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Precision physics of the Standard Model



Outline

1) The Standard Model: Lagrangian, fields, interactions and all that  

2) Input parameters of the Standard Model and what does it take to get them right 

3) The muon decay and the Fermi constant “problem” 

4) The muon anomalous moment saga 

5) How to check the unitarity of the CKM matrix 

6) Precision physics at the LHC: the anatomy of Higgs production in gluon fusion,  electroweak 
Sudakov logarithms and  why the  interpretation of the top quark mass measurement is 
challenging



The Standard Model



In these lectures, I will discuss the Standard Model of particle physics.  This (so-called) “model”  
is not a model — it is a modern theory of strong, electromagnetic and weak interactions, a 
pinnacle of our understanding of fundamental laws of Nature. And if we add Einstein’s gravity 
to the SM, we get a theory of everything (well, almost), turning the whole Universe into a  
laboratory where this theory can be studied. 

Dark matter?

Sp
ac
e

Who ordered flavour?

How did it all start?

THE UNIVERSE AS A WHOLE IS OUR PLAYGROUND! WE USE THE 
INFORMATION FROM TODAY’S TOOLS TO LEARN ABOUT 
FUNDAMENTAL LAWS OF NATURE.

Time

Where is the antimatter? 
Origin of life?

Higgs boson? Alone? Really?

For more information, see https://p3h.particle.kit.edu/ or talk to Prof. G. Heinrich.

To shade lights in the dark, we work on different topics which range from cosmology and astrophysics to collider physics, 
particle physics phenomenology and quantum field theory! We use advanced mathematics, machine learning and 
numerical simulations to achieve our goals.

The Collaborative Research Center offers many exciting opportunities for curious 
students interested  in the inner workings of Nature. Joint us to work on unlocking the 
biggest questions that the Universe has to offer!

Standard Model of particle physics gives us  the “code of the Universe” through this tiny formula

The Standard Model  explains outcomes of all current terrestrial experiments and many aspects of the evolution of the Universe 
from the Big Bang through today. The main goal of the Collaborative Research Center is to test the Standard Model as 
thoroughly as possible and, hopefully, find physics beyond this. 
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• the gauge principle, which forces us to describe electromagnetic, weak and strong  interactions 
by introducing ``compensating’’ fields that allow us to turn the  global symmetries of the theory 
into the local ones. 

• the idea that the gauge symmetry is broken by the vacuum expectation value of an elementary 
scalar field: it  makes electroweak gauge bosons massive and allows us to provide masses to 
quarks and leptons without explicitly  breaking the  gauge invariance in the Lagrangian.  

• the requirement of the renormalisability which  strongly restricts the number of admissible terms 
and free parameters in the Lagrangian and, eventually, makes the Standard Model an 
absolutely predictive theory (at least in principle).

The Standard Model is based on three principal ideas:



The theory contains matter fields (quarks and leptons).  The gauge symmetry is broken by an 
elementary scalar field (the Higgs field).    The theory is   renormalisable. 

The gauge group of the Standard Model  is SU(3) x SU(2)LxU(1)Y.  The first gauge group is 
responsible for the physics of strong interactions; the second and third ones — for weak and 
electromagnetic ones. The subscript L means “left” and the subscript  Y means  “hypercharge”. 



• the kinetic terms of  the gauge fields:  they are fully-fixed by the selected gauge groups; 

• the kinetic terms of  the matter fields: they are  fully fixed once quantum numbers of the 
matter fields (i.e. the way they change  under gauge transformations)  are specified; 

• the kinetic term of the scalar field:  it  is also fixed once the quantum numbers of the scalar 
field are fixed;  

• the symmetry breaking term of the scalar field that drives the vacuum expectation value of 
the scalar field to be non-vanishing.  Its  form is fixed  by the requirement of the 
renormalisability of the theory and the gauge invariance.  

• the Yukawa terms: they describe the interaction  of the scalar field with the  matter fields. They  
give  masses to matter fields after the spontaneous symmetry breaking.  The form of the 
Yukawa terms is fixed by the  gauge invariance of the Lagrangian and  by the 
renormalisability of the theory.

With this, the Lagrangian of the Standard Model is the  sum of the following terms:



The  kinetic terms for the gauge fields read: 

• the Yukawa term that describes coupling of the scalar field to matter
fields and, eventually, gives masses to matter fields; the structure of
this term is fixed by the required renormalizability of the theory and the
gauge symmetry of the Lagrangian;

We will now turn to the discussion of the various terms in the Lagrangian
but before we go there let us briefly discuss why we need such a complicated
gauge group structure. In principle, strong interactions and their gauge group
is not important for the discussion of the SM Lagrangian since it can be stud-
ied and verified independently. Two other gauge groups SUL(2)⇥UY (1) con-
tain four gauge boson fields and describe their couplings to “left” (SUL(2))
and both “left” and “right” (UY (1)) matter fields. This distinction is nec-
essary because the SM should allow us to describe both the weak charged
current (muon decay, neutron decay), where only left-handed fields partici-
pate and the electromagnetic interaction of charged fermions which involves
both left- and right-fields.

We will now discuss the various items in the above list starting from the
kinetic terms for gauge fields. We write
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Ŵµ⌫Ŵ
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The quantities T i and T a
s
are generators of the SU(2) and SU(3) algebra in

their fundamental representations, respectively. They satisfy standard com-
mutation relations

[T i , T j ] = i✏i jkT k , [T a
s
, T
b

s
] = i f abcT c , (1.6)

where ✏i jk and f abc are the structure constants of the corresponding Lie al-
gebras. We note that, although we referred to the above term as “kinetic”,
it also contains all self-interactions of gauge fields.

We now need to add matter fields. As we already mentioned, the way one
deals with the matter fields is motivated by the fact that only left-handed
fields participate in the (charged) weak interactions. Since our goal is to
describe weak interactions with the help of gauge fields, we need to consider a
possibility that left and right fields of the same fermion have di↵erent quantum
numbers. Note that this precludes the appearance of any mass term in the
SM Lagrangian since mass terms involve products of left and right fields

m ̄ =
m

2

�
 ̄R L +  ̄L R

�
. (1.7)

It is then obvious that if left and right fields transform di↵erently under gauge
transformations, the above term cannot remain invariant.
In the Standard Model, all left-handed fields are organized into doublets

of the group SUL(2) and all right-handed fields are considered to be SUL(2)
singlets (which means that they are not a↵ected under SUL(2) transforma-
tions). On the other hand, both left- and right-handed fields should couple to
the UY (1) field since, at the end of the day, an electromagnetic field should
emerge from (some combination) of SUL(2) and UY (1) fields, and the elec-
tromagnetic field couples with equal strength to left and right fields of the
same fermion species.
Assuming that neutrinos are massless, we will not consider a right-handed

neutrino field, and we write for the j-th generation of leptons and quarks

Lj,L =

✓
⌫j

lj

◆

L

, lj,R,  j,L =

✓
Uj

Dj

◆

L

, Uj,R, Dj,R, (1.8)

where ⌫i are neutrinos, li are charged leptons, Ui are up-type quarks and Di
are down-type quarks.
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The vector potentials are matrices in the corresponding “Lie algebra” space, written as the 
linear combinations of  generators of the corresponding algebra

Generators are normalised in a standard way and satisfy the standard Lie algebra commutation 
relations
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and
Ĝ
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Ĝµ⌫Ĝ
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To add matter terms, we need to distinguish between left and right fermion fields. This is 
necessary since “left” fields participate in the (charged) weak interactions and both “left” and 
“right” fields are involved in the electromagnetic ones.  

The quantities T i and T a
s
are generators of the SU(2) and SU(3) algebra in

their fundamental representations, respectively. They satisfy standard com-
mutation relations

[T i , T j ] = i✏i jkT k , [T a
s
, T
b

s
] = i f abcT c , (1.6)

where ✏i jk and f abc are the structure constants of the corresponding Lie al-
gebras. We note that, although we referred to the above term as “kinetic”,
it also contains all self-interactions of gauge fields.

We now need to add matter fields. As we already mentioned, the way one
deals with the matter fields is motivated by the fact that only left-handed
fields participate in the (charged) weak interactions. Since our goal is to
describe weak interactions with the help of gauge fields, we need to consider a
possibility that left and right fields of the same fermion have di↵erent quantum
numbers. Note that this precludes the appearance of any mass term in the
SM Lagrangian since mass terms involve products of left and right fields

m ̄ =
m

2

�
 ̄R L +  ̄L R

�
. (1.7)

It is then obvious that if left and right fields transform di↵erently under gauge
transformations, the above term cannot remain invariant.
In the Standard Model, all left-handed fields are organized into doublets

of the group SUL(2) and all right-handed fields are considered to be SUL(2)
singlets (which means that they are not a↵ected under SUL(2) transforma-
tions). On the other hand, both left- and right-handed fields should couple to
the UY (1) field since, at the end of the day, an electromagnetic field should
emerge from (some combination) of SUL(2) and UY (1) fields, and the elec-
tromagnetic field couples with equal strength to left and right fields of the
same fermion species.
Assuming that neutrinos are massless, we will not consider a right-handed

neutrino field, and we write for the j-th generation of leptons and quarks

Lj,L =

✓
⌫j

lj

◆

L

, lj,R,  j,L =

✓
Uj

Dj

◆

L

, Uj,R, Dj,R, (1.8)

where ⌫i are neutrinos, li are charged leptons, Ui are up-type quarks and Di
are down-type quarks.
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Since left  and right  fields transform differently under gauge transformations,  mass terms for 
matter fields are forbidden. Hence, all matter particles  in the SM Lagrangian are originally 
massless. 
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We will only consider left-handed neutrinos.  Three generations of leptons and of up-type  
and down-type  quarks are included into the theory.  Left-handed fields  are SUL(2) doublets;  
right-handed fields are singlets of  the SU(2)L  gauge group.  Both left fields and right fields 
transform under U(1)Y.

