSjQfG4KJZOZWRIZYYqJNYXkJ7uKXl0mnUXcNv72oNhtFHWU4hhOogQuX0IQbaEEbCDzCM7zCm/VkvVjv1sc8WrKKmUP4A+vzBz35kxE=</latexit><latexit sha1_base64="vYfkgQyV7hA9SfcFbbX6B7XYmXc=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iELqQmRdBlwY3LCrYWmlAmk0k7dDIJMxOhluKvuHGhiFv/w51/46TNQlsPDBzOOZd75wQpZ0o7zrdVWlldW98ob1a2tnd29+z9g45KMklomyQ8kd0AK8qZoG3NNKfdVFIcB5zeB6Pr3L9/oFKxRNzpcUr9GA8EixjB2kh9+8jjJhxi5DGBau5548z1K3276tSdGdAycQtShQKtvv3lhQnJYio04Vipnuuk2p9gqRnhdFrxMkVTTEZ4QHuGChxT5U9m10/RqVFCFCXSPKHRTP09McGxUuM4MMkY66Fa9HLxP6+X6ejKnzCRZpoKMl8UZRzpBOVVoJBJSjQfG4KJZOZWRIZYYqJNYXkJ7uKXl0mnUXcNv72oNhtFHWU4hhOogQuX0IQbaEEbCDzCM7zCm/VkvVjv1sc8WrKKmUP4A+vzBz35kxE=</latexit><latexit sha1_base64="vYfkgQyV7hA9SfcFbbX6B7XYmXc=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iELqQmRdBlwY3LCrYWmlAmk0k7dDIJMxOhluKvuHGhiFv/w51/46TNQlsPDBzOOZd75wQpZ0o7zrdVWlldW98ob1a2tnd29+z9g45KMklomyQ8kd0AK8qZoG3NNKfdVFIcB5zeB6Pr3L9/oFKxRNzpcUr9GA8EixjB2kh9+8jjJhxi5DGBau5548z1K3276tSdGdAycQtShQKtvv3lhQnJYio04Vipnuuk2p9gqRnhdFrxMkVTTEZ4QHuGChxT5U9m10/RqVFCFCXSPKHRTP09McGxUuM4MMkY66Fa9HLxP6+X6ejKnzCRZpoKMl8UZRzpBOVVoJBJSjQfG4KJZOZWRIZYYqJNYXkJ7uKXl0mnUXcNv72oNhtFHWU4hhOogQuX0IQbaEEbCDzCM7zCm/VkvVjv1sc8WrKKmUP4A+vzBz35kxE=</latexit><latexit sha1_base64="vYfkgQyV7hA9SfcFbbX6B7XYmXc=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iELqQmRdBlwY3LCrYWmlAmk0k7dDIJMxOhluKvuHGhiFv/w51/46TNQlsPDBzOOZd75wQpZ0o7zrdVWlldW98ob1a2tnd29+z9g45KMklomyQ8kd0AK8qZoG3NNKfdVFIcB5zeB6Pr3L9/oFKxRNzpcUr9GA8EixjB2kh9+8jjJhxi5DGBau5548z1K3276tSdGdAycQtShQKtvv3lhQnJYio04Vipnuuk2p9gqRnhdFrxMkVTTEZ4QHuGChxT5U9m10/RqVFCFCXSPKHRTP09McGxUuM4MMkY66Fa9HLxP6+X6ejKnzCRZpoKMl8UZRzpBOVVoJBJSjQfG4KJZOZWRIZYYqJNYXkJ7uKXl0mnUXcNv72oNhtFHWU4hhOogQuX0IQbaEEbCDzCM7zCm/VkvVjv1sc8WrKKmUP4A+vzBz35kxE=</latexit>

Norm

Worst-case 
error

↵
<latexit sha1_base64="3jsET05foXTI+qJ7sJXVrBagfI0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHghePFewHtEuZTbNtbDZZkqxQSv+DFw+KePX/ePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVacqaVAmlOxEaJrhkTcutYJ1UM0wiwdrR+HZebz8xbbiSD3aSsjDBoeQxp2id1eqhSEfYL1f8qr8QWYcghwrkavTLX72BolnCpKUCjekGfmrDKWrLqWCzUi8zLEU6xiHrOpSYMBNOF9vOyIVzBiRW2j1pycL9PTHFxJhJErnOBO3IrNbm5n+1bmbjm3DKZZpZJunyozgTxCoyP50MuGbUiokDpJq7XQkdoUZqXUAlF0KwevI6tGrVwPH9VaVey+MowhmcwyUEcA11uIMGNIHCIzzDK7x5ynvx3r2PZWvBy2dO4Y+8zx+Gs48I</latexit><latexit sha1_base64="3jsET05foXTI+qJ7sJXVrBagfI0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHghePFewHtEuZTbNtbDZZkqxQSv+DFw+KePX/ePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVacqaVAmlOxEaJrhkTcutYJ1UM0wiwdrR+HZebz8xbbiSD3aSsjDBoeQxp2id1eqhSEfYL1f8qr8QWYcghwrkavTLX72BolnCpKUCjekGfmrDKWrLqWCzUi8zLEU6xiHrOpSYMBNOF9vOyIVzBiRW2j1pycL9PTHFxJhJErnOBO3IrNbm5n+1bmbjm3DKZZpZJunyozgTxCoyP50MuGbUiokDpJq7XQkdoUZqXUAlF0KwevI6tGrVwPH9VaVey+MowhmcwyUEcA11uIMGNIHCIzzDK7x5ynvx3r2PZWvBy2dO4Y+8zx+Gs48I</latexit><latexit sha1_base64="3jsET05foXTI+qJ7sJXVrBagfI0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHghePFewHtEuZTbNtbDZZkqxQSv+DFw+KePX/ePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVacqaVAmlOxEaJrhkTcutYJ1UM0wiwdrR+HZebz8xbbiSD3aSsjDBoeQxp2id1eqhSEfYL1f8qr8QWYcghwrkavTLX72BolnCpKUCjekGfmrDKWrLqWCzUi8zLEU6xiHrOpSYMBNOF9vOyIVzBiRW2j1pycL9PTHFxJhJErnOBO3IrNbm5n+1bmbjm3DKZZpZJunyozgTxCoyP50MuGbUiokDpJq7XQkdoUZqXUAlF0KwevI6tGrVwPH9VaVey+MowhmcwyUEcA11uIMGNIHCIzzDK7x5ynvx3r2PZWvBy2dO4Y+8zx+Gs48I</latexit><latexit sha1_base64="3jsET05foXTI+qJ7sJXVrBagfI0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHghePFewHtEuZTbNtbDZZkqxQSv+DFw+KePX/ePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVacqaVAmlOxEaJrhkTcutYJ1UM0wiwdrR+HZebz8xbbiSD3aSsjDBoeQxp2id1eqhSEfYL1f8qr8QWYcghwrkavTLX72BolnCpKUCjekGfmrDKWrLqWCzUi8zLEU6xiHrOpSYMBNOF9vOyIVzBiRW2j1pycL9PTHFxJhJErnOBO3IrNbm5n+1bmbjm3DKZZpZJunyozgTxCoyP50MuGbUiokDpJq7XQkdoUZqXUAlF0KwevI6tGrVwPH9VaVey+MowhmcwyUEcA11uIMGNIHCIzzDK7x5ynvx3r2PZWvBy2dO4Y+8zx+Gs48I</latexit>

, smoothness

Fourier Coefficient

Review: Dick, Kuo, Sloan 13

Generating vector    precomputed for a fixed number of lattice points, chosen 
to minimise worst-case error Nuyens 07

Sobolev Space 
Functions with square integrable first derivatives 

Korobov Space 
Periodic functions which are    
times differentiable in each variable

" ⇠ O(N�1)
<latexit sha1_base64="NjY1n7K0fFr0sFiUQ1Jy95//oQw=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AV6sIyIwVdFty40gr2Ap2xZNJMG5pJhiRTKMO8gBtfxY0LRdy6d+fbmGm70OoPgY//nEPO+YOYUaUd58sqLC2vrK4V10sbm1vbO/buXkuJRGLSxIIJ2QmQIoxy0tRUM9KJJUFRwEg7GF3m9faYSEUFv9OTmPgRGnAaUoy0sXr2kTdGksSKMsGhp2gEvQjpIUYsvckq1/fpqZud9OyyU3Wmgn/BnUMZzNXo2Z9eX+AkIlxjhpTquk6s/RRJTTEjWclLFIkRHqEB6RrkKCLKT6fXZPDYOH0YCmke13Dq/pxIUaTUJApMZ76qWqzl5n+1bqLDCz+lPE404Xj2UZgwqAXMo4F9KgnWbGIAYUnNrhAPkURYmwBLJgR38eS/0DqruoZva+V6bR5HERyAQ1ABLjgHdXAFGqAJMHgAT+AFvFqP1rP1Zr3PWgvWfGYf/JL18Q3gBJtZ</latexit><latexit sha1_base64="NjY1n7K0fFr0sFiUQ1Jy95//oQw=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AV6sIyIwVdFty40gr2Ap2xZNJMG5pJhiRTKMO8gBtfxY0LRdy6d+fbmGm70OoPgY//nEPO+YOYUaUd58sqLC2vrK4V10sbm1vbO/buXkuJRGLSxIIJ2QmQIoxy0tRUM9KJJUFRwEg7GF3m9faYSEUFv9OTmPgRGnAaUoy0sXr2kTdGksSKMsGhp2gEvQjpIUYsvckq1/fpqZud9OyyU3Wmgn/BnUMZzNXo2Z9eX+AkIlxjhpTquk6s/RRJTTEjWclLFIkRHqEB6RrkKCLKT6fXZPDYOH0YCmke13Dq/pxIUaTUJApMZ76qWqzl5n+1bqLDCz+lPE404Xj2UZgwqAXMo4F9KgnWbGIAYUnNrhAPkURYmwBLJgR38eS/0DqruoZva+V6bR5HERyAQ1ABLjgHdXAFGqAJMHgAT+AFvFqP1rP1Zr3PWgvWfGYf/JL18Q3gBJtZ</latexit><latexit sha1_base64="NjY1n7K0fFr0sFiUQ1Jy95//oQw=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AV6sIyIwVdFty40gr2Ap2xZNJMG5pJhiRTKMO8gBtfxY0LRdy6d+fbmGm70OoPgY//nEPO+YOYUaUd58sqLC2vrK4V10sbm1vbO/buXkuJRGLSxIIJ2QmQIoxy0tRUM9KJJUFRwEg7GF3m9faYSEUFv9OTmPgRGnAaUoy0sXr2kTdGksSKMsGhp2gEvQjpIUYsvckq1/fpqZud9OyyU3Wmgn/BnUMZzNXo2Z9eX+AkIlxjhpTquk6s/RRJTTEjWclLFIkRHqEB6RrkKCLKT6fXZPDYOH0YCmke13Dq/pxIUaTUJApMZ76qWqzl5n+1bqLDCz+lPE404Xj2UZgwqAXMo4F9KgnWbGIAYUnNrhAPkURYmwBLJgR38eS/0DqruoZva+V6bR5HERyAQ1ABLjgHdXAFGqAJMHgAT+AFvFqP1rP1Zr3PWgvWfGYf/JL18Q3gBJtZ</latexit><latexit sha1_base64="NjY1n7K0fFr0sFiUQ1Jy95//oQw=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AV6sIyIwVdFty40gr2Ap2xZNJMG5pJhiRTKMO8gBtfxY0LRdy6d+fbmGm70OoPgY//nEPO+YOYUaUd58sqLC2vrK4V10sbm1vbO/buXkuJRGLSxIIJ2QmQIoxy0tRUM9KJJUFRwEg7GF3m9faYSEUFv9OTmPgRGnAaUoy0sXr2kTdGksSKMsGhp2gEvQjpIUYsvckq1/fpqZud9OyyU3Wmgn/BnUMZzNXo2Z9eX+AkIlxjhpTquk6s/RRJTTEjWclLFIkRHqEB6RrkKCLKT6fXZPDYOH0YCmke13Dq/pxIUaTUJApMZ76qWqzl5n+1bqLDCz+lPE404Xj2UZgwqAXMo4F9KgnWbGIAYUnNrhAPkURYmwBLJgR38eS/0DqruoZva+V6bR5HERyAQ1ABLjgHdXAFGqAJMHgAT+AFvFqP1rP1Zr3PWgvWfGYf/JL18Q3gBJtZ</latexit>

