
Matthew Black

1

Heavy Meson Lifetimes from Lattice QCD
Matthew Black
In collaboration with:
R. Harlander, J. Kohnen, F. Lange, A. Rago, A. Shindler, O. Witzel

24th September, 2025



Matthew BlackHeavy Meson Lifetimes from Lattice QCD

Introduction



Matthew BlackHeavy Meson Lifetimes from Lattice QCD

Introduction 2

ä B-meson lifetimes are measured experimentally to high precision
å Key observables for probing New Physics á high precision in theory needed!

2

pression for the total decay rate of the Hb-hadron

Γ (Hb) =
∑

X

∫

PS

(2π)4δ(4)(pHb − pX)
|⟨X|Heff |Hb⟩|2

2mHb

.

(1)

With the help of the optical theorem the total decay
rate in Eq. (1) can be rewritten as

Γ (Hb) =
1

2mHb

⟨Hb|T |Hb⟩ , (2)

with the transition operator

T = Im i

∫
d4xT {Heff (x)Heff (0)} , (3)

given by a discontinuity of a non-local double insertion
of the effective ∆B = 1 Hamiltonian Heff . The tran-
sition operator in Eq. (3) can be further expanded in

inverse powers of b-quark mass, which is with a value
of ∼ 5 GeV much larger than a typical hadronic scale
of the order of a few hundred MeV. The resulting series

in inverse powers of mb is referred to as heavy quark
expansion (HQE). First ideas for using of HQE in the
theoretical treatment of heavy hadrons have started to
be developed from 1973 onwards [14] – see e.g. the re-

view [15]. For a more detailed introduction and techni-
cal aspects of the heavy quark expansion, heavy quark
symmetry and heavy quark effective theory (HQET),

we refer to the review by Neubert [17].

The main result of the HQE is that the total decay
rate of the bound state Hb is given by the simple decay

rate of a free b quark, Γb, plus corrections depending
on the decaying hadron δΓ (Hb), which are suppressed
by at least two powers of the b-quark mass mb relative
to a hadronic scale Λ,

Γ (Hb) =
1

τ(Hb)
= Γb + δΓ (Hb),

δΓ (Hb) ∝ O
(
Λ2

m2
b

)
, (4)

with τ(Hb) being the lifetime of the hadronHb. The free
b-quark decay has the same structure as the familiar

muon decay

Γb = Γ0

[
Nc

(
|Vud|2f(xc, xu, xd) + |Vcs|2f(xc, xc, xs)

)

+ f(xc, xe, xνe) + f(xc, xµ, xνµ) + f(xc, xτ , xντ )

+ CKM suppressed modes
]
, (5)

with the number of colors Nc, phase space functions f
depending on mass ratios xq = mq/mb, and the prefac-
tor

Γ0 =
G2

Fm
5
b

192π3
|Vcb|2 , (6)

Fig. 1 History of the experimental averages of the lifetime
of the Bs meson, normalised to τ(Bd). We also indicated
the most recent measurement by LHCb [18, 19], CMS [20]
and ATLAS [21], where the latter one seems to be in slight
discrepancy with the average, see Section 3.2.2.

where GF denotes the Fermi constant. The first line

in Eq. (5) describes the CKM leading non-leptonic de-
cays b→ cūd and b→ cc̄s, the second line CKM leading
semi-leptonic decays b→ ceν̄e, b→ cµν̄µ and b→ cτ ν̄τ .
The prefactor Γ0 is strongly suppressed (thus leading

to a long lifetime) by the small CKM element Vcb and
strongly enhanced by the large mass of the b-quark. The
dependence on m5

b is the source of large theory uncer-

tainties in the prediction of the total decay rate. How-
ever, lifetime ratios are theoretically much cleaner, be-
cause there the free-quark decay rate, Γb, cancels com-

pletely,

τ(Hb)

τ(H ′
b)

= 1 + [δΓ (H ′
b)− δΓ (Hb)] · τ(Hb) . (7)

Without knowing the size of higher-order QCD correc-
tions, and with only very rough estimates for the non-

perturbative matrix elements arising in the HQE, the
naive expectation for lifetime ratios was in 1986 [22]

τ(B+)

τ(Bd)

∣∣∣∣
HQE1986

≈ 1.1,
τ(Bs)

τ(Bd)

∣∣∣∣
HQE1986

≈ 1 ,

τ(Λb)

τ(Bd)

∣∣∣∣
HQE1986

≈ 0.96 . (8)

For the B-mesons this naive expectation was more or
less confirmed experimentally.