The left and right fields are constructed using the projection operators that involve the Dirac 
matrix                                 
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The kinetic term for leptons and quarks  reads 

The kinetic terms of leptons and quarks, summed over three generations
are then

Lkin =
X

j

L̄j,LiDµ�
µ
Lj,L +

X

j

l̄j,RiDµ�
µ
lj,R +

X

j

 ̄j,LiDµ�
µ j,L

+
X

j

Ūj,RiDµ�
µ
Uj,R ++

X

j

D̄j,RiDµ�
µ
Dj,R,

(1.9)

where the covariant derivatives read

Dµ = @µ � igŴ � ig
0
Ŷ Bµ � igsĜ. (1.10)

Generators of the SU(2)L, U(1)Y and SU(3) groups act in the following way
on the various matter fields

~TLj,L =
~⌧

2
Lj,L,

~T lj,R = 0, Ŷ Lj,L = �
1

2
Lj,L, Ŷ lj,R = �lj,R,

~T j,L =
~⌧

2
 j,L, ~TUj,R = ~TDj,R = 0, Ŷ j,L =

1

6
 j,L,

Ŷ Uj,R =
2

3

1

3
Uj,R, Ŷ Dj,R = �

1

3
Dj,R,

~TsLj,L = ~Ts lj,R = 0,

~Ts j,L =
~�

2
 j,L, ~TsUj,R =

~�

2
Uj,R,

~TsDj,R =
~�

2
Dj,R.

(1.11)

In Eq.(1.11) ~⌧ are the three Pauli matrices and ~� are eight Gell-Mann matri-
ces. A particular choice of U(1)-charges for right-handed fields will become
clear in what follows.

At this point we have a gauge theory with massless matter and gauge
bosons’ fields and no clear connection to phenomenology. This, in particu-
lar, is important for weak interactions which are known to have very small
interaction ranges and, thus, require massive gauge fields to describe them.
The mass terms for gauge bosons and also matter fields are introduced using
the mechanism of spontaneous symmetry breaking. The symmetry breaking
is facilitated by a scalar SU(2) doublet field; its Lagrangian reads

LHiggs = (Dµ')
† (Dµ')�
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Ūj,RiDµ�
µ
Uj,R ++

X

j

D̄j,RiDµ�
µ
Dj,R,

(1.9)

where the covariant derivatives read

Dµ = @µ � igŴ � ig
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Uj,R, Ŷ Dj,R = �

1

3
Dj,R,

~TsLj,L = ~Ts lj,R = 0,

~Ts j,L =
~�

2
 j,L, ~TsUj,R =

~�

2
Uj,R,

~TsDj,R =
~�

2
Dj,R.

(1.11)

In Eq.(1.11) ~⌧ are the three Pauli matrices and ~� are eight Gell-Mann matri-
ces. A particular choice of U(1)-charges for right-handed fields will become
clear in what follows.

At this point we have a gauge theory with massless matter and gauge
bosons’ fields and no clear connection to phenomenology. This, in particu-
lar, is important for weak interactions which are known to have very small
interaction ranges and, thus, require massive gauge fields to describe them.
The mass terms for gauge bosons and also matter fields are introduced using
the mechanism of spontaneous symmetry breaking. The symmetry breaking
is facilitated by a scalar SU(2) doublet field; its Lagrangian reads

LHiggs = (Dµ')
† (Dµ')�

�

4

✓
'
†
'�

v
2

2

◆2
., (1.12)

5

The kinetic terms of leptons and quarks, summed over three generations
are then

Lkin =
X

j

L̄j,LiDµ�
µ
Lj,L +

X

j

l̄j,RiDµ�
µ
lj,R +

X

j

 ̄j,LiDµ�
µ j,L

+
X

j
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where the covariant derivative reads 

The way the covariant derivative acts on the matter fields follows from the  formulas below 
where       are the Pauli matrices and      are the Gell-Mann matrices. 
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1

6
 j,L,
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Ūj,RiDµ�
µ
Uj,R ++

X

j

D̄j,RiDµ�
µ
Dj,R,

(1.9)

where the covariant derivatives read

Dµ = @µ � igŴ � ig
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The kinetic terms of leptons and quarks, summed over three generations
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where the covariant derivatives read
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In Eq.(1.11) ~⌧ are the three Pauli matrices and ~� are eight Gell-Mann matri-
ces. A particular choice of U(1)-charges for right-handed fields will become
clear in what follows.

At this point we have a gauge theory with massless matter and gauge
bosons’ fields and no clear connection to phenomenology. This, in particu-
lar, is important for weak interactions which are known to have very small
interaction ranges and, thus, require massive gauge fields to describe them.
The mass terms for gauge bosons and also matter fields are introduced using
the mechanism of spontaneous symmetry breaking. The symmetry breaking
is facilitated by a scalar SU(2) doublet field; its Lagrangian reads
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• the Yukawa term that describes coupling of the scalar field to matter
fields and, eventually, gives masses to matter fields; the structure of
this term is fixed by the required renormalizability of the theory and the
gauge symmetry of the Lagrangian;

We will now turn to the discussion of the various terms in the Lagrangian
but before we go there let us briefly discuss why we need such a complicated
gauge group structure. In principle, strong interactions and their gauge group
is not important for the discussion of the SM Lagrangian since it can be stud-
ied and verified independently. Two other gauge groups SUL(2)⇥UY (1) con-
tain four gauge boson fields and describe their couplings to “left” (SUL(2))
and both “left” and “right” (UY (1)) matter fields. This distinction is nec-
essary because the SM should allow us to describe both the weak charged
current (muon decay, neutron decay), where only left-handed fields partici-
pate and the electromagnetic interaction of charged fermions which involves
both left- and right-fields.

We will now discuss the various items in the above list starting from the
kinetic terms for gauge fields. We write

Lkin = L
kin

QCD
+ Lkin

SU(2)
+ Lkin

U(1)
, (1.1)
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The field-strength tensors reads
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µ =
8X

1

G
a,µ
T
a

s
. (1.5)

3

• the Yukawa term that describes coupling of the scalar field to matter
fields and, eventually, gives masses to matter fields; the structure of
this term is fixed by the required renormalizability of the theory and the
gauge symmetry of the Lagrangian;

We will now turn to the discussion of the various terms in the Lagrangian
but before we go there let us briefly discuss why we need such a complicated
gauge group structure. In principle, strong interactions and their gauge group
is not important for the discussion of the SM Lagrangian since it can be stud-
ied and verified independently. Two other gauge groups SUL(2)⇥UY (1) con-
tain four gauge boson fields and describe their couplings to “left” (SUL(2))
and both “left” and “right” (UY (1)) matter fields. This distinction is nec-
essary because the SM should allow us to describe both the weak charged
current (muon decay, neutron decay), where only left-handed fields partici-
pate and the electromagnetic interaction of charged fermions which involves
both left- and right-fields.

We will now discuss the various items in the above list starting from the
kinetic terms for gauge fields. We write

Lkin = L
kin

QCD
+ Lkin

SU(2)
+ Lkin

U(1)
, (1.1)

where

L
kin

QCD
= �
1

2
Tr

⇥
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The kinetic term of the scalar field and the symmetry breaking term read
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◆
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For reasons that become clear later, we will take

~T� =
⌧

2
�, Ŷ � =

1

2
�. (1.15)

Using the gauge symmetry of the parts of the SM Lagrangian that we
described before, one can always put the Higgs doublet into the following
form

'(x) =

 
0

v+h(x)p
2

!

, (1.16)

where v is a constant and h(x) is the real-valued field. We find

LHiggs = (Dµ')
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v
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It follows from the above equation that the Higgs boson mass is

m
2

h
=
�v
2

2
, (1.18)

and, after spontaneous symmetry breaking, Higgs boson triple- and quartic
couplings are generated. These couplings are also functions of � and v .
Hence, once the Higgs boson mass is measured and the vacuum expectation
value is determined, the alleged Higgs potential of the Standard Model be-
comes fully fixed.

The kinetic term in Eq. (1.17) plays an extremely important role in the
Standard Model. To see this, we replace the Higgs field with its vacuum
expectation value

'vac =

✓
0
vp
2

◆
, (1.19)
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Gauge transformations allow us to remove three real fields from the Higgs doublet

The Lagrangian becomes

The mass of the Higgs boson reads

Triple and quartic Higgs boson couplings are fully determined once  the vacuum expectation 
value and the Higgs mass are known.

The kinetic terms of leptons and quarks, summed over three generations
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In Eq.(1.11) ~⌧ are the three Pauli matrices and ~� are eight Gell-Mann matri-
ces. A particular choice of U(1)-charges for right-handed fields will become
clear in what follows.
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i

µ
� ig

0
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It follows from the above equation that the Higgs boson mass is
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and, after spontaneous symmetry breaking, Higgs boson triple- and quartic
couplings are generated. These couplings are also functions of � and v .
Hence, once the Higgs boson mass is measured and the vacuum expectation
value is determined, the alleged Higgs potential of the Standard Model be-
comes fully fixed.

The kinetic term in Eq. (1.17) plays an extremely important role in the
Standard Model. To see this, we replace the Higgs field with its vacuum
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The Higgs boson kinetic term plays a very important role in the Standard Model as it allows us 
to generate masses for gauge fields.
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�, Ŷ � =

1

2
�. (1.15)

Using the gauge symmetry of the parts of the SM Lagrangian that we
described before, one can always put the Higgs doublet into the following
form

'(x) =

 
0

v+h(x)p
2

!

, (1.16)

where v is a constant and h(x) is the real-valued field. We find

LHiggs = (Dµ')
† (Dµ')�

�v
2
h
2

4

✓
1 +
h

v

◆2
. (1.17)

It follows from the above equation that the Higgs boson mass is

m
2

h
=
�v
2

2
, (1.18)

and, after spontaneous symmetry breaking, Higgs boson triple- and quartic
couplings are generated. These couplings are also functions of � and v .
Hence, once the Higgs boson mass is measured and the vacuum expectation
value is determined, the alleged Higgs potential of the Standard Model be-
comes fully fixed.

The kinetic term in Eq. (1.17) plays an extremely important role in the
Standard Model. To see this, we replace the Higgs field with its vacuum
expectation value

'vac =

✓
0
vp
2

◆
, (1.19)

6

<latexit sha1_base64="lGieCWhVkKsQer/ou2otXVIvPU4=">AAAB9HicbVDLTsJAFJ36xPpCXbqZSExckdYIhYWBxI1LNPJIoCHTYYAJ02mdmWJIw3e4caEhbv0J/8AN8W8cKCG+TnKTk3Puzb33eCGjUlnWp7Gyura+sZnaMrd3dvf20weHNRlEApMqDlggGh6ShFFOqooqRhqhIMj3GKl7g6uZXx8SIWnA79QoJK6Pepx2KUZKS27rlvb6CgkRPJhmO52xstYc8C+xFyRTep+al+FkWmmnP1qdAEc+4QozJGXTtkLlxkgoihkZm61IkhDhAeqRpqYc+US68fzoMTzVSgd2A6GLKzhXv0/EyJdy5Hu600eqL397M/E/rxmpbsGNKQ8jRThOFnUjBlUAZwnADhUEKzbSBGFB9a0Q95FAWOmckhCKeccpOMuXdQjFQi5nXyyV2nnWzmdzN1amXAIJUuAYnIAzYAMHlME1qIAqwOAePIJn8GIMjSdjYrwmrSvGYuYI/IDx9gWSOZXs</latexit>)

where

' =

✓
'1 + i'2
'3 + i'4

◆
, (1.13)

and
Dµ = @µ � igŴ
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are cosine and sine of the so-called weak mixing angle.
Eq. (1.20) implies that as the result of spontaneous symmetry breaking,

three gauge fields become massive. Two of these gauge fields areW1,2 and the
third is a linear combination of W3 and B. We denote this linear combination
by Z and the orthogonal one by A,

Zµ = cos ✓W W
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+ cos ✓W Bµ. (1.22)

The fields W1,2 and the field Z obtain masses

mW =
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respectively. The field Aµ remains massless.
We will now rewrite the covariant derivative in terms of the above fields.

To this end, it is convenient to introduce linear combinations of W1,2 fields
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By  definition, mass terms are quadratic in the corresponding fields;  to find the mass terms of 
the gauge fields, we need to replace the Higgs field with its vacuum expectation value.

From the kinetic term, we find
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where cosine and sine of the weak mixing angle are defined through the gauge coupling 
constants

The kinetic terms of leptons and quarks, summed over three generations
are then

Lkin =
X

j

L̄j,LiDµ�
µ
Lj,L +

X

j

l̄j,RiDµ�
µ
lj,R +

X

j

 ̄j,LiDµ�
µ j,L

+
X

j

Ūj,RiDµ�
µ
Uj,R ++

X

j

D̄j,RiDµ�
µ
Dj,R,

(1.9)

where the covariant derivatives read

Dµ = @µ � igŴ � ig
0
Ŷ Bµ � igsĜ. (1.10)

Generators of the SU(2)L, U(1)Y and SU(3) groups act in the following way
on the various matter fields

~TLj,L =
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2
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1

2
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2
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1

6
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3
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3
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~�

2
 j,L, ~TsUj,R =

~�

2
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~TsDj,R =
~�

2
Dj,R.

(1.11)

In Eq.(1.11) ~⌧ are the three Pauli matrices and ~� are eight Gell-Mann matri-
ces. A particular choice of U(1)-charges for right-handed fields will become
clear in what follows.

At this point we have a gauge theory with massless matter and gauge
bosons’ fields and no clear connection to phenomenology. This, in particu-
lar, is important for weak interactions which are known to have very small
interaction ranges and, thus, require massive gauge fields to describe them.
The mass terms for gauge bosons and also matter fields are introduced using
the mechanism of spontaneous symmetry breaking. The symmetry breaking
is facilitated by a scalar SU(2) doublet field; its Lagrangian reads

LHiggs = (Dµ')
† (Dµ')� �

✓
'
†
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v
2
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◆2
., (1.12)
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Using the gauge symmetry of the parts of the SM Lagrangian that we
described before, one can always put the Higgs doublet into the following
form
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where v is a constant and h(x) is the real-valued field. We find
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It follows from the above equation that the Higgs boson mass is

m
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and, after spontaneous symmetry breaking, Higgs boson triple- and quartic
couplings are generated. These couplings are also functions of � and v .
Hence, once the Higgs boson mass is measured and the vacuum expectation
value is determined, the alleged Higgs potential of the Standard Model be-
comes fully fixed.

The kinetic term in Eq. (1.17) plays an extremely important role in the
Standard Model. To see this, we replace the Higgs field with its vacuum
expectation value
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are cosine and sine of the so-called weak mixing angle.
Eq. (1.20) implies that as the result of spontaneous symmetry breaking,
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We will now rewrite the covariant derivative in terms of the above fields.
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are cosine and sine of the so-called weak mixing angle.
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mW = mZ cos ✓W

There is an important relation between W and Z masses and the weak mixing angle

Written in terms of the W3 and B fields, the mass term is not diagonal.  This is inconvenient.

Since the field A is massless, it is a candidate to describe the electromagnetic field.



Interactions of matter fields with gauge bosons are hidden in the kinetic term for the matter 
fields, more precisely in  the covariant derivatives.
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In QED, the coupling of a fermion with the charge Qe (e > 0) to a photon field reads

where T± = (T1 ± iT2)/
p
2. The coupling of a fermion with the charge Qe,

where e > 0 is the positron charge, with the electromagnetic field is given by
the following term in the Lagrangian

i ̄�
µ (@µ � iQeAµ) . (1.27)

Comparing the two expressions, we find that we can associate g sin thetaW
with the positron charge

e = g sin ✓W , (1.28)

and interpret the combination

Q = T3 + Y, (1.29)

as the operator of the electric charge (in units of e). It follows that the
neutrino electric charge is zero, and electric charges of left- and right-handed
electrons are �1, as it should be. We also find that electric charges of up
quarks are 2/3 and of down quarks – �1/3. Then, the combination of two up
quarks and one down quark gives us a proton with the right electric charge.
We also easily find that the electric charge of the Higgs boson is zero.
The interaction of Z-bosons with fermions is more complex because cou-

plings to left and right fields di↵er from each other. It is convenient though
to write it through T3 and the electric charge operators. We then find

�iZµ
g

cos ✓W

�
T3 �Q sin ✓

2

W

�
. (1.30)

To give an example, for charged leptons we find

�iZµ
g

4 cos ✓W
l̄
�
(�1 + 4 sin2 ✓W )�

µ + �µ�5
�
l , (1.31)

so that the interaction is a combination of a vector current and an axial
current. In general, for the fermion f we will write

�iZµ
g

4 cos ✓W

⇣
g
(f )

V
�
µ + g(f )

A
�µ�5

⌘
, (1.32)

where g(f )
A,V
are the vector and axial couplings of the fermion f . These cou-

plings are the same for all neutrinos, all charged leptons, all up quarks and all
down quarks.
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Comparing this expression with the above covariant derivative, we find 
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Standard results for electric charges of neutrinos (Q = 0), leptons (Q=-1), up-quarks (Q=+2/3) 
and down-quarks (Q = -1/3) easily follow from the weak isospin and hypercharge 
assignments  discussed earlier. 
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where T± = T1 ± iT2. The coupling of a fermion with the charge Qe, where
e > 0 is the positron charge, with the electromagnetic field is given by the
following term in the Lagrangian
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The kinetic terms of leptons and quarks, summed over three generations
are then

Lkin =
X

j

L̄j,LiDµ�
µ
Lj,L +

X

j

l̄j,RiDµ�
µ
lj,R +

X

j

 ̄j,LiDµ�
µ j,L

+
X

j

Ūj,RiDµ�
µ
Uj,R ++

X

j

D̄j,RiDµ�
µ
Dj,R,

(1.9)

where the covariant derivatives read

Dµ = @µ � igŴ � ig
0
Ŷ Bµ � igsĜ. (1.10)

Generators of the SU(2)L, U(1)Y and SU(3) groups act in the following way
on the various matter fields

~TLj,L =
~⌧

2
Lj,L,

~T lj,R = 0, Ŷ Lj,L = �
1

2
Lj,L, Ŷ lj,R = �lj,R,

~T j,L =
~⌧

2
 j,L, ~TUj,R = ~TDj,R = 0, Ŷ j,L =

1

6
 j,L,

Ŷ Uj,R =
2

3

1

3
Uj,R, Ŷ Dj,R = �

1

3
Dj,R,

~TsLj,L = ~Ts lj,R = 0,

~Ts j,L =
~�

2
 j,L, ~TsUj,R =

~�

2
Uj,R,

~TsDj,R =
~�

2
Dj,R.

(1.11)

In Eq.(1.11) ~⌧ are the three Pauli matrices and ~� are eight Gell-Mann matri-
ces. A particular choice of U(1)-charges for right-handed fields will become
clear in what follows.