" ⇠ O(N�↵)
<latexit sha1_base64="qIzD86rEGK3jWs/o3rTT7SgAV1s=">AAACEnicbZC7SgNBFIZnvcZ4i1raDAYhKQy7EtAyYGOlEcwFsjGcncwmQ2Znl5nZQFjyDDa+io2FIrZWdr6Ns8kWmvjDwMd/zmHO+b2IM6Vt+9taWV1b39jMbeW3d3b39gsHh00VxpLQBgl5KNseKMqZoA3NNKftSFIIPE5b3ugqrbfGVCoWins9iWg3gIFgPiOgjdUrlN0xSBopxkOBXcUC7AaghwR4cjst3TwkZy7waAjTcq9QtCv2THgZnAyKKFO9V/hy+yGJAyo04aBUx7Ej3U1AakY4nebdWNEIyAgGtGNQQEBVN5mdNMWnxuljP5TmCY1n7u+JBAKlJoFnOtN91WItNf+rdWLtX3YTJqJYU0HmH/kxxzrEaT64zyQlmk8MAJHM7IrJECQQbVLMmxCcxZOXoXlecQzfVYu1ahZHDh2jE1RCDrpANXSN6qiBCHpEz+gVvVlP1ov1bn3MW1esbOYI/ZH1+QM1w528</latexit><latexit sha1_base64="qIzD86rEGK3jWs/o3rTT7SgAV1s=">AAACEnicbZC7SgNBFIZnvcZ4i1raDAYhKQy7EtAyYGOlEcwFsjGcncwmQ2Znl5nZQFjyDDa+io2FIrZWdr6Ns8kWmvjDwMd/zmHO+b2IM6Vt+9taWV1b39jMbeW3d3b39gsHh00VxpLQBgl5KNseKMqZoA3NNKftSFIIPE5b3ugqrbfGVCoWins9iWg3gIFgPiOgjdUrlN0xSBopxkOBXcUC7AaghwR4cjst3TwkZy7waAjTcq9QtCv2THgZnAyKKFO9V/hy+yGJAyo04aBUx7Ej3U1AakY4nebdWNEIyAgGtGNQQEBVN5mdNMWnxuljP5TmCY1n7u+JBAKlJoFnOtN91WItNf+rdWLtX3YTJqJYU0HmH/kxxzrEaT64zyQlmk8MAJHM7IrJECQQbVLMmxCcxZOXoXlecQzfVYu1ahZHDh2jE1RCDrpANXSN6qiBCHpEz+gVvVlP1ov1bn3MW1esbOYI/ZH1+QM1w528</latexit><latexit sha1_base64="qIzD86rEGK3jWs/o3rTT7SgAV1s=">AAACEnicbZC7SgNBFIZnvcZ4i1raDAYhKQy7EtAyYGOlEcwFsjGcncwmQ2Znl5nZQFjyDDa+io2FIrZWdr6Ns8kWmvjDwMd/zmHO+b2IM6Vt+9taWV1b39jMbeW3d3b39gsHh00VxpLQBgl5KNseKMqZoA3NNKftSFIIPE5b3ugqrbfGVCoWins9iWg3gIFgPiOgjdUrlN0xSBopxkOBXcUC7AaghwR4cjst3TwkZy7waAjTcq9QtCv2THgZnAyKKFO9V/hy+yGJAyo04aBUx7Ej3U1AakY4nebdWNEIyAgGtGNQQEBVN5mdNMWnxuljP5TmCY1n7u+JBAKlJoFnOtN91WItNf+rdWLtX3YTJqJYU0HmH/kxxzrEaT64zyQlmk8MAJHM7IrJECQQbVLMmxCcxZOXoXlecQzfVYu1ahZHDh2jE1RCDrpANXSN6qiBCHpEz+gVvVlP1ov1bn3MW1esbOYI/ZH1+QM1w528</latexit><latexit sha1_base64="qIzD86rEGK3jWs/o3rTT7SgAV1s=">AAACEnicbZC7SgNBFIZnvcZ4i1raDAYhKQy7EtAyYGOlEcwFsjGcncwmQ2Znl5nZQFjyDDa+io2FIrZWdr6Ns8kWmvjDwMd/zmHO+b2IM6Vt+9taWV1b39jMbeW3d3b39gsHh00VxpLQBgl5KNseKMqZoA3NNKftSFIIPE5b3ugqrbfGVCoWins9iWg3gIFgPiOgjdUrlN0xSBopxkOBXcUC7AaghwR4cjst3TwkZy7waAjTcq9QtCv2THgZnAyKKFO9V/hy+yGJAyo04aBUx7Ej3U1AakY4nebdWNEIyAgGtGNQQEBVN5mdNMWnxuljP5TmCY1n7u+JBAKlJoFnOtN91WItNf+rdWLtX3YTJqJYU0HmH/kxxzrEaT64zyQlmk8MAJHM7IrJECQQbVLMmxCcxZOXoXlecQzfVYu1ahZHDh2jE1RCDrpANXSN6qiBCHpEz+gVvVlP1ov1bn3MW1esbOYI/ZH1+QM1w528</latexit>

z
<latexit sha1_base64="s5CdjIgZgvMsPlqfHEQCi0b2P8Q=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWsK3YhrLZvrRLN5uwuxFq6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIBFcG9f9dkorq2vrG+XNytb2zu5edf+greNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnG17nfeUSleSzvzCRBP6JDyUPOqLHSQy+iZhSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nks8JSdWGZAwVvZJQ2bq742MRlpPosBO5gn1opeL/3nd1ISXfsZlkhqUbP5RmApiYpKfTwZcITNiYgllitushI2ooszYkiq2BG/x5GXSPqt7lt+e1xpXRR1lOIJjOAUPLqABN9CEFjCQ8Ayv8OZo58V5dz7moyWn2DmEP3A+fwD9kJEV</latexit><latexit sha1_base64="s5CdjIgZgvMsPlqfHEQCi0b2P8Q=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWsK3YhrLZvrRLN5uwuxFq6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIBFcG9f9dkorq2vrG+XNytb2zu5edf+greNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnG17nfeUSleSzvzCRBP6JDyUPOqLHSQy+iZhSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nks8JSdWGZAwVvZJQ2bq742MRlpPosBO5gn1opeL/3nd1ISXfsZlkhqUbP5RmApiYpKfTwZcITNiYgllitushI2ooszYkiq2BG/x5GXSPqt7lt+e1xpXRR1lOIJjOAUPLqABN9CEFjCQ8Ayv8OZo58V5dz7moyWn2DmEP3A+fwD9kJEV</latexit><latexit sha1_base64="s5CdjIgZgvMsPlqfHEQCi0b2P8Q=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWsK3YhrLZvrRLN5uwuxFq6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIBFcG9f9dkorq2vrG+XNytb2zu5edf+greNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnG17nfeUSleSzvzCRBP6JDyUPOqLHSQy+iZhSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nks8JSdWGZAwVvZJQ2bq742MRlpPosBO5gn1opeL/3nd1ISXfsZlkhqUbP5RmApiYpKfTwZcITNiYgllitushI2ooszYkiq2BG/x5GXSPqt7lt+e1xpXRR1lOIJjOAUPLqABN9CEFjCQ8Ayv8OZo58V5dz7moyWn2DmEP3A+fwD9kJEV</latexit><latexit sha1_base64="s5CdjIgZgvMsPlqfHEQCi0b2P8Q=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWsK3YhrLZvrRLN5uwuxFq6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIBFcG9f9dkorq2vrG+XNytb2zu5edf+greNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnG17nfeUSleSzvzCRBP6JDyUPOqLHSQy+iZhSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nks8JSdWGZAwVvZJQ2bq742MRlpPosBO5gn1opeL/3nd1ISXfsZlkhqUbP5RmApiYpKfTwZcITNiYgllitushI2ooszYkiq2BG/x5GXSPqt7lt+e1xpXRR1lOIJjOAUPLqABN9CEFjCQ8Ayv8OZo58V5dz7moyWn2DmEP3A+fwD9kJEV</latexit>

Assign weights      to each subset of dimension�u
<latexit sha1_base64="XCpTyI5z/pd62SZENaZKGitzJuw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUQEdVdw47KCfUATws100g6dScLMRAih/oobF4q49UPc+TdO2iy09cDA4Zx7uWdOmHKmtON8W2vrG5tb27Wd+u7e/sGhfXTcU0kmCe2ShCdyEIKinMW0q5nmdJBKCiLktB9Ob0u//0ilYkn8oPOU+gLGMYsYAW2kwG54YxACAk+AnkQSpkU2C+ym03LmwKvErUgTVegE9pc3SkgmaKwJB6WGrpNqvwCpGeF0VvcyRVMgUxjToaExCKr8Yh5+hs+MMsJRIs2LNZ6rvzcKEErlIjSTZUa17JXif94w09G1X7A4zTSNyeJQlHGsE1w2gUdMUqJ5bggQyUxWTCYggWjTV92U4C5/eZX0Llqu4feXzfZNVUcNnaBTdI5cdIXa6A51UBcRlKNn9IrerCfrxXq3Phaja1a100B/YH3+AGLElTU=</latexit><latexit sha1_base64="XCpTyI5z/pd62SZENaZKGitzJuw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUQEdVdw47KCfUATws100g6dScLMRAih/oobF4q49UPc+TdO2iy09cDA4Zx7uWdOmHKmtON8W2vrG5tb27Wd+u7e/sGhfXTcU0kmCe2ShCdyEIKinMW0q5nmdJBKCiLktB9Ob0u//0ilYkn8oPOU+gLGMYsYAW2kwG54YxACAk+AnkQSpkU2C+ym03LmwKvErUgTVegE9pc3SkgmaKwJB6WGrpNqvwCpGeF0VvcyRVMgUxjToaExCKr8Yh5+hs+MMsJRIs2LNZ6rvzcKEErlIjSTZUa17JXif94w09G1X7A4zTSNyeJQlHGsE1w2gUdMUqJ5bggQyUxWTCYggWjTV92U4C5/eZX0Llqu4feXzfZNVUcNnaBTdI5cdIXa6A51UBcRlKNn9IrerCfrxXq3Phaja1a100B/YH3+AGLElTU=</latexit><latexit sha1_base64="XCpTyI5z/pd62SZENaZKGitzJuw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUQEdVdw47KCfUATws100g6dScLMRAih/oobF4q49UPc+TdO2iy09cDA4Zx7uWdOmHKmtON8W2vrG5tb27Wd+u7e/sGhfXTcU0kmCe2ShCdyEIKinMW0q5nmdJBKCiLktB9Ob0u//0ilYkn8oPOU+gLGMYsYAW2kwG54YxACAk+AnkQSpkU2C+ym03LmwKvErUgTVegE9pc3SkgmaKwJB6WGrpNqvwCpGeF0VvcyRVMgUxjToaExCKr8Yh5+hs+MMsJRIs2LNZ6rvzcKEErlIjSTZUa17JXif94w09G1X7A4zTSNyeJQlHGsE1w2gUdMUqJ5bggQyUxWTCYggWjTV92U4C5/eZX0Llqu4feXzfZNVUcNnaBTdI5cdIXa6A51UBcRlKNn9IrerCfrxXq3Phaja1a100B/YH3+AGLElTU=</latexit><latexit sha1_base64="XCpTyI5z/pd62SZENaZKGitzJuw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUQEdVdw47KCfUATws100g6dScLMRAih/oobF4q49UPc+TdO2iy09cDA4Zx7uWdOmHKmtON8W2vrG5tb27Wd+u7e/sGhfXTcU0kmCe2ShCdyEIKinMW0q5nmdJBKCiLktB9Ob0u//0ilYkn8oPOU+gLGMYsYAW2kwG54YxACAk+AnkQSpkU2C+ym03LmwKvErUgTVegE9pc3SkgmaKwJB6WGrpNqvwCpGeF0VvcyRVMgUxjToaExCKr8Yh5+hs+MMsJRIs2LNZ6rvzcKEErlIjSTZUa17JXif94w09G1X7A4zTSNyeJQlHGsE1w2gUdMUqJ5bggQyUxWTCYggWjTV92U4C5/eZX0Llqu4feXzfZNVUcNnaBTdI5cdIXa6A51UBcRlKNn9IrerCfrxXq3Phaja1a100B/YH3+AGLElTU=</latexit>

u ✓ {1, . . . , d}
<latexit sha1_base64="HwW+5N+JDptJAFfnVF6lvDhn0B4=">AAACEXicbZC7SgNBFIZnvcZ4i1raDAYhRQi7IqhdwMYygrlANoTZ2bPJkNmLM2eFsOwr2PgqNhaK2NrZ+TZOLoUm/jDw8Z9zmHN+L5FCo21/Wyura+sbm4Wt4vbO7t5+6eCwpeNUcWjyWMaq4zENUkTQRIESOokCFnoS2t7oelJvP4DSIo7ucJxAL2SDSASCMzRWv1RxQ4bDQLFRlubU1amnAeGeuhl1qtSVfoy6Sn0375fKds2eii6DM4cymavRL325fszTECLkkmnddewEexlTKLiEvOimGhLGR2wAXYMRC0H3sulFOT01jk+DWJkXIZ26vycyFmo9Dj3TOdlfL9Ym5n+1borBZS8TUZIiRHz2UZBKijGdxEN9oYCjHBtgXAmzK+VDphhHE2LRhOAsnrwMrbOaY/j2vFy/msdRIMfkhFSIQy5IndyQBmkSTh7JM3klb9aT9WK9Wx+z1hVrPnNE/sj6/AGhW5zQ</latexit><latexit sha1_base64="HwW+5N+JDptJAFfnVF6lvDhn0B4=">AAACEXicbZC7SgNBFIZnvcZ4i1raDAYhRQi7IqhdwMYygrlANoTZ2bPJkNmLM2eFsOwr2PgqNhaK2NrZ+TZOLoUm/jDw8Z9zmHN+L5FCo21/Wyura+sbm4Wt4vbO7t5+6eCwpeNUcWjyWMaq4zENUkTQRIESOokCFnoS2t7oelJvP4DSIo7ucJxAL2SDSASCMzRWv1RxQ4bDQLFRlubU1amnAeGeuhl1qtSVfoy6Sn0375fKds2eii6DM4cymavRL325fszTECLkkmnddewEexlTKLiEvOimGhLGR2wAXYMRC0H3sulFOT01jk+DWJkXIZ26vycyFmo9Dj3TOdlfL9Ym5n+1borBZS8TUZIiRHz2UZBKijGdxEN9oYCjHBtgXAmzK+VDphhHE2LRhOAsnrwMrbOaY/j2vFy/msdRIMfkhFSIQy5IndyQBmkSTh7JM3klb9aT9WK9Wx+z1hVrPnNE/sj6/AGhW5zQ</latexit><latexit sha1_base64="HwW+5N+JDptJAFfnVF6lvDhn0B4=">AAACEXicbZC7SgNBFIZnvcZ4i1raDAYhRQi7IqhdwMYygrlANoTZ2bPJkNmLM2eFsOwr2PgqNhaK2NrZ+TZOLoUm/jDw8Z9zmHN+L5FCo21/Wyura+sbm4Wt4vbO7t5+6eCwpeNUcWjyWMaq4zENUkTQRIESOokCFnoS2t7oelJvP4DSIo7ucJxAL2SDSASCMzRWv1RxQ4bDQLFRlubU1amnAeGeuhl1qtSVfoy6Sn0375fKds2eii6DM4cymavRL325fszTECLkkmnddewEexlTKLiEvOimGhLGR2wAXYMRC0H3sulFOT01jk+DWJkXIZ26vycyFmo9Dj3TOdlfL9Ym5n+1borBZS8TUZIiRHz2UZBKijGdxEN9oYCjHBtgXAmzK+VDphhHE2LRhOAsnrwMrbOaY/j2vFy/msdRIMfkhFSIQy5IndyQBmkSTh7JM3klb9aT9WK9Wx+z1hVrPnNE/sj6/AGhW5zQ</latexit><latexit sha1_base64="HwW+5N+JDptJAFfnVF6lvDhn0B4=">AAACEXicbZC7SgNBFIZnvcZ4i1raDAYhRQi7IqhdwMYygrlANoTZ2bPJkNmLM2eFsOwr2PgqNhaK2NrZ+TZOLoUm/jDw8Z9zmHN+L5FCo21/Wyura+sbm4Wt4vbO7t5+6eCwpeNUcWjyWMaq4zENUkTQRIESOokCFnoS2t7oelJvP4DSIo7ucJxAL2SDSASCMzRWv1RxQ4bDQLFRlubU1amnAeGeuhl1qtSVfoy6Sn0375fKds2eii6DM4cymavRL325fszTECLkkmnddewEexlTKLiEvOimGhLGR2wAXYMRC0H3sulFOT01jk+DWJkXIZ26vycyFmo9Dj3TOdlfL9Ym5n+1borBZS8TUZIiRHz2UZBKijGdxEN9oYCjHBtgXAmzK+VDphhHE2LRhOAsnrwMrbOaY/j2vFy/msdRIMfkhFSIQy5IndyQBmkSTh7JM3klb9aT9WK9Wx+z1hVrPnNE/sj6/AGhW5zQ</latexit>

↵
<latexit sha1_base64="WodaDU6u3vhf21RxB+uyekM2X0M=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCDh4IXjxXsB7RLmU3TNjabLElWKEv/gxcPinj1/3jz35i2e9DWFwIP78yQmTdKBDfW97+9wtr6xuZWcbu0s7u3f1A+PGoalWrKGlQJpdsRGia4ZA3LrWDtRDOMI8Fa0fh2Vm89MW24kg92krAwxqHkA07ROqvZRZGMsFeu+FV/LrIKQQ4VyFXvlb+6fUXTmElLBRrTCfzEhhlqy6lg01I3NSxBOsYh6ziUGDMTZvNtp+TMOX0yUNo9acnc/T2RYWzMJI5cZ4x2ZJZrM/O/Wie1g+sw4zJJLZN08dEgFcQqMjud9Llm1IqJA6Sau10JHaFGal1AJRdCsHzyKjQvqoHj+8tK7SaPowgncArnEMAV1OAO6tAACo/wDK/w5invxXv3PhatBS+fOYY/8j5/AIm1jxI=</latexit><latexit sha1_base64="WodaDU6u3vhf21RxB+uyekM2X0M=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCDh4IXjxXsB7RLmU3TNjabLElWKEv/gxcPinj1/3jz35i2e9DWFwIP78yQmTdKBDfW97+9wtr6xuZWcbu0s7u3f1A+PGoalWrKGlQJpdsRGia4ZA3LrWDtRDOMI8Fa0fh2Vm89MW24kg92krAwxqHkA07ROqvZRZGMsFeu+FV/LrIKQQ4VyFXvlb+6fUXTmElLBRrTCfzEhhlqy6lg01I3NSxBOsYh6ziUGDMTZvNtp+TMOX0yUNo9acnc/T2RYWzMJI5cZ4x2ZJZrM/O/Wie1g+sw4zJJLZN08dEgFcQqMjud9Llm1IqJA6Sau10JHaFGal1AJRdCsHzyKjQvqoHj+8tK7SaPowgncArnEMAV1OAO6tAACo/wDK/w5invxXv3PhatBS+fOYY/8j5/AIm1jxI=</latexit><latexit sha1_base64="WodaDU6u3vhf21RxB+uyekM2X0M=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCDh4IXjxXsB7RLmU3TNjabLElWKEv/gxcPinj1/3jz35i2e9DWFwIP78yQmTdKBDfW97+9wtr6xuZWcbu0s7u3f1A+PGoalWrKGlQJpdsRGia4ZA3LrWDtRDOMI8Fa0fh2Vm89MW24kg92krAwxqHkA07ROqvZRZGMsFeu+FV/LrIKQQ4VyFXvlb+6fUXTmElLBRrTCfzEhhlqy6lg01I3NSxBOsYh6ziUGDMTZvNtp+TMOX0yUNo9acnc/T2RYWzMJI5cZ4x2ZJZrM/O/Wie1g+sw4zJJLZN08dEgFcQqMjud9Llm1IqJA6Sau10JHaFGal1AJRdCsHzyKjQvqoHj+8tK7SaPowgncArnEMAV1OAO6tAACo/wDK/w5invxXv3PhatBS+fOYY/8j5/AIm1jxI=</latexit><latexit sha1_base64="WodaDU6u3vhf21RxB+uyekM2X0M=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCDh4IXjxXsB7RLmU3TNjabLElWKEv/gxcPinj1/3jz35i2e9DWFwIP78yQmTdKBDfW97+9wtr6xuZWcbu0s7u3f1A+PGoalWrKGlQJpdsRGia4ZA3LrWDtRDOMI8Fa0fh2Vm89MW24kg92krAwxqHkA07ROqvZRZGMsFeu+FV/LrIKQQ4VyFXvlb+6fUXTmElLBRrTCfzEhhlqy6lg01I3NSxBOsYh6ziUGDMTZvNtp+TMOX0yUNo9acnc/T2RYWzMJI5cZ4x2ZJZrM/O/Wie1g+sw4zJJLZN08dEgFcQqMjud9Llm1IqJA6Sau10JHaFGal1AJRdCsHzyKjQvqoHj+8tK7SaPowgncArnEMAV1OAO6tAACo/wDK/w5invxXv3PhatBS+fOYY/8j5/AIm1jxI=</latexit>
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Interesting Example

𝒰(α) = α0α2α4 + α0α2α5 + α0α2α6 + (29 terms)

= ∫
∞

0
dx0 …dx7

𝒰(x)4ϵ

ℱ(x; s)2+3ϵ
δ(1 − x7)

ℱ(α; s) = −s12 (α1α4 − α0α5) (α3α6 − α2α7) − s13 (α1α2 − α0α3) (α5α6 − α4α7),
∂ℱ(α; s)

∂α0
= s12 α5(α3α6 − α2α7) + s13 α3(α5α6 − α4α7),

⋮
∂ℱ(α; s)

∂α7
= s12 α2(α1α4 − α0α5) + s13 α4(α1α2 − α0α3)

Can have a leading Landau singularity with generic kinematics (arbitrary ) 
when each factor of  vanishes!

s12, s13
ℱ

p1 p3

p2 p4

(a) G••

p1 p3

p2 p4

(b) G•s

p1 p3

p2 p4

(c) G•t

p1 p3

p2 p4

(d) G•u

p1 p3

p2 p4

(e) Gss

p1 p3

p2 p4

(f) Gtt

p1 p3

p2 p4

(g) Guu

p1 p3

p2 p4

(h) Gst

p1 p3

p2 p4

(i) Gsu

p1 p3

p2 p4

(j) Gtu

Figure 2: All the four-point three-loop graphs with possibly hidden Landau singularities.

variables. Might be good to say something about the logic of inserting the derivative with the
imaginary part.]Einan

F(e↵) = F(↵) � i

X

j

⌧j
@F(↵)

@↵j
+ O(⌧

2
), ⌧j = �j↵j(1 � ↵j)

@F(↵)

@↵j
, (3.18)

– 12 –
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Resolution

ℱ(α; s) = −s12 (α1α4 − α0α5) (α3α6 − α2α7) − s13 (α1α2 − α0α3) (α5α6 − α4α7)

1) Rescale parameters to linearise singular surfaces

ℱ(α; s) = α1α3α5α7 [−s12(α4 − α0)(α6 − α2) − s13(α2 − α0)(α6 − α4)]

α0 → α0α1, α2 → α2α3, α4 → α4α5, α6 → α6α7

2) Split the integral by imposing αi ≥ αj ≥ αk ≥ αl

α0 → α0 + α2 + α4 + α6,
α2 → α2 + α4 + α6,
α4 → α4 + α6,
α6 → α6

+perms

ℱ1(α; s) = α1α3α5α7 [−s12(α0 + α2)(α2 + α4) − s13(α0)(α4)]
ℱ2(α; s) = α1α3α5α7 [−s12(α2)(α0 + α2 + α6) + s13(α0)(α6)]

⋮
ℱ24(α; s) = α1α3α5α7 [−s12(α2 + α4)(α4 + α6) − s13(α2)(α6)]

All coefficients of 
 now have 

definite sign
s12, s13
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NoCD: Avoiding Contour Deformation

Idea: 
1. Construct transformations of the Feynman parameters which map the zeroes of 
the -polynomial to the boundary of integration ℱ

Figure: Thomas Stone
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NoCD: Avoiding Contour Deformation

Idea: 
2. For transformations which make  non-positive extract an overall minus sign 
(using the  prescription to generate the physically correct imaginary part) 

3. Stitch together the resulting integrals 

  

The individual integrals  have manifestly non-negative integrands 

 no contour deformation, trivial analytic continuation, faster to integrate

ℱ
iδ

I =
N+

∑
n+=1

I+
n+

+ (−1 − iδ)−(ν − LD/2)
N−
∑

n−=1
I−
n−

{I+
n+

, I−
n−

}
⟹
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NoCD: Example 3

For , two of the 6 independent integrals require contour deformation: 

 

Can express each of these in terms of 4 manifestly non-negative integrands 

Putting the pieces together for the full integral: 

  

Verified result numerically against known analytic result

s > − t > 0

ℱ3 = x1x3x5x7 [−sx0x2 + | t |(x0 + x4) (x2 + x4)]
ℱ5 = x1x3x5x7 [sx6 (x0 + x2 + x6) − | t |(x0 + x6) (x2 + x6)]

I =
8

∑
n+=1

I+
n+

+ (−1 − iδ)−2−3ε
4

∑
n−=1

I−
n−

Henn, Mistlberger, Smirnov, Wasser 20; Bargiela, Caola, von Manteuffel, Tancredi 21
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NoCD: Example 3

Can now obtain results numerically ( )s12 = 1, s13 = − 1/5

I3 = ϵ−4 [(18.5195704502 − 15.707988011i) ± (5.897 ⋅ 10−5 + 5.897 ⋅ 10−5i)] + . . .

INoCD
3 = ϵ−4 [(18.51948920208488 − 15.70796326794897i) ± (4.032 ⋅ 10−11 + 4.592 ⋅ 10−11i)] + . . .

I5 = ε−4 [(12.7432949988 − 23.561968275i) ± (1.605 ⋅ 10−5 + 1.415 ⋅ 10−5i)] + . . .

INoCD
5 = ε−4 [(12.74326269721394 − 23.5619449018131i) ± (4.125 ⋅ 10−11 + 6.919 ⋅ 10−11i)] + . . .

Full result after a few minutes integration with pySecDec:

Numerics are much, much faster and more stable

I = ϵ−4 [8.34055 − 52.3608i] + 𝒪 (ϵ−3)
INoCD = ϵ−4 [8.340040392028 − 52.3598775598347i] + 𝒪 (ϵ−3)

Ianalytic = ϵ−4 [8.34004039223768 − 52.35987755984493i] + 𝒪 (ϵ−3)