Many experiments at the time have used the impact
parameter of the tracks to deduce the b-hadron lifetime,
a method that is largely independent of the boost of the
b-hadron but extracts the average b-lifetime relying on

Monte Carlo simulations, e.g. as used in Ref. [23]. An
alternative technique makes use of decays of the type
B → J/ψX, which allows a very clean event selection,

see Ref. [24] as an example. A third class of measure-
ments uses fully reconstructed hadronic events, which

[Albrecht et al. ’24]

https://arxiv.org/abs/2402.04224
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ä For B lifetimes, we use the Heavy Quark Expansion

Γ(HQ) = Γ3⟨O3⟩+ Γ5
⟨O5⟩
m2

Q
+ Γ6

⟨O6⟩
m3

Q
+ . . .+ 16π2

[
∼

Γ6
⟨

∼

O6⟩
m3

Q
+

∼

Γ7
⟨

∼

O7⟩
m4

Q
+ . . .

]

ä ⟨
∼

O6⟩ are leading uncertainties for B lifetime differences
8

⟨Q5⟩Bd 1993/96 QCD sum rule [234,235]

2013-2023 Fit of inclusive data [236–241]

2017/18 Lattice QCD [242,243]

⟨Q5⟩Bs 2011 Spectroscopy relations [244]

⟨Q5⟩B 2023 Spectroscopy relations [34]

⟨Q6⟩Bd 1994/2022 EOM relation [31,245]

2013-2023 Fit of inclusive data [236–241]

⟨Q6⟩Bs 1994/2022 EOM relation [31,245]

2011 Sum rule [244]

⟨Q6⟩B 2023 EOM relation [34]

⟨Q̃6⟩Bd 2017 HQET sum rule [246]

⟨Q̃6⟩Bs 2022 HQET sum rule [247]

⟨Q̃6⟩Λb 1996 QCD sum rule [248]

⟨Q̃6⟩B 2023 NRCQM [34]

⟨Q̃7⟩ VIA

Table 4 Status of determinations of the non-perturbative
parameters for the b-hadron lifetimes. Here, B denotes the
set of b-baryons {Λb, Ξ0

b , Ξ
−
b , Ωb}.

Fig. 6 Composition of the theoretical error in the HQE pre-
diction of Γ (Bd) and Γ (B+). In all pie-charts we show the
relative size of the squared theoretical error, since we add all
uncertainties in quadrature.

2.1.1 B+- and Bd-mesons

The total decay rate of the B+- and Bd-mesons is pre-

dicted to be [31]

Γ (B+) =
(
0.58+0.11

−0.07

)
ps−1,

Γ (Bd) =
(
0.63+0.11

−0.07

)
ps−1. (18)

Fig. 7 Composition of the theoretical error in the HQE pre-
diction of τ(B+)/τ(Bd).

The small difference between the central values of the

two decay rates stems mostly from the negative Pauli-

interference term contributing to Γ̃6 in the B+-meson.

The weak exchange contribution to the Bd-meson is

numerically much smaller. The composition of the large

error (up to 19% of the central value) is depicted in

Fig. 6. Since we add all uncertainties in quadrature, in

all the pie-charts of this review we show the relative size

of the squared theoretical errors. As one can see from
Fig. 6, the by far dominant uncertainty in Γ (B+) and

Γ (Bd) is given by the renormalisation scale dependence

of the free-quark decay. Here, a first determination of α2
s

corrections to the free quark decay, i.e. Γ
(2)
3 , including

a proper choice of the quark mass scheme, will improve

the situation. Uncertainties due to CKM dependence
and the value of quark masses are considerably smaller.

In the lifetime ratio τ(B+)/τ(Bd) the free quark

decay cancels, and due to isospin symmetry also all

other two-quark contributions, i.e. Γ5,6,..., vanish, and

one finds therefore a much higher theory precision [31]

τ(B+)

τ(Bd)
= 1.086± 0.022 . (19)

Now the theory error is only 2%! The composition of

this error is depicted in Fig. 7, and the dominant uncer-

tainty stems from the size of the non-perturbative ma-

trix elements of four-quark operators Õ6 followed by the

renormalisation scale dependence of the Pauli interfer-

ence term. To reduce the former uncertainty first lattice

evaluations of these matrix elements will be needed, see
Ref. [233], and to reduce the second uncertainty NNLO-

QCD corrections to the Wilson coefficient of the Pauli

interference term, i.e. Γ̃
(2)
6 , are required.

2.1.2 Bs-mesons

The theory prediction for the total decay rate of the
Bs-mesons [31] is

Γ (Bs) =
(
0.63+0.11

−0.07

)
ps−1. (20)

[Albrecht et al. ’24]

https://arxiv.org/abs/2402.04224
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ä Matrix elements of four-quark operators can be determined from lattice QCD simulations

ä ∆Q = 2 well-studied by several groups á precision increasing
å Preliminary ∆K = 2 for Kaon mixing with gradient flow [Suzuki et al. ’20], [Taniguchi, Lattice ’19]

ä ∆Q = 0 á exploratory studies from ∼20 years ago

H H

Q

q q

Q

H H

Q

q q

Q

H H

Oi, Ti

Q

q q

Q

https://arxiv.org/abs/2006.06999
https://indico.cern.ch/event/764552/contributions/3420565/
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∆B = 0 — Lattice Sketch 5

ä Start of calculation follows similar to operators for neutral meson mixing
å Well-established on lattice!

But

ä Gluon-disconnected diagrams

ä ‘Eye’ diagrams

γ5 γ5

q̄

Q

q̄′

Q

t0 t0 +∆Tt
ä Mixing with lower-dimensional operators in renormalisation

å Power divergent å Notoriously challenging

γ5 γ5
q

Q

q

Q

t0 t0 +∆Tt

HQ HQ⟨O6⟩á á

Statistically very noisy
å Modern computing speed and algorithms can help! 4

Not yet included
in lattice simulation
or matching

How can we tackle this?
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ä Introduced by [Narayanan, Neuberger ’06] [Lüscher ’10] [Lüscher ’13]

å Scale setting (
√
8t0), RG β-function, Λ parameter

ä Introduce auxiliary dimension, flow time τ as a way to regularise the UV

ä Well-defined damping of UV fluctuations

ä Extend gauge and fermion fields in flow time and express dependence with first-order differential
equations:

∂tBµ(τ, x) = Dν(τ)Gνµ(τ, x), Bµ(0, x) = Aµ(x),
∂tχ(τ, x) = D2(τ)χ(τ, x), χ(0, x) = q(x).

ä For use in renormalisation, there are two concepts:

å Gradient flow as an RG transformation [Carosso et al. ’18] [Harlander et al. ‘20] [Hasenfratz et al. ’22]

å Short-flow-time expansion [Lüscher, Weisz ’11] [Suzuki ’13], [Lüscher ’13]

áτ/a2 = 0.00 τ/a2 = 16.00

https://arxiv.org/abs/hep-th/0601210
https://arxiv.org/abs/1006.4518
https://arxiv.org/abs/1302.5246
https://arxiv.org/abs/1806.01385
https://arxiv.org/abs/2007.01057
https://arxiv.org/abs/2201.09740
https://arxiv.org/abs/1101.0963
https://arxiv.org/abs/1304.0533
https://arxiv.org/abs/1308.5598
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ä Well-studied for e.g. energy-momentum tensor [Makino, Suzuki ’14] [Harlander, Kluth, Lange ’18]
quark masses [Takaura et al. ’25] [Black et al. ’25]

ä Re-express effective Hamiltonian in terms of ’flowed’ operators:

Heff =
∑

n
CnOn =

∑
n

∼
Cn(τ)

∼
On(τ).

ä Relate to regular operators in ’short-flow-time expansion’:
∼
On(τ) =

∑
m

ζnm(τ)Om + O(τ)

’flowed’ MEs calculated on lattice
renormalised along flow time matching matrix

calculated perturbatively∑
n

ζ−1
nm(µ, τ)⟨

∼
On⟩(τ) = ⟨Om⟩(µ)

0.0 0.1 0.2 0.3 0.4 0.5

τ [GeV−2]

〈Õ〉(τ)

ä Measure flowed matrix element ⟨O⟩(τ) on the lattice

0.0 0.1 0.2 0.3 0.4 0.5

τ [GeV−2]

ζ−1
nO(µ, τ)

〈Õ〉(τ)

ä Calculate perturbative matching coefficients ζ−1
nO(µ, τ)

0.0 0.1 0.2 0.3 0.4 0.5

τ [GeV−2]

ζ−1
nO(µ, τ)

〈Õ〉(τ)

ζ−1
nO 〈Õ〉(µ, τ)

ä Combine for ‘matched’ operator dependent on flow time τ and renormalisation scale µ

0.0 0.1 0.2 0.3 0.4 0.5

τ [GeV−2]

extrapolate to τ = 0

τn effects

lattice
& PT
limits

ζ−1
nO(µ, τ)

〈Õ〉(τ)

ζ−1
nO 〈Õ〉(µ, τ)

ä Larger systematic effects at extremities

0.0 0.1 0.2 0.3 0.4 0.5

τ [GeV−2]

extrapolate to τ = 0

τn effects

lattice
& PT
limits

ζ−1
nO(µ, τ)

τ → 0 extrapolation

〈Õ〉(τ)

ζ−1
nO 〈Õ〉(µ, τ)

〈O〉MS(µ)

ä Take τ → 0 result á ⟨O⟩MS(µ)

https://arxiv.org/abs/1403.4772
https://arxiv.org/abs/1808.09837
https://arxiv.org/abs/2506.09537
https://arxiv.org/abs/2506.16327
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https://arxiv.org/abs/2506.16327


Matthew BlackHeavy Meson Lifetimes from Lattice QCD

Gradient Flow — Short-Flow-Time Expansion 10

ä Well-studied for e.g. energy-momentum tensor [Makino, Suzuki ’14] [Harlander, Kluth, Lange ’18]
quark masses [Takaura et al. ’25] [Black et al. ’25]

ä Re-express effective Hamiltonian in terms of ’flowed’ operators:

Heff =
∑

n
CnOn =

∑
n

∼
Cn(τ)

∼
On(τ).

ä Relate to regular operators in ’short-flow-time expansion’:
∼
On(τ) =

∑
m

ζnm(τ)Om + O(τ)

’flowed’ MEs calculated on lattice
renormalised along flow time matching matrix

calculated perturbatively∑
n

ζ−1
nm(µ, τ)⟨

∼
On⟩(τ) = ⟨Om⟩(µ)

0.0 0.1 0.2 0.3 0.4 0.5

τ [GeV−2]
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0.0 0.1 0.2 0.3 0.4 0.5

τ [GeV−2]

extrapolate to τ = 0

τn effects

lattice
& PT
limits

ζ−1
nO(µ, τ)

〈Õ〉(τ)

ζ−1
nO 〈Õ〉(µ, τ)

ä Larger systematic effects at extremities

0.0 0.1 0.2 0.3 0.4 0.5

τ [GeV−2]

extrapolate to τ = 0

τn effects

lattice
& PT
limits

ζ−1
nO(µ, τ)

τ → 0 extrapolation

〈Õ〉(τ)

ζ−1
nO 〈Õ〉(µ, τ)

〈O〉MS(µ)

ä Take τ → 0 result á ⟨O⟩MS(µ)

https://arxiv.org/abs/1403.4772
https://arxiv.org/abs/1808.09837
https://arxiv.org/abs/2506.09537
https://arxiv.org/abs/2506.16327
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Gradient Flow — Short-Flow-Time Expansion 10

ä Well-studied for e.g. energy-momentum tensor [Makino, Suzuki ’14] [Harlander, Kluth, Lange ’18]
quark masses [Takaura et al. ’25] [Black et al. ’25]

ä Re-express effective Hamiltonian in terms of ’flowed’ operators:

Heff =
∑

n
CnOn =

∑
n

∼
Cn(τ)

∼
On(τ).

ä Relate to regular operators in ’short-flow-time expansion’:
∼
On(τ) =

∑
m

ζnm(τ)Om + O(τ)

’flowed’ MEs calculated on lattice
renormalised along flow time matching matrix

calculated perturbatively∑
n

ζ−1
nm(µ, τ)⟨

∼
On⟩(τ) = ⟨Om⟩(µ)

0.0 0.1 0.2 0.3 0.4 0.5

τ [GeV−2]

〈Õ〉(τ)

ä Measure flowed matrix element ⟨O⟩(τ) on the lattice
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τ [GeV−2]

ζ−1
nO(µ, τ)

〈Õ〉(τ)

ä Calculate perturbative matching coefficients ζ−1
nO(µ, τ)

0.0 0.1 0.2 0.3 0.4 0.5

τ [GeV−2]

ζ−1
nO(µ, τ)

〈Õ〉(τ)

ζ−1
nO 〈Õ〉(µ, τ)

ä Combine for ‘matched’ operator dependent on flow time τ and renormalisation scale µ

0.0 0.1 0.2 0.3 0.4 0.5

τ [GeV−2]

extrapolate to τ = 0

τn effects

lattice
& PT
limits

ζ−1
nO(µ, τ)

〈Õ〉(τ)

ζ−1
nO 〈Õ〉(µ, τ)

ä Larger systematic effects at extremities

0.0 0.1 0.2 0.3 0.4 0.5

τ [GeV−2]

extrapolate to τ = 0

τn effects

lattice
& PT
limits

ζ−1
nO(µ, τ)

τ → 0 extrapolation

〈Õ〉(τ)

ζ−1
nO 〈Õ〉(µ, τ)

〈O〉MS(µ)

ä Take τ → 0 result á ⟨O⟩MS(µ)

https://arxiv.org/abs/1403.4772
https://arxiv.org/abs/1808.09837
https://arxiv.org/abs/2506.09537
https://arxiv.org/abs/2506.16327
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Lattice Simulation 11

ä Exploratory setup using physical charm and strange quarks
å ∆B = 0, 2 á ∆Q = 0, 2, for generic heavy quark Q

ä Exploratory study to test method á neglect expensive+noisy eye diagrams

ä We use RBC/UKQCD’s 2+1 flavour DWF + Iwasaki gauge action ensembles

L T a−1/GeV amsea
l amsea

s Mπ/MeV srcs × Nconf

C1 24 64 1.7848 0.005 0.040 340 32× 101

C2 24 64 1.7848 0.010 0.040 433 32× 101

M1 32 64 2.3833 0.004 0.030 302 32× 79

M2 32 64 2.3833 0.006 0.030 362 32× 89

M3 32 64 2.3833 0.008 0.030 411 32× 68

F1S 48 96 2.785 0.002144 0.02144 267 24× 98

[Allton et al. ’08]
[Aoki et al. ’10]
[Blum et al. ’14]
[Boyle et al. ’17]

ä For strange quarks tuned to physical value, amq ≪ 1 4

ä For heavy b quarks, amq > 1 á large discretisation effects 7

å manageable for physical c quarks using stout-smeared Möbius DWF [Cho et. al ’15]

https://arxiv.org/abs/0804.0473
https://arxiv.org/abs/1011.0892
https://arxiv.org/abs/1411.7017
https://arxiv.org/abs/1701.02644
https://arxiv.org/abs/1504.01630
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Bag Parameter Extraction 12

ä In the Standard Model, four operators contribute:
O1 Ü B1 ∼ 1 O2 Ü B2 ∼ 1

T1 Ü ϵ1 ∼ 0 T2 Ü ϵ2 ∼ 0

ä Four-quark operators inserted in three-point correlation functions:

γ5 γ5
q

Q

q

Q

t0 t0 +∆Tt

C 3pt
Oi

(t,∆T, τ) =
∑
n,n′

⟨Pn|Oi|Pn′⟩(τ)
4MnMn′

e−(∆T−t)Mne−tMn′ =⇒
t0≪t≪t0+∆T

⟨P⟩2
4M 2

⟨Oi⟩(τ)e−∆T M

ä To extract bag parameters, normalise with two-point correlation functions Ü Bi ∝
⟨Oi⟩
m2f 2

H
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Bag Parameter Extraction — Correlator Fitting 13

0 5 10 15 20 25
time

1.000

1.005

1.010

1.015

1.020

1.025

B1, ∆T = 28

0 10 20 30 40
time

0.980

0.985

0.990

0.995

1.000

B2, ∆T = 40

0 10 20 30 40
time

−0.12

−0.10

−0.08

−0.06

−0.04

−0.02
ε1, ∆T = 48

0 10 20 30 40
time

−0.006

−0.005

−0.004

−0.003

−0.002
ε2, ∆T = 44

F1S τ/a2 = 0.5

F1S τ/a2 = 1.0

F1S τ/a2 = 1.5

F1S τ/a2 = 2.0

F1S τ/a2 = 2.5

F1S τ/a2 = 3.0

F1S τ/a2 = 3.5

F1S τ/a2 = 4.0

F1S τ/a2 = 4.5

F1S τ/a2 = 5.0

F1S τ/a2 = 5.5

F1S τ/a2 = 6.0

ä Matrix elements extracted for each flow time 4
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Bag Parameters vs GF time 14
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ä Take continuum limit!
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Lifetimes O1 Chiral-Continuum Limit 15
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F1S, a−1 = 2.785(11) GeV

a = 0

ä Highly precise data resolves sea quark effects á chiral-continuum limits

BGF
i (a,Mlatt

π , τ) = BGF,cont
i (τ) + C a2 + D a2

[
(Mlatt

π )2 − (Mphys
π )2

]
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Lifetimes O2 Chiral-Continuum Limit 16

0.000 0.002 0.004 0.006 0.008 0.010 0.012

a2 [fm2]

0.978

0.980

0.982

0.984

0.986

B
2

B2(a = 0) = 0.9805(6), τ = 0.12 GeV−2

χ2
/dof = 0.576[3], pval = 0.631

preliminary

C1, a−1 = 1.7848(50) GeV

C2, a−1 = 1.7848(50) GeV

M1, a−1 = 2.3833(86) GeV

M2, a−1 = 2.3833(86) GeV

M3, a−1 = 2.3833(86) GeV

F1S, a−1 = 2.785(11) GeV

a = 0

0.000 0.002 0.004 0.006 0.008 0.010 0.012

a2 [fm2]

0.986

0.987

0.988

0.989

0.990

0.991

B
2

B2(a = 0) = 0.9889(5), τ = 0.27 GeV−2

χ2
/dof = 0.669[3], pval = 0.571

preliminary

C1, a−1 = 1.7848(50) GeV

C2, a−1 = 1.7848(50) GeV

M1, a−1 = 2.3833(86) GeV

M2, a−1 = 2.3833(86) GeV

M3, a−1 = 2.3833(86) GeV

F1S, a−1 = 2.785(11) GeV

a = 0

ä Highly precise data resolves sea quark effects á chiral-continuum limits

BGF
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π , τ) = BGF,cont
i (τ) + C a2 + D a2
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Lifetimes T1 Chiral-Continuum Limit 17
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ä Highly precise data resolves sea quark effects á chiral-continuum limits

BGF
i (a,Mlatt

π , τ) = BGF,cont
i (τ) + C a2 + D a2

[
(Mlatt

π )2 − (Mphys
π )2

]
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Lifetimes T2 Chiral-Continuum Limit 18
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ä Highly precise data resolves sea quark effects á chiral-continuum limits
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ä Well-controlled chiral-continuum limits along flow time 4
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nO 〈Õ〉(µ, τ)
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ä Combine continuum limits of lattice data with perturbative matching coefficients ζ−1
nm(µ, τ)

1.00

1.05

1.10

1.15

ζ−1
B1B1

µ = 3.0 GeV

0.0 0.2 0.4 0.6 0.8 1.0

τ [GeV−2]

−1.5

−1.0

−0.5

ζ−1
ε1B1

ζ
−1 nm

B
1

∆
Q

=
0

NLO

NNLO

+α3
s logs

+α4
s logs

+α5
s logs

0.0 0.1 0.2 0.3 0.4

τ [GeV−2]

1.02

1.04

1.06

1.08

1.10

B
1
(τ
,µ

0
=

3.
0

G
eV

)

preliminary

NLO BMS
1

µ = 3.0 GeV

0.0 0.1 0.2 0.3 0.4

τ [GeV−2]

1.02

1.04

1.06

1.08

1.10

B
1
(τ
,µ

0
=

3.
0

G
eV

)

preliminary

NLO BMS
1 RGE µ→ µ0 = 3.0 GeV

µ = 2.5 GeV

µ = 3.0 GeV

µ = 3.5 GeV

µ = 4.0 GeV

µ = 4.5 GeV

0.0 0.1 0.2 0.3 0.4

τ [GeV−2]

1.02

1.04

1.06

1.08

1.10

B
1
(τ
,µ

0
=

3.
0

G
eV

)

preliminary

NLO BMS
1 RGE µ→ µ0 = 3.0 GeV

µ = 2.5 GeV

µ = 3.0 GeV

µ = 3.5 GeV

µ = 4.0 GeV

µ = 4.5 GeV

Can we improve the extrapolation?
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ä Combine continuum limits of lattice data with perturbative matching coefficients ζ−1
nm(µ, τ)
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Can we improve the extrapolation?



Matthew BlackHeavy Meson Lifetimes from Lattice QCD

Matched results: τ → 0 extrapolation 23

ä Matching can be done for any scale µ á run back to µ0 = 3GeV for final results
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Can we improve the extrapolation?
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ä τ → 0 limit should be RG-independent á perform combined fits to better control extrapolation
å Final result takes spread of all acceptable fits performed between τmin and τmax

1.00

1.05

1.10

1.15

ζ−1
B1B1

µ = 3.0 GeV

0.0 0.2 0.4 0.6 0.8 1.0

τ [GeV−2]

−1.5

−1.0

−0.5

ζ−1
ε1B1

ζ
−1 nm

B
1

∆
Q

=
0

NLO

NNLO

+α3
s logs

+α4
s logs

+α5
s logs

0.0 0.1 0.2 0.3 0.4

τ [GeV−2]

1.02

1.04

1.06

1.08

1.10

B
1
(τ
,µ

0
=

3.
0

G
eV

)

preliminary

NLO BMS
1

µ = 3.0 GeV

0.0 0.1 0.2 0.3 0.4

τ [GeV−2]

1.02

1.04

1.06

1.08

1.10

B
1
(τ
,µ

0
=

3.
0

G
eV

)

preliminary

NLO BMS
1 RGE µ→ µ0 = 3.0 GeV

µ = 2.5 GeV

µ = 3.0 GeV

µ = 3.5 GeV

µ = 4.0 GeV

µ = 4.5 GeV

0.0 0.1 0.2 0.3 0.4

τ [GeV−2]

1.02

1.04

1.06

1.08

1.10

B
1
(τ
,µ

0
=

3.
0

G
eV

)

preliminary

NLO BMS
1 RGE µ→ µ0 = 3.0 GeV

µ = 2.5 GeV

µ = 3.0 GeV

µ = 3.5 GeV

µ = 4.0 GeV

µ = 4.5 GeV

Can we improve the extrapolation?
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Matched results: τ → 0 extrapolation 24

ä τ → 0 limit should be RG-independent á perform combined fits to better control extrapolation
å Final result takes spread of all acceptable fits performed between τmin and τmax
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Can we improve the extrapolation?
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ä We can RG-improve the matching procedure using the flow-time RGE:

τ∂τÕ(τ) = γ̃(as(µ),Lµτ )Õ(τ),

for a flowed anomalous dimension

γ̃(as(µ),Lµτ ) = (τ∂τζ(τ, µ)) ζ
−1(τ, µ).

ä Define a perturbative flow time coupled to renormalisation scale µ:

τµ = e−γE/2µ2

ä Integrating the RGE from any lattice flow time τ to τµ will yield ‘RG-improved’ matched results

O(µ) = ζ−1(τµ, µ) exp
[∫ τµ

τ

dτ γ̃(as(µ),L)
]
Õ(τ)

ä Should decrease slope of fixed-order matching results and improve convergence of short-flow-time
expansion

ä Use perturbative flowed anomalous dimension at NLO and NNLO
å could also calculate γ̃ non-perturbatively [Hasenfratz et. al, ‘22]
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https://arxiv.org/abs/2201.09740
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ä We can RG-improve the matching procedure using the flow-time RGE:
å now all same steps apply as before with “flatter data”

ä Define a perturbative flow time coupled to renormalisation scale µ:

τµ = e−γE/2µ2

ä Integrating the RGE from any lattice flow time τ to τµ will yield ‘RG-improved’ matched results

O(µ) = ζ−1(τµ, µ) exp
[∫ τµ

τ

dτ γ̃(as(µ),L)
]
Õ(τ)

ä Should decrease slope of fixed-order matching results and improve convergence of short-flow-time
expansion

ä Use perturbative flowed anomalous dimension at NLO and NNLO
å could also calculate γ̃ non-perturbatively [Hasenfratz et. al, ‘22]
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ä We can RG-improve the matching procedure using the flow-time RGE:
å now all same steps apply as before with “flatter data”

ä Define a perturbative flow time coupled to renormalisation scale µ:

τµ = e−γE/2µ2

ä Integrating the RGE from any lattice flow time τ to τµ will yield ‘RG-improved’ matched results

O(µ) = ζ−1(τµ, µ) exp
[∫ τµ

τ

dτ γ̃(as(µ),L)
]
Õ(τ)

ä Should decrease slope of fixed-order matching results and improve convergence of short-flow-time
expansion

ä Use perturbative flowed anomalous dimension at NLO and NNLO
å could also calculate γ̃ non-perturbatively [Hasenfratz et. al, ‘22]
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ä We can RG-improve the matching procedure using the flow-time RGE:
å now all same steps apply as before with “flatter data”

ä Define a perturbative flow time coupled to renormalisation scale µ:

τµ = e−γE/2µ2

ä Integrating the RGE from any lattice flow time τ to τµ will yield ‘RG-improved’ matched results

O(µ) = ζ−1(τµ, µ) exp
[∫ τµ

τ

dτ γ̃(as(µ),L)
]
Õ(τ)

ä Should decrease slope of fixed-order matching results and improve convergence of short-flow-time
expansion

ä Use perturbative flowed anomalous dimension at NLO and NNLO
å could also calculate γ̃ non-perturbatively [Hasenfratz et. al, ‘22]
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ä Finalising first lattice calculation of ∆Q = 0 matrix elements for heavy meson lifetime ratios

ä Gradient flow and short-flow-time expansion is an effective tool for renormalisation and matching
å Proof of principle calculation of charm and strange quark masses [Black et al. ’25]

ä Scale dependence of short-flow-time expansion can be studied in detail

Outlook
ä Perform large-scale simulations to extrapolate to B and Bs mesons

ä ‘Eye’ diagrams need for absolute lifetime operators
å to be included in both lattice simulations and perturbative matching

Thanks for the attention!

https://arxiv.org/abs/2506.16327
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∆Q = 0 Operators A.1

ä For lifetimes, the dimension-6 ∆Q = 0 operators are:

Oq
1 = b̄αγµ(1− γ5)qα q̄βγµ(1− γ5)bβ, ⟨Oq

1⟩ = ⟨Bq|Oq
1|Bq⟩ = f 2BqM

2
BqB

q
1,

Oq
2 = b̄α(1− γ5)qα q̄β(1− γ5)bβ, ⟨Oq

2⟩ = ⟨Bq|Oq
2|Bq⟩ =

M 2
Bq

(mb + mq)2
f 2BqM

2
BqB

q
2,

T q
1 = b̄αγµ(1− γ5)(T a)αβqβ q̄γγµ(1− γ5)(T a)γδbδ, ⟨T q

1 ⟩ = ⟨Bq|T q
1 |Bq⟩ = f 2BqM

2
Bqϵ

q
1,

T q
2 = b̄α(1− γ5)(T a)αβqβ q̄γ(1− γ5)(T a)γδbδ, ⟨T q

2 ⟩ = ⟨Bq|T q
2 |Bq⟩ =

M 2
Bq

(mb + mq)2
f 2BqM

2
Bqϵ

q
2.

ä For simplicity of computation, we rewrite these to be colour-singlet operators:

O1 = b̄αγµ(1− γ5)qα q̄βγµ(1− γ5)bβ

O2 = b̄α(1− γ5)qα q̄β(1 + γ5)bβ)
τ1 = b̄αγµ(1− γ5)bα q̄βγµ(1− γ5)qβ

τ2 = b̄αγµ(1 + γ5)bα q̄βγµ(1− γ5)qβ


O+

1

O+
2

T+
1

T+
2

 =


1 0 0 0

0 1 0 0

− 1
2Nc

0 −1
2

0

0 − 1
2Nc

0 1
4



O+

1

O+
2

τ+1
τ+2





Matthew BlackHeavy Meson Lifetimes from Lattice QCD

Consistency check — include α3
s logs at NNLO (not RG improved) A.2
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Consistency check — include α4
s logs at NNLO (not RG improved) A.3
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Consistency check — include α5
s logs at NNLO (not RG improved) A.4
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