At this point we have a gauge theory with massless matter and gauge
bosons’ fields and no clear connection to phenomenology. This, in particu-
lar, is important for weak interactions which are known to have very small
interaction ranges and, thus, require massive gauge fields to describe them.
The mass terms for gauge bosons and also matter fields are introduced using
the mechanism of spontaneous symmetry breaking. The symmetry breaking
is facilitated by a scalar SU(2) doublet field; its Lagrangian reads

LHiggs = (Dµ')
† (Dµ')�

�

4

✓
'
†
'�

v
2

2

◆2
., (1.12)
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We rewrite the covariant derivative  in terms of the physical (mass eigenstate) gauge fields.  
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clear in what follows.

At this point we have a gauge theory with massless matter and gauge
bosons’ fields and no clear connection to phenomenology. This, in particu-
lar, is important for weak interactions which are known to have very small
interaction ranges and, thus, require massive gauge fields to describe them.
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Before we continue with the discussion of weak  interactions of the  matter fields,  we need 
to  discuss  the Yukawa interactions. The most general  Yukawa Lagrangian reads

Finally, the interaction with charged gauge bosons and leptons is given by

�
ig
p
2

�
l̄�µ(1� �5)⌫W

�,µ + ⌫̄�µ(1� �5)lW
+,µ

�
. (1.33)

The above construction of the Standard Model Lagrangian leaves the
matter fields massless and, as we already mentioned, we cannot remedy this
by simply adding a mass term to the Lagrangian since such a term breaks
gauge invariance.
The way around this problem is to couple the Higgs doublet to the com-

bination of left and right matter fields in a gauge invariant manner and then
observe that, after the spontaneous symmetry breaking, such terms generate
masses.
We will first deal with the case of leptons. Since The Higgs field � is

also an SU(2) doublet with the weak hypercharge Ŷ � = 1/2�, the following
Yukawa Lagrangian

Ly,L = �fjk L̄j,L�lk,R + h.c., (1.34)

is gauge-invariant and renormalizable. Note that the quantities fjk at this
point are completely arbitrary complex numbers, and that the above La-
grangian involves coupling between the Higgs fields and di↵erent lepton fam-
ilies.
The electroweak symmetry breaking happens because the Higgs field ac-

quires the vacuum expectation value

�!

✓
0
vp
2

◆
(1.35)

The Lagrangian Eq.(1.34) then turns into a mass term for the (charged)
leptons

Lmass = �
v
p
2

�
fjk l̄j,Llk,R + f

⇤
j,k
l̄k,Rlj,L

�
. (1.36)

The mass matrix in Eq.(1.36) is peculiar since it contains o↵-diagonal terms;
hence, the lepton fields that appear there are not eigenstates of the (free)
Hamiltonian. The first thing we need to do therefore is to diagonalize the
mass matrix Eq.(1.36) without spoiling diagonal properties of the kinetics
energy  i @̂ i .
The trick that allows us to do that is an observation that one can write an

arbitrary matrix F as a product of a hermitian matrix H and a unitary matrix
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• Higgs coupling to leptons is obtained by replacing the vacuum expecta-
tion value v with v + h(x) in the Lagrangian Eq.(1.50). It follows that
Higgs boson interactions with lepton are flavor-diagonal.

In summary, we arrive at an important conclusion that in the absence of
right-handed neutrinos, an arbitrary matrix of Yukawa couplings can be turned
into a diagonal mass matrix; this immediately implies that leptons of di↵erent
flavors do not mix with each other.
We will now discuss what happens to quarks. From the point of view of

Yukawa interactions, the important di↵erence between quarks and leptons is
that both up- and down-type quarks have masses. As the result, we need
left- and right-handed fields for both up and down quarks. We write the
left-handed doublets as

 j,L =

✓
Uj

Dj

◆

L

, j = 1, 2, 3, (1.51)

and introduce right-handed singlets Uj,R, Dj,R. These fields have the following
U(1)Y quantum numbers

Ŷ j,L =
1

6
 j,L, Ŷ UR =

2

3
UR, Ŷ DR = �

1

3
DR. (1.52)

The Yukawa term should give masses to both up and down quarks after
the symmetry breaking. We know from the discussion of leptons how this
can be down for down-type quarks but for the up-type quarks, we need to
use properties of the SU(2) and construct another doublet out of the Higgs
doublet

�̃ = (i⌧2�
⇤) . (1.53)

The field �̃ has the following properties: 1) it transforms as a doublet under
SU(2) transformations; 2) its U(1) quantum number is �YH = �1/2 (since
�̃ ⇠ �

⇤); 3) after the symmetry breaking, �̃ only contains upper component.
Using these properties, we can write a gauge-invariant Yukawa Lagrangian for
up and down quarks

LY = �
v
p
2

⇣
f
(d)

jk
 ̄L,j� Dk,R + h.c

⌘
�
v
p
2

⇣
f
(u)

jk
 ̄L,j �̃ Uk,R + h.c

⌘
. (1.54)

Once the Higgs field develops a vacuum expectation value, the quark mass
term in the Lagrangian becomes

Lmass = �
v
p
2

⇣
D̄L,j f

(d)

jk
DR,k + h.c.

⌘
�
v
p
2

⇣
ŪL,j f

(u)

jk
UR,k + h.c.

⌘
. (1.55)
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• Higgs coupling to leptons is obtained by replacing the vacuum expecta-
tion value v with v + h(x) in the Lagrangian Eq.(1.50). It follows that
Higgs boson interactions with lepton are flavor-diagonal.

In summary, we arrive at an important conclusion that in the absence of
right-handed neutrinos, an arbitrary matrix of Yukawa couplings can be turned
into a diagonal mass matrix; this immediately implies that leptons of di↵erent
flavors do not mix with each other.
We will now discuss what happens to quarks. From the point of view of

Yukawa interactions, the important di↵erence between quarks and leptons is
that both up- and down-type quarks have masses. As the result, we need
left- and right-handed fields for both up and down quarks. We write the
left-handed doublets as

 j,L =

✓
Uj

Dj

◆

L

, j = 1, 2, 3, (1.51)

and introduce right-handed singlets Uj,R, Dj,R. These fields have the following
U(1)Y quantum numbers

Ŷ j,L =
1

6
 j,L, Ŷ UR =

2

3
UR, Ŷ DR = �

1

3
DR. (1.52)

The Yukawa term should give masses to both up and down quarks after
the symmetry breaking. We know from the discussion of leptons how this
can be down for down-type quarks but for the up-type quarks, we need to
use properties of the SU(2) and construct another doublet out of the Higgs
doublet

�̃ = (i⌧2�
⇤) . (1.53)

The field �̃ has the following properties: 1) it transforms as a doublet under
SU(2) transformations; 2) its U(1) quantum number is �YH = �1/2 (since
�̃ ⇠ �

⇤); 3) after the symmetry breaking, �̃ only contains upper component.
Using these properties, we can write a gauge-invariant Yukawa Lagrangian for
up and down quarks

LY = �
v
p
2

⇣
f
(d)

jk
 ̄L,j� Dk,R + h.c

⌘
�
v
p
2

⇣
f
(u)

jk
 ̄L,j �̃ Uk,R + h.c

⌘
. (1.54)

Once the Higgs field develops a vacuum expectation value, the quark mass
term in the Lagrangian becomes

Lmass = �
v
p
2

⇣
D̄L,j f

(d)

jk
DR,k + h.c.

⌘
�
v
p
2

⇣
ŪL,j f

(u)

jk
UR,k + h.c.

⌘
. (1.55)
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After the spontaneous symmetry breaking, we are left with terms that are quadratic in 
fermion fields, but where different “generations” of leptons and quarks mix

by simply adding a mass term to the Lagrangian since such a term breaks
gauge invariance.
The way around this problem is to couple the Higgs doublet to the com-

bination of left and right matter fields in a gauge invariant manner and then
observe that, after the spontaneous symmetry breaking, such terms generate
masses.
We will first deal with the case of leptons. Since The Higgs field � is

also an SU(2) doublet with the weak hypercharge Ŷ � = 1/2�, the following
Yukawa Lagrangian

Ly,L = �fjk L̄j,L�lk,R + h.c., (1.34)

is gauge-invariant and renormalizable. Note that the quantities fjk at this
point are completely arbitrary complex numbers, and that the above La-
grangian involves coupling between the Higgs fields and di↵erent lepton fam-
ilies.
The electroweak symmetry breaking happens because the Higgs field ac-

quires the vacuum expectation value

�!

✓
0
vp
2

◆
(1.35)

The Lagrangian Eq.(1.34) then turns into a mass term for the (charged)
leptons

Lmass = �
v
p
2

�
fjk l̄j,Llk,R + f

⇤
j,k
l̄k,Rlj,L

�
. (1.36)

The mass matrix in Eq.(1.36) is peculiar since it contains o↵-diagonal terms;
hence, the lepton fields that appear there are not eigenstates of the (free)
Hamiltonian. The first thing we need to do therefore is to diagonalize the
mass matrix Eq.(1.36) without spoiling diagonal properties of the kinetics
energy  i @̂ i .
The trick that allows us to do that is an observation that one can write an

arbitrary matrix F as a product of a hermitian matrix H and a unitary matrix
U

F = HU, H
+ = H, U

+
U = 1. (1.37)

To prove this assertion, consider a matrix

M = FF+. (1.38)
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into a diagonal mass matrix; this immediately implies that leptons of di↵erent
flavors do not mix with each other.
We will now discuss what happens to quarks. From the point of view of

Yukawa interactions, the important di↵erence between quarks and leptons is
that both up- and down-type quarks have masses. As the result, we need
left- and right-handed fields for both up and down quarks. We write the
left-handed doublets as

 j,L =

✓
Uj

Dj

◆

L

, j = 1, 2, 3, (1.51)

and introduce right-handed singlets Uj,R, Dj,R. These fields have the following
U(1)Y quantum numbers

Ŷ j,L =
1

6
 j,L, Ŷ UR =

2

3
UR, Ŷ DR = �

1

3
DR. (1.52)

The Yukawa term should give masses to both up and down quarks after
the symmetry breaking. We know from the discussion of leptons how this
can be down for down-type quarks but for the up-type quarks, we need to
use properties of the SU(2) and construct another doublet out of the Higgs
doublet

�̃ = (i⌧2�
⇤) . (1.53)

The field �̃ has the following properties: 1) it transforms as a doublet under
SU(2) transformations; 2) its U(1) quantum number is �YH = �1/2 (since
�̃ ⇠ �

⇤); 3) after the symmetry breaking, �̃ only contains upper component.
Using these properties, we can write a gauge-invariant Yukawa Lagrangian for
up and down quarks

LY = �
v
p
2

⇣
f
(d)

jk
 ̄L,j� Dk,R + h.c

⌘
�
v
p
2

⇣
f
(u)

jk
 ̄L,j �̃ Uk,R + h.c

⌘
. (1.54)

Once the Higgs field develops a vacuum expectation value, the quark mass
term in the Lagrangian becomes

Lmass = �
v
p
2

⇣
D̄L,j f

(d)

jk
DR,k + h.c.

⌘
�
v
p
2

⇣
ŪL,j f

(u)

jk
UR,k + h.c.

⌘
. (1.55)

Comparing to leptons, we see that diagonalization of the mass term for quarks
will require us to perform independent rotations of up and down quarks, both
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into a diagonal mass matrix; this immediately implies that leptons of di↵erent
flavors do not mix with each other.
We will now discuss what happens to quarks. From the point of view of

Yukawa interactions, the important di↵erence between quarks and leptons is
that both up- and down-type quarks have masses. As the result, we need
left- and right-handed fields for both up and down quarks. We write the
left-handed doublets as

 j,L =
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Uj
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L

, j = 1, 2, 3, (1.51)

and introduce right-handed singlets Uj,R, Dj,R. These fields have the following
U(1)Y quantum numbers
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3
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1

3
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The Yukawa term should give masses to both up and down quarks after
the symmetry breaking. We know from the discussion of leptons how this
can be down for down-type quarks but for the up-type quarks, we need to
use properties of the SU(2) and construct another doublet out of the Higgs
doublet

�̃ = (i⌧2�
⇤) . (1.53)

The field �̃ has the following properties: 1) it transforms as a doublet under
SU(2) transformations; 2) its U(1) quantum number is �YH = �1/2 (since
�̃ ⇠ �

⇤); 3) after the symmetry breaking, �̃ only contains upper component.
Using these properties, we can write a gauge-invariant Yukawa Lagrangian for
up and down quarks
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Once the Higgs field develops a vacuum expectation value, the quark mass
term in the Lagrangian becomes

Lmass = �
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D̄L,j f
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⌘
�
v
p
2

⇣
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⌘
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Comparing to leptons, we see that diagonalization of the mass term for quarks
will require us to perform independent rotations of up and down quarks, both
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into a diagonal mass matrix; this immediately implies that leptons of di↵erent
flavors do not mix with each other.
We will now discuss what happens to quarks. From the point of view of

Yukawa interactions, the important di↵erence between quarks and leptons is
that both up- and down-type quarks have masses. As the result, we need
left- and right-handed fields for both up and down quarks. We write the
left-handed doublets as

 j,L =
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, j = 1, 2, 3, (1.51)

and introduce right-handed singlets Uj,R, Dj,R. These fields have the following
U(1)Y quantum numbers
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The Yukawa term should give masses to both up and down quarks after
the symmetry breaking. We know from the discussion of leptons how this
can be down for down-type quarks but for the up-type quarks, we need to
use properties of the SU(2) and construct another doublet out of the Higgs
doublet
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SU(2) transformations; 2) its U(1) quantum number is �YH = �1/2 (since
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⇤); 3) after the symmetry breaking, �̃ only contains upper component.
Using these properties, we can write a gauge-invariant Yukawa Lagrangian for
up and down quarks
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Once the Higgs field develops a vacuum expectation value, the quark mass
term in the Lagrangian becomes
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⌘
�
v
p
2

⇣
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Comparing to leptons, we see that diagonalization of the mass term for quarks
will require us to perform independent rotations of up and down quarks, both
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into a diagonal mass matrix; this immediately implies that leptons of di↵erent
flavors do not mix with each other.
We will now discuss what happens to quarks. From the point of view of

Yukawa interactions, the important di↵erence between quarks and leptons is
that both up- and down-type quarks have masses. As the result, we need
left- and right-handed fields for both up and down quarks. We write the
left-handed doublets as

 j,L =
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The Yukawa term should give masses to both up and down quarks after
the symmetry breaking. We know from the discussion of leptons how this
can be down for down-type quarks but for the up-type quarks, we need to
use properties of the SU(2) and construct another doublet out of the Higgs
doublet

�̃ = (i⌧2�
⇤) . (1.53)

The field �̃ has the following properties: 1) it transforms as a doublet under
SU(2) transformations; 2) its U(1) quantum number is �YH = �1/2 (since
�̃ ⇠ �

⇤); 3) after the symmetry breaking, �̃ only contains upper component.
Using these properties, we can write a gauge-invariant Yukawa Lagrangian for
up and down quarks

LY = �
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2

⇣
f
(d)
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⌘
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2

⇣
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Once the Higgs field develops a vacuum expectation value, the quark mass
term in the Lagrangian becomes

Lmass = �
v
p
2

⇣
D̄L,j f

(d)

jk
DR,k + h.c.

⌘
�
v
p
2

⇣
ŪL,j f

(u)

jk
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⌘
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Comparing to leptons, we see that diagonalization of the mass term for quarks
will require us to perform independent rotations of up and down quarks, both
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These terms have to be diagonalised. This requires different  “inter-generational” rotations  
of left-handed U and D fields which, however, are part of the same left doublet.   The 
gauge-interaction term that induces transitions from U to D and vice versa becomes 
affected by the 3 x 3 unitary mixing matrix, which describes the “mismatch” in rotations of 
up-type and down-types left-handed fields

left-handed and right-handed. Hence, if we introduce two matrices F (u,d) with
matrix elements F (u,d)

ik
= f (u,d)

jk
, we can write

F
(↵) = H(↵)U(↵), ↵ = u, d. (1.56)

Assuming that H(↵) is diagonalized by a unitary matrix V (↵), the following
field rotations are required

DL ! V
(d)
DL, DR ! U

(d)+
V
(d)
DR, UL ! V

(u)
UL, UR ! U

(u)+
V
(u)
UR,

(1.57)
to diagonalize Eq.(1.55).
The important feature of these transformations is that left-handed up and

left-handed down fields, that belong to the same SU(2)L doublets, are trans-
formed di↵erently; hence, terms in the Lagrangian that couple left-handed up
and left-handed down fields will be modified. Such terms are present in the
gauge couplings of the SU(2) gauge bosons W1,2 to left-handed quarks. The
corresponding contribution to the Lagrangian written in terms of the original
(before the transformation in Eq.(1.57) ) fields reads

Lcharge =
g
p
2
W
+

µ

X

j

Ūj,L�
µ
Dj,L + h.c. (1.58)

Once the field transformation Eq.(1.57) is performed, we obtain

Lcharge =
g
p
2
W
+

µ

X

jk

Ūj,LV
CKM

jk
�
µ
Dk,L + h.c., (1.59)

where
V
CKM = V (u)+V (d) (1.60)

is the so-called CKM (Cabibbo-Kobayashi-Maskawa) matrix.
We will now discuss the properties of the CKM matrix. First, this matrix

is unitary, given that both V (u) and V (d) matrices are unitary. Second, this
matrix has been studied experimentally and this is what we know about it (see
e.g. http://pdg.lbl.gov/2019/reviews/rpp2019-rev-ckm-matrix.pdf)

V
CKM =

0

@
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1

A =

0

@
0.9743(1) 0.2253(6) 0.0035(1)
0.2252(6) 0.9734(1) 0.041(1)
0.0087(3) 0.040(1) 0.99915(3)

1

A ,

(1.61)
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Since for us neutrinos are massless, a similar matrix does not appear in the lepton sector.



It is convenient to re-write the Z-boson contribution to the covariant derivative through the third 
component of weak isospin T3 and the electric charge.  We find 

where T± = (T1 ± iT2)/
p
2. The coupling of a fermion with the charge Qe,

where e > 0 is the positron charge, with the electromagnetic field is given by
the following term in the Lagrangian

i ̄�
µ (@µ � iQeAµ) . (1.27)

Comparing the two expressions, we find that we can associate g sin thetaW
with the positron charge

e = g sin ✓W , (1.28)

and interpret the combination

Q = T3 + Y, (1.29)

as the operator of the electric charge (in units of e). It follows that the
neutrino electric charge is zero, and electric charges of left- and right-handed
electrons are �1, as it should be. We also find that electric charges of up
quarks are 2/3 and of down quarks – �1/3. Then, the combination of two up
quarks and one down quark gives us a proton with the right electric charge.
We also easily find that the electric charge of the Higgs boson is zero.
The interaction of Z-bosons with fermions is more complex because cou-

plings to left and right fields di↵er from each other. It is convenient though
to write it through T3 and the electric charge operators. We then find

�iZµ
g

cos ✓W

�
T3 �Q sin ✓

2

W

�
. (1.30)

To give an example, for charged leptons we find

�iZµ
g

4 cos ✓W
l̄
�
(�1 + 4 sin2 ✓W )�

µ + �µ�5
�
l , (1.31)

so that the interaction is a combination of a vector current and an axial
current. In general, for the fermion f we will write

�iZµ
g

4 cos ✓W

⇣
g
(f )

V
�
µ + g(f )

A
�µ�5

⌘
, (1.32)

where g(f )
A,V
are the vector and axial couplings of the fermion f . These cou-

plings are the same for all neutrinos, all charged leptons, all up quarks and all
down quarks.
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The current reads

<latexit sha1_base64="JJarMxYwHLJox2GoVFLpubmj8Bk="></latexit>

Jµ
Z =

1

2

X

 2l,q

 ̄
⇥
(T 3

L �Q sin2 ✓W )�µ � T 3
L�

µ�5
⇤
 

The contribution to the Lagrangian is written as

where we sum over all quarks and leptons. 

The W-bosons contribution reads
<latexit sha1_base64="lkQtjNfIQuWZ4ObnJo3s2xGD5rQ="></latexit>

LW =
gp
2
W+

µ Jµ,+
W + h.c.

<latexit sha1_base64="/0TENEFNxwU+lFlDe1oSNOw3zlQ="></latexit>

Jµ,+
W =

1

2

X

l

⌫̄l�
µ(1� �5)l +

1

2

X

i,j

ūi�
µ(1� �5)Vijdj

Note the CKM matrix in the quark current.

<latexit sha1_base64="csHlfaO38+SavemefC4clYOekT8="></latexit>

LZ =
g

cos ✓W
Jµ
Z
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Zµ



The Standard Model is a weakly-coupled theory; therefore, we can use the perturbative 
expansion to arrive at physical predictions.  Here are the examples of the Feynman rules:
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D.4.2 Triple Gauge Interactions

�ie [g↵�(p � k)µ + g�µ(k � q)↵ + gµ↵(q � p)�] (D.52)
p q

k

W�
↵

W+

�

Aµ

ig cos ✓W [g↵�(p � k)µ + g�µ(k � q)↵ + gµ↵(q � p)�] (D.53)
p q

k

W�
↵

W+

�

Zµ

D.4.3 Quartic Gauge Interactions
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D.4.4 Charged Current Interaction
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D.4.6 Fermion-Higgs and Fermion-Goldstone Interactions

�i
g

2

mf

mW
(D.61)

h

f

f

�g T 3

f
mf

mW
�5 (D.62)

'Z

f

f

i
gp
2

✓
mu

mW
PR,L � md

mW
PL,R

◆
(D.63)

'⌥

 d,u

 u,d

D.4.7 Triple Higgs-Gauge and Goldstone-Gauge Interactions

�i e (p+ � p�)µ (D.64)
Aµ

'+

'�
p�

p+

384 APPENDIX D. FEYNMAN RULES FOR THE STANDARD MODEL

D.4.4 Charged Current Interaction

i
gp
2
�µ

1� �5
2

(D.58)
 d,u

 u,d
W±

µ

D.4.5 Neutral Current Interaction

(D.59)

 f

 f

 f

 f

Zµ Aµ
i

g

cos ✓W
�µ

⇣
gfV � gfA�5

⌘
�ieQf�µ

where

gfV =
1

2
T 3

f �Qf sin
2 ✓W , gfA =

1

2
T 3

f . (D.60)

D.4.6 Fermion-Higgs and Fermion-Goldstone Interactions

�i
g

2

mf

mW
(D.61)

h

f

f

�g T 3

f
mf

mW
�5 (D.62)

'Z

f

f

i
gp
2

✓
mu

mW
PR,L � md

mW
PL,R

◆
(D.63)

'⌥

 d,u

 u,d

D.4.7 Triple Higgs-Gauge and Goldstone-Gauge Interactions

�i e (p+ � p�)µ (D.64)
Aµ

'+

'�
p�

p+

384 APPENDIX D. FEYNMAN RULES FOR THE STANDARD MODEL

D.4.4 Charged Current Interaction

i
gp
2
�µ

1� �5
2

(D.58)
 d,u

 u,d
W±

µ

D.4.5 Neutral Current Interaction

(D.59)

 f

 f

 f

 f

Zµ Aµ
i

g

cos ✓W
�µ

⇣
gfV � gfA�5

⌘
�ieQf�µ

where

gfV =
1

2
T 3

f �Qf sin
2 ✓W , gfA =

1

2
T 3

f . (D.60)

D.4.6 Fermion-Higgs and Fermion-Goldstone Interactions

�i
g

2

mf

mW
(D.61)

h

f

f

�g T 3

f
mf

mW
�5 (D.62)

'Z

f

f

i
gp
2

✓
mu

mW
PR,L � md

mW
PL,R

◆
(D.63)

'⌥

 d,u

 u,d

D.4.7 Triple Higgs-Gauge and Goldstone-Gauge Interactions

�i e (p+ � p�)µ (D.64)
Aµ

'+

'�
p�

p+

D.4. THE FEYNMAN RULES FOR THE ELECTROWEAK THEORY 385

i g
cos 2✓W
2 cos ✓W

(p+ � p�)µ (D.65)
Zµ

'+

'�
p�

p+

⌥ i

2
g (k � p)µ (D.66)W±

µ

h

'⌥
k

p

g

2
(k � p)µ (D.67)W±

µ

'Z

'⌥
k

p

g

2 cos ✓
(k � p)µ (D.68)Zµ

h

'Z

k

p

�iemW gµ⌫ (D.69)

Aµ

W±
⌫

'⌥

�ig mZ sin2 ✓W gµ⌫ (D.70)

Zµ

W±
⌫

'⌥

ig mW gµ⌫ (D.71)
W±

µ

W⌥
⌫

h

386 APPENDIX D. FEYNMAN RULES FOR THE STANDARD MODEL

i
g

cos ✓W
mZ gµ⌫ (D.72)

Zµ

Z⌫

h

D.4.8 Quartic Higgs-Gauge and Goldstone-Gauge Interactions
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In quantum field theory, one has to distinguish between parameters that appear in the 
Lagrangian and physical quantities observed in Nature since they may not be the same.  
Physical quantities, such as masses, couplings etc. have to be  defined through physical 
observables and  related to the Lagrangian parameters through (perturbative) computations. 

Such computations may lead to poorly defined quantities  that we refer to as  divergent.  These 
divergencies affect relations between physical and Lagrangian parameters, but this is a  
technical issue that, by itself, has nothing to do with the need for the renormalization. 

In renormalisable theories,  this problem of divergencies is taken care of by fixing a few 
physical parameters to their experimental values.  If this is done and  the results of the 
calculation are written in terms of physical parameters,  all predictions become finite (i.e. 
independent of the “divergencies problem”). 
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The Standard Model was proven to be a renormalisable theory.  This implies that by fixing  the 
(finite)  number of input SM parameters from experimental measurements, we  get a theory 
with an absolute predictive power (provided that our computational prowess is sufficient).

The input parameters include masses of quarks and leptons, CKM matrix elements,  the Higgs 
self-coupling constant, the Higgs field  vacuum expectation value and the gauge couplings for 
SU(3), SU(2) and U(1) gauge groups. 

A useful alternative to fixing two gauge couplings (SU(2) and U(1)),  the Higgs self-coupling and 
the Higgs vacuum expectation value,  is to fix masses of W and Z bosons, the Higgs boson 
mass and the value of the electromagnetic coupling constant.



Remarks on precision SM physics 



Because of this, the original goal of the SM precision physics was to determine the missing 
input parameters of the SM — the Higgs mass and the top quark mass — from their indirect 
effects on observables that can be precisely measured.  However, with the discovery of the top 
quark mass and, later, the Higgs boson, and very precise measurements of their  masses, the 
theory became  fully determined. 

For this reason, the current goal of the precision SM physics program is to systematically 
compare predictions of the SM with the results of measurements for  many observables.  We 
hope that by doing this, we will be  able to establish a credible need for physics beyond the 
Standard Model. 

Historically,  after the SM was formulated as a theory of weak and electromagnetic 
interactions, and the first bunch of particles that one needed  was discovered (charm quark, 
tau-neutrino, bottom quark, W and Z bosons),  masses of the top quark and the Higgs boson 
remained unknown. 



This simple idea is behind all high-precision low-energy experiments; it is also becoming the 
dominant philosophy behind the many LHC measurements. However,  it has important  
limitations because getting to higher and higher precision forces us to dive  deeper and deeper 
into complicated physics leading to uncertain outcomes. 

•  not all observables are equal; there are observables that are easier to understand 
theoretically than the other ones; simple observables must carry more weight in the 
comparison with the SM. 

• SM physics is not the same as “perturbative SM physics”;  in some cases, we start feeling 
“lack of perturbativity” by pushing to higher and higher precision.  

• observables that can be studied at the highest energies are important because  effects of 
heavy New Physics at high energies are more pronounced. Thus, lower relative precision of  
SM predictions at high energies is typically sufficient to probe for New Physics.  

When discussing precision physics one has to remember that



Masses of the Standard Model particles   (and some other things)



An important class of required SM inputs is comprised by the masses of elementary particles. 
Electron and muon masses are know from atomic physics, light-quark masses are known 
poorly but  do not really matter, c-quark and b-quark masses are derived from D and B meson 
masses and the rest comes from collider physics measurements.  Note that the (relative) 
precision of the top quark mass measurement is extraordinary (a few per mille).
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mt = 172.52± 0.33 GeV



The Z-boson mass was measured at LEP.  Z-bosons were produced at LEP in collisions of 
electrons and positrons,  and their decays into various final states were studied.  An amplitude 
to describe the electron-positron annihilation into a pair of muons reads
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<latexit sha1_base64="Fd4ODYpBT2+s/INWV3ddGhO10IU=">AAAB7HicbVDLSsNAFJ34rPFVdelmsAhuLInYpl1IC25cVrAPaGOZTCft0MkkzEyEEvoNblwo4krwR/wDN8W/cdqU4uvAhcM593LvPV7EqFSW9WksLa+srq1nNszNre2d3ezefkOGscCkjkMWipaHJGGUk7qiipFWJAgKPEaa3vBy6jfviJA05DdqFBE3QH1OfYqR0lKd3J6aZjebs/LWDPAvseckV3mfmBfR66TWzX50eiGOA8IVZkjKtm1Fyk2QUBQzMjY7sSQRwkPUJ21NOQqIdJPZsWN4rJUe9EOhiys4U79PJCiQchR4ujNAaiB/e1PxP68dK7/kJpRHsSIcp4v8mEEVwunnsEcFwYqNNEFYUH0rxAMkEFY6nzSEctFxSs7iZR1CuVQo2OcLpXGWt4v5wrWVq1ZAigw4BEfgBNjAAVVwBWqgDjCg4B48gieDGw/Gs/GSti4Z85kD8APG2xfg7pIH</latexit>

e�

<latexit sha1_base64="YmRZafI8+MoZdiN1siXuSf9xLME=">AAAB7HicbVDLSsNAFJ34rPFVdelmsAiCUBKxTbuQFty4rGAf0MYymU7aoZNJmJkIJfQb3LhQxJXgj/gHbop/47QpxdeBC4dz7uXee7yIUaks69NYWl5ZXVvPbJibW9s7u9m9/YYMY4FJHYcsFC0PScIoJ3VFFSOtSBAUeIw0veHl1G/eESFpyG/UKCJugPqc+hQjpaU6uT01zW42Z+WtGeBfYs9JrvI+MS+i10mtm/3o9EIcB4QrzJCUbduKlJsgoShmZGx2YkkihIeoT9qachQQ6SazY8fwWCs96IdCF1dwpn6fSFAg5SjwdGeA1ED+9qbif147Vn7JTSiPYkU4Thf5MYMqhNPPYY8KghUbaYKwoPpWiAdIIKx0PmkI5aLjlJzFyzqEcqlQsM8XSuMsbxfzhWsrV62AFBlwCI7ACbCBA6rgCtRAHWBAwT14BE8GNx6MZ+MlbV0y5jMH4AeMty/d4pIF</latexit>

e+

<latexit sha1_base64="gW34poYn1t4rqIObsKE7iNhcOxA=">AAAB7nicbVDLSsNAFJ3UV42P1roR3AwWoRtLIrZpVxbcuKxgH9DGMplO26GTSZiZCDX0I9y4UMSt/+DOT3Dn3zhtSvF14MLhnHu59x4vZFQqy/o0Uiura+sb6U1za3tnN5PdyzVlEAlMGjhggWh7SBJGOWkoqhhph4Ig32Ok5Y0vZn7rlghJA36tJiFxfTTkdEAxUlpqdf3o5sQ0e9m8VbTmgH+JvSD52sFbIZN7v6v3sh/dfoAjn3CFGZKyY1uhcmMkFMWMTM1uJEmI8BgNSUdTjnwi3Xh+7hQea6UPB4HQxRWcq98nYuRLOfE93ekjNZK/vZn4n9eJ1KDixpSHkSIcJ4sGEYMqgLPfYZ8KghWbaIKwoPpWiEdIIKx0QkkI1bLjVJzlyzqEaqVUss+WSvO0aJeLpSudxjlIkAaH4AgUgA0cUAOXoA4aAIMxuAeP4MkIjQfj2XhJWlPGYmYf/IDx+gWGJZGC</latexit>

µ�

<latexit sha1_base64="suSh/RSabXfN/2eia5dSOzkRHC4=">AAAB7nicbVDLSsNAFJ3UV42P1roR3AwWoSCURGzTriy4cVnBPqCNZTKdtkMnkzAzEWroR7hxoYhb/8Gdn+DOv3HalOLrwIXDOfdy7z1eyKhUlvVppFZW19Y30pvm1vbObia7l2vKIBKYNHDAAtH2kCSMctJQVDHSDgVBvsdIyxtfzPzWLRGSBvxaTULi+mjI6YBipLTU6vrRzYlp9rJ5q2jNAf8Se0HytYO3Qib3flfvZT+6/QBHPuEKMyRlx7ZC5cZIKIoZmZrdSJIQ4TEako6mHPlEuvH83Ck81kofDgKhiys4V79PxMiXcuJ7utNHaiR/ezPxP68TqUHFjSkPI0U4ThYNIgZVAGe/wz4VBCs20QRhQfWtEI+QQFjphJIQqmXHqTjLl3UI1UqpZJ8tleZp0S4XS1c6jXOQIA0OwREoABs4oAYuQR00AAZjcA8ewZMRGg/Gs/GStKaMxcw++AHj9QuDGZGA</latexit>

µ+At                    the non-resonant (photon)  term can be neglected.
<latexit sha1_base64="Vl/9KhnK2eg8iEmSLDWFkiyIlv4=">AAAB+3icbVDLSsNAFJ3UqrW+Yl26cFCErkJSbNOuLAjisoJ9YBvDZDpth04ezEykJfRX3LhQxK0/4s6/cdqU4uvAhcM593LvPV7EqJCm+all1rLrG5u5rfz2zu7evn5QaIkw5pg0cchC3vGQIIwGpCmpZKQTcYJ8j5G2N76c++0HwgUNg1s5jYjjo2FABxQjqSRXL0ABeyiKeDiBvnt3X8rnXf3UNMwF4F9iLclp/fgKFWtZo+HqH71+iGOfBBIzJETXMiPpJIhLihmZ5XuxIBHCYzQkXUUD5BPhJIvbZ/BMKX04CLmqQMKF+n0iQb4QU99TnT6SI/Hbm4v/ed1YDqpOQoMoliTA6aJBzKAM4TwI2KecYMmmiiDMqboV4hHiCEsVVxpCrWLbVXv1sgqhVi2XrfOV0ioZVsUo36g0LkCKHDgCJ6AILGCDOrgGDdAEGEzAI3gGL9pMe9Jetbe0NaMtZw7BD2jvXwwZlNg=</latexit>

s ⇡ m2
Z

However, now there is an apparent problem since the above matrix element blows up at 
the most interesting kinematic point                 .   What happens there?

<latexit sha1_base64="vpdWiYX5RXO0nM0C4uKt4CBsTto="></latexit>

iM =
R(m2

Z)

s�m2
Z

<latexit sha1_base64="kVRQgxqc7THuEC24RkXra1RqhuQ="></latexit>

iM = J̃⇢
Z,e

g⇢�
s�m2

Z

J̃�
Z,µ + J̃⇢

�,e
g⇢�
s

J̃�
�,µ

<latexit sha1_base64="Vl/9KhnK2eg8iEmSLDWFkiyIlv4=">AAAB+3icbVDLSsNAFJ3UqrW+Yl26cFCErkJSbNOuLAjisoJ9YBvDZDpth04ezEykJfRX3LhQxK0/4s6/cdqU4uvAhcM593LvPV7EqJCm+all1rLrG5u5rfz2zu7evn5QaIkw5pg0cchC3vGQIIwGpCmpZKQTcYJ8j5G2N76c++0HwgUNg1s5jYjjo2FABxQjqSRXL0ABeyiKeDiBvnt3X8rnXf3UNMwF4F9iLclp/fgKFWtZo+HqH71+iGOfBBIzJETXMiPpJIhLihmZ5XuxIBHCYzQkXUUD5BPhJIvbZ/BMKX04CLmqQMKF+n0iQb4QU99TnT6SI/Hbm4v/ed1YDqpOQoMoliTA6aJBzKAM4TwI2KecYMmmiiDMqboV4hHiCEsVVxpCrWLbVXv1sgqhVi2XrfOV0ioZVsUo36g0LkCKHDgCJ6AILGCDOrgGDdAEGEzAI3gGL9pMe9Jetbe0NaMtZw7BD2jvXwwZlNg=</latexit>

s ⇡ m2
Z

<latexit sha1_base64="o8hiYuRg58yu9VpNCBD2BFwvtDY=">AAAB6HicbVDLasJAFJ3Yl01ftl12M1QKXUlSqtGFKHTTpUJ9gAaZjKNOnUzCzKQgwS/opouW0m37Kf2DbqR/0zGK9HXgwuGce7n3Hi9kVCrL+jRSa+sbm1vpbXNnd2//IHN41JRBJDBp4IAFou0hSRjlpKGoYqQdCoJ8j5GWN76a+607IiQN+I2ahMT10ZDTAcVIaale7mWyVs5KAP8Se0mylfeZWQ7fZrVe5qPbD3DkE64wQ1J2bCtUboyEopiRqdmNJAkRHqMh6WjKkU+kGyeHTuGZVvpwEAhdXMFE/T4RI1/Kie/pTh+pkfztzcX/vE6kBkU3pjyMFOF4sWgQMagCOP8a9qkgWLGJJggLqm+FeIQEwkpnYyYhlAqOU3RWL+sQSsV83r5cKc2LnF3I5etWtloBC6TBCTgF58AGDqiCa1ADDYABAffgETwZt8aD8Wy8LFpTxnLmGPyA8foFHJWRGA==</latexit>=
<latexit sha1_base64="IQQU9OtqrLDhDt/1dh07vpHJtjA=">AAAB6HicbVDLSsNAFJ1Uq7U+WuvSzWARBKEkYpt2ZcGNyxbsA9pQJtNJO3YyCTMToYZ+gRsXirj1U/wEd/6Bn+E0LcXXgQuHc+7l3nvckFGpTPPDSK2tpzc2M1vZ7Z3dvVx+v9CWQSQwaeGABaLrIkkY5aSlqGKkGwqCfJeRjju5nPudWyIkDfi1mobE8dGIU49ipLTUPB3ki2bJTAD/EmtJivX0Z67wdocbg/x7fxjgyCdcYYak7FlmqJwYCUUxI7NsP5IkRHiCRqSnKUc+kU6cHDqDx1oZQi8QuriCifp9Ika+lFPf1Z0+UmP525uL/3m9SHlVJ6Y8jBTheLHIixhUAZx/DYdUEKzYVBOEBdW3QjxGAmGls8kmIdQqtl21Vy/rEGrVctk6Xynts5JVKZWbOo0LsEAGHIIjcAIsYIM6uAIN0AIYEHAPHsGTcWM8GM/Gy6I1ZSxnDsAPGK9fgYSP6Q==</latexit>

+
<latexit sha1_base64="IQQU9OtqrLDhDt/1dh07vpHJtjA=">AAAB6HicbVDLSsNAFJ1Uq7U+WuvSzWARBKEkYpt2ZcGNyxbsA9pQJtNJO3YyCTMToYZ+gRsXirj1U/wEd/6Bn+E0LcXXgQuHc+7l3nvckFGpTPPDSK2tpzc2M1vZ7Z3dvVx+v9CWQSQwaeGABaLrIkkY5aSlqGKkGwqCfJeRjju5nPudWyIkDfi1mobE8dGIU49ipLTUPB3ki2bJTAD/EmtJivX0Z67wdocbg/x7fxjgyCdcYYak7FlmqJwYCUUxI7NsP5IkRHiCRqSnKUc+kU6cHDqDx1oZQi8QuriCifp9Ika+lFPf1Z0+UmP525uL/3m9SHlVJ6Y8jBTheLHIixhUAZx/DYdUEKzYVBOEBdW3QjxGAmGls8kmIdQqtl21Vy/rEGrVctk6Xynts5JVKZWbOo0LsEAGHIIjcAIsYIM6uAIN0AIYEHAPHsGTcWM8GM/Gy6I1ZSxnDsAPGK9fgYSP6Q==</latexit>

+ <latexit sha1_base64="V6NR4GHK+5KPD9EsDOgMuJMxiVM=">AAAB7HicbVDLSsNAFJ3UV42vqks3g0VwVRKxTbuQFty4rGDaQhvKZDpph04mYWYilNBvcONCEVeCP+IfuCn+jdNUiq8DA4dz7mHuPX7MqFSW9WHkVlbX1jfym+bW9s7uXmH/oCWjRGDi4ohFouMjSRjlxFVUMdKJBUGhz0jbH1/O/fYtEZJG/EZNYuKFaMhpQDFSWnJ7g0jJfqFolawM8C+xv0ix/jYzL+KXWbNfeNc5nISEK8yQlF3bipWXIqEoZmRq9hJJYoTHaEi6mnIUEuml2bJTeKKVAQwioR9XMFO/J1IUSjkJfT0ZIjWSv725+J/XTVRQ9VLK40QRjhcfBQmDKoLzy+GACoIVm2iCsKB6V4hHSCCsdD9mVkKt4jhVZ3myLqFWLZft86XSOivZlVL52io26mCBPDgCx+AU2MABDXAFmsAFGFBwBx7Ao8GNe+PJeF6M5oyvzCH4AeP1E4Ewkxk=</latexit>. . .<latexit sha1_base64="IQQU9OtqrLDhDt/1dh07vpHJtjA=">AAAB6HicbVDLSsNAFJ1Uq7U+WuvSzWARBKEkYpt2ZcGNyxbsA9pQJtNJO3YyCTMToYZ+gRsXirj1U/wEd/6Bn+E0LcXXgQuHc+7l3nvckFGpTPPDSK2tpzc2M1vZ7Z3dvVx+v9CWQSQwaeGABaLrIkkY5aSlqGKkGwqCfJeRjju5nPudWyIkDfi1mobE8dGIU49ipLTUPB3ki2bJTAD/EmtJivX0Z67wdocbg/x7fxjgyCdcYYak7FlmqJwYCUUxI7NsP5IkRHiCRqSnKUc+kU6cHDqDx1oZQi8QuriCifp9Ika+lFPf1Z0+UmP525uL/3m9SHlVJ6Y8jBTheLHIixhUAZx/DYdUEKzYVBOEBdW3QjxGAmGls8kmIdQqtl21Vy/rEGrVctk6Xynts5JVKZWbOo0LsEAGHIIjcAIsYIM6uAIN0AIYEHAPHsGTcWM8GM/Gy6I1ZSxnDsAPGK9fgYSP6Q==</latexit>

+

<latexit sha1_base64="0dib6bCIK1h7v2cQiSdN5gyJz5Y="></latexit>

�igµ⌫⇧ZZ(s)

<latexit sha1_base64="Mdj2lS0BHPOcn5J7dL3Dxbzpsqc="></latexit> �igµ⌫

s�m2
Z

) �igµ⌫
s�m2

Z +⇧ZZ(s)

<latexit sha1_base64="JJarMxYwHLJox2GoVFLpubmj8Bk="></latexit>

Jµ
Z =

1

2

X

 2l,q

 ̄
⇥
(T 3

L �Q sin2 ✓W )�µ � T 3
L�

µ�5
⇤
 

<latexit sha1_base64="csHlfaO38+SavemefC4clYOekT8="></latexit>

LZ =
g

cos ✓W
Jµ
Z

<latexit sha1_base64="SMrEWpezHN7Ni+nlSsUKlIpTmuk=">AAAB7HicbVDLTsJAFJ36RPCBunTTiCauSGuEwo7oxiUmFojQkOkwhQkz02ZmSkIavsGNC41x6yf4A/6BOz9E1w6FEF8nucnJOffm3nv8iBKpLOvdWFpeWV1bz2xkc5tb2zv53b2GDGOBsItCGoqWDyWmhGNXEUVxKxIYMp/ipj+8mPrNERaShPxajSPsMdjnJCAIKi25N90Oi7v5glW0Uph/iT0nhdrRx8vrKPdZ7+bfOr0QxQxzhSiUsm1bkfISKBRBFE+ynVjiCKIh7OO2phwyLL0kPXZiHmulZwah0MWVmarfJxLIpBwzX3cyqAbytzcV//PasQoqXkJ4FCvM0WxREFNTheb0c7NHBEaKjjWBSBB9q4kGUECkdD7ZNIRq2XEqzuJlHUK1UirZZwulcVq0y8XSlU7jHMyQAQfgEJwAGzigBi5BHbgAAQJuwT14MLhxZzwaT7PWJWM+sw9+wHj+Aqdbkzw=</latexit>

Zµ

<latexit sha1_base64="wnrCXSIw+WsQwAJp4kod/Odn5dw=">AAAB6nicbVDLSsNAFJ3UV62P1roR3AwWoQspidimXVlw47KifUAbymQ6aYdOJnFmItTQT3DjQhG3/oU7P8Gdf+M0leLrwIXDOfdy7z1uyKhUpvlhpJaWV1bX0uuZjc2t7WxuJ9+SQSQwaeKABaLjIkkY5aSpqGKkEwqCfJeRtjs+m/ntGyIkDfiVmoTE8dGQU49ipLR0yY6u+7mCWTITwL/E+iKF+t5rMZt/u230c++9QYAjn3CFGZKya5mhcmIkFMWMTDO9SJIQ4TEakq6mHPlEOnFy6hQeamUAvUDo4gom6veJGPlSTnxXd/pIjeRvbyb+53Uj5VWdmPIwUoTj+SIvYlAFcPY3HFBBsGITTRAWVN8K8QgJhJVOJ5OEUKvYdtVevKxDqFXLZetkobSOS1alVL7QaZyCOdJgHxyAIrCADergHDRAE2AwBHfgATwazLg3nozneWvK+JrZBT9gvHwCqnSQhg==</latexit>

l, q

<latexit sha1_base64="+zoDoHCtd8RNIGJ4fTXSk9q5OZY=">AAAB6HicbVDLSsNAFJ34rPFVdelmsAiuSiK2aRdi0Y3LFuwD21Am00k7djIJMxOhhH6BGxeKuNWPce9G/BunaSm+Dlw4nHMv997jRYxKZVmfxsLi0vLKambNXN/Y3NrO7uw2ZBgLTOo4ZKFoeUgSRjmpK6oYaUWCoMBjpOkNLyZ+85YISUN+pUYRcQPU59SnGCkt1a672ZyVt1LAv8SekdzZm3kavX6Y1W72vdMLcRwQrjBDUrZtK1JugoSimJGx2YkliRAeoj5pa8pRQKSbpIeO4aFWetAPhS6uYKp+n0hQIOUo8HRngNRA/vYm4n9eO1Z+yU0oj2JFOJ4u8mMGVQgnX8MeFQQrNtIEYUH1rRAPkEBY6WzMNIRy0XFKzvxlHUK5VCjYJ3OlcZy3i/lCzcpVzsEUGbAPDsARsIEDKuASVEEdYEDAHXgAj8aNcW88Gc/T1gVjNrMHfsB4+QI7upBv</latexit>

Z
<latexit sha1_base64="+zoDoHCtd8RNIGJ4fTXSk9q5OZY=">AAAB6HicbVDLSsNAFJ34rPFVdelmsAiuSiK2aRdi0Y3LFuwD21Am00k7djIJMxOhhH6BGxeKuNWPce9G/BunaSm+Dlw4nHMv997jRYxKZVmfxsLi0vLKambNXN/Y3NrO7uw2ZBgLTOo4ZKFoeUgSRjmpK6oYaUWCoMBjpOkNLyZ+85YISUN+pUYRcQPU59SnGCkt1a672ZyVt1LAv8SekdzZm3kavX6Y1W72vdMLcRwQrjBDUrZtK1JugoSimJGx2YkliRAeoj5pa8pRQKSbpIeO4aFWetAPhS6uYKp+n0hQIOUo8HRngNRA/vYm4n9eO1Z+yU0oj2JFOJ4u8mMGVQgnX8MeFQQrNtIEYUH1rRAPkEBY6WzMNIRy0XFKzvxlHUK5VCjYJ3OlcZy3i/lCzcpVzsEUGbAPDsARsIEDKuASVEEdYEDAