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7Spectator Effects in the OPE

HΔB=1
eff

HΔB=1
eff HΔB=1

eff

Exclusive: Inclusive (via optical theorem):

∑
n

|n⟩⟨n |

Γ(H → X) =
1

2mB
⟨H | ̂T |H⟩ =

1
2mB

⟨H | Im i∫ d4xT (HΔB=1
eff (x)HΔB=1

eff (0)) |H⟩

= C1⟨H |bb |H⟩ + C2⟨H |b∂2
⊥b |H⟩ + … + CS.E.⟨H | (bΓLq)(qΓRb) |H⟩ + …OPE OPE OPE

Operator-Product-Expansion expands two currents as a sum over local currents:

(can be extracted from heavy hadron spectra) (phase-space enhanced)
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3Theory predictions for Inclusive Lifetimes

Operator Product Expansion

̂T =
G2

F |Vcb |2 m5
b

192π3 [c(3)bb +
1

m2
b

c(5)gsbσμνGμνb +
1

m3
b

∑
k

c(6)
k O(6)

k + O(1/m4
b)]

Lattice - HQETGradient Flow Schemes

Four-point correlation functions 
(analytic continuation/spectral reconstruction)

Now!

Fits to physical parameters 
as functions of mb

[Gambino et al, 1704.06105]

(mb ∼ 2.7GeV)
[Black et al, 2310.18059]

[Gambino et al 2203.11762]

[Pierro, Sachrajda 9805028]

[Hansen et al 1704.08993, Hashimoto 1703.01881, 
Gambino et al 2005.13730, and others]

O1 = (QγμPLq) (qγμPLQ)
O2 = (QPLq) (qPRQ)

O3 = (QTAγμPLq) (qTAγμPLQ)
O4 = (QTAPLq) (qTAPRQ)

In this talk : isospin non-singlet dim-6 operators are the focus:
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4Ensembles

 (Using Ginsparg-Wilson action prevents mixing with 
operators in other chiral representations)

Dγ5 + γ5D = 0 Dγ5 + γ5D = aDγ5D(chiral symmetry) (Ginsparg-Wilson relation)

Continuum symmetries are discretised

[RBC-UKQCD 2+1f DWF ensembles]

(step-scaling purposes)
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5The role of Gradient Flow
- Gradient flow to a physical flow time t replaces any mixings in  with a−1 t− 1

2

Physical 
Point

Constant Lattice
flow-time

constant

 - At fixed physical flow time, OPE power divergences are 
mollified. 

 - For Lattice-HQET where there is a static quark self-
energy divergence , this divergence is removed by 
Gradient Flow and signal to noise drastically improves.  
Gauge fields are Gradient-Flowed, quark fields are unflowed 
in our study.  

 - At fixed lattice flow time, the flow scale vanishes in the 
continuum limit.  

O(αS)hh/a
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6Fitting Procedure (schematic)

Fits
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Z*n Zme−Ent1⟨n |𝒪 |m⟩e−Emt2
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7Fitting Procedure (schematic)
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∑
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Z*n Zme−Ent1⟨n |𝒪 |m⟩e−Emt2

⟨Ω |qγ5Q |B⟩ = − if (0)
B (a)

mB

2
(Bare decay constant at finite lattice spacing)

⟨B | (qΓLQ)(QΓRq) |B⟩(a)
(Bare spectator-effect matrix elements at finite lattice spacing)

How to renormalise?
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16Renormalizing Lattice-HQET

RI-xMOM

Lattice Perturbation  
Theory

X-Space

Nonperturbative Renormalization

Long history for light 4q 
operators (RIMOM) 
Gauge-fixed

[Ishikawa et al, 1101.1072]         
Potentially poor 
convergence properties

Sink-operator

Operator  
of interest

Source-operator

O1 = (QγμPLq) (qγμPLQ)
O2 = (QPLq) (qPRQ)
O3 = (QTAγμPLq) (qTAγμPLQ)
O4 = (QTAPLq) (qTAPRQ)

We recently proposed X-space schemes and 
calculated NLO matchings to   

[J.Lin, W. Detmold, S. Meinel: 2404.16191]
MS
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[              ]

9The Scheme

• •
(�t,~0) (t,~0)

• •
(�t,~0) (t,~0)

• •
(�t,~0) (t,~0)

• •
(�t,~0) (t,~0)

• •
(�t,~0) (t,~0)

• •
(�t,~0) (t,~0)

[              ]
• •

(�t,~0) (t,~0)
• •

(�t,~0) (t,~0)
• •

(�t,~0) (t,~0)

d = 4 − ϵ

=

=

=
Non-interacting

tt
2t
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[              ]
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(�t,~0) (t,~0)
• •

(�t,~0) (t,~0)
• •

(�t,~0) (t,~0)

d = 4 − ϵ

=

=

=
Non-interacting

tt
2t

Time-separation between currents 
sets the scale of the renormalized 
operators, μ ≈ t−1
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[              ]

11The Scheme

• •
(�t,~0) (t,~0)

• •
(�t,~0) (t,~0)

• •
(�t,~0) (t,~0)

• •
(�t,~0) (t,~0)

• •
(�t,~0) (t,~0)

• •
(�t,~0) (t,~0)

[              ]
Non-interacting

• •
(�t,~0) (t,~0)

• •
(�t,~0) (t,~0)

• •
(�t,~0) (t,~0)

d = 4 − ϵ

=

==

=

Requires some perturbative 
calculations

tt
2t
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12Perturbative Matching

∫
ddpL

(2π)d

ddpR

(2π)d

ddk
(2π)d

eipLxL−ipRxR pα
R(pR − k)β(pL − k)ρpδ

L

(−p2
L)( − (pL − k)2)( − (pR − k)2)(−p2

R)(−k2)

Integration 
by parts

[J.Lin, W. Detmold, S. Meinel: 2404.16191]

Two-loop master 
integrals

O1:= (QγμPLq)(qγμPLQ),

O2:= (QPLq)(qPRQ),
O3:= (QγμPLTAq)(qγμPLTAQ),

O4:= (QPLTAq)(qPRTAQ),

O1 := (Q+PLq)(Q−PLq),
O2 := (Q+PLTAq)(Q−PLTAq),
O3 := (Q+PLq)(Q−PRq),
O4 := (Q+PLTAq)(Q−PRTAq) .

(β := e2γE
μ2t2

16 )
• , isospin nonsinglet operators relevant for Spectator EffectsΔQ = 0

•  operators relevant for  mixingΔQ = 2 B − B
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13Perturbative Matching

∫
ddpL

(2π)d

ddpR

(2π)d

ddk
(2π)d

eipLxL−ipRxR pα
R(pR − k)β(pL − k)ρpδ

L

(−p2
L)( − (pL − k)2)( − (pR − k)2)(−p2

R)(−k2)

Integration 
by parts

[J.Lin, W. Detmold, S. Meinel: 2404.16191]

Two-loop master 
integrals

O1:= (QγμPLq)(qγμPLQ),

O2:= (QPLq)(qPRQ),
O3:= (QγμPLTAq)(qγμPLTAQ),

O4:= (QPLTAq)(qPRTAQ),

O1 := (Q+PLq)(Q−PLq),
O2 := (Q+PLTAq)(Q−PLTAq),
O3 := (Q+PLq)(Q−PRq),
O4 := (Q+PLTAq)(Q−PRTAq) .

(β := e2γE
μ2t2

16 )
• , isospin nonsinglet operators relevant for Spectator EffectsΔB = 0

•  operators relevant for  mixingΔB = 2 B − B

• -space schemes offer the advantage that they are 
gauge-invariant and don’t require separate 
renormalization condition for static-quark energy.

X
Upshot 



September 2025 
Joshua Lin joshlin@mit.edu

14Step-scaling

𝒪(0,Lattice)
HQET 𝒪(X)

HQET(μ = t−1) 𝒪(MS)
HQET(μ = t−1) 𝒪(MS)

HQET(μ = mb)
NP NLO LL !

 anomalous 
dimensions 

would be nice

O(α2
S)

a ≪ t ≪ Λ−1
QCD window problem)(
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15Step-scaling

𝒪(0,Lattice)
HQET 𝒪(X)

HQET(μ = t−1) 𝒪(MS)
HQET(μ = t−1) 𝒪(MS)

HQET(μ = mb)
NP NLO LL !

 anomalous 
dimensions 

would be nice

O(α2
S)

𝒪(0,Lattice)
HQET 𝒪(X)

HQET(μ = t−1
c )

NP

𝒪(X)
HQET(μ = t−1

f ) 𝒪(MS)
HQET(μ = t−1

f ) 𝒪(MS)
HQET(μ = mb)

NLO LL

a ≪ t ≪ Λ−1
QCD window problem)(

Step-Scaling

Step-Scaling
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16Before dim-6 operators: a study in fB

𝒪(X)
HQET(μ = t−1

f ) 𝒪(MS)
HQET(μ = t−1

f ) 𝒪(MS)
HQET(μ = mb)

LON3 LLN3

[Grozin, 2411.11080] [Grozin, 2311.09894]

𝒪(0,Lattice)
HQET 𝒪(X)

HQET(μ = t−1
c )

NP

Step-Scaling

=
2t

t( )2
2t

t( )2[             ]
tree
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17Renormalizing without step-scaling for fB
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(inner error bars are statistical, outer error 
bars are due to renormalization errors)
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18Renormalizing with step-scaling for fB
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19 continuum limitfB
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20 continuum limitfB
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21Ratio plots for dim-6 operators

(different basis)
𝒪̃1 = (biγμPLqi)(qjγμPLbj), 𝒪̃2 = (biPLqi)(qjPRbj),

𝒪̃3 = (biγμPLqj)(qjγμPLbi), 𝒪̃4 = (biPLqj)(qjPRbi),
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22Continuum Limits
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Preliminary

!
 - only leading-logarithmic running of  HQET operators 
 - No chiral extrapolation performed (results at ) 
 - Error quantification on bag-parameters not performed yet

ΔQ = 0
mπ ≈ 350MeV
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23Continuum Limits
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Preliminary

!
 - only leading-logarithmic running of  HQET operators 
 - No chiral extrapolation performed (results at ) 
 - Error quantification on bag-parameters not performed yet

ΔQ = 0
mπ ≈ 350MeV

Stay tuned, thank you for your attention!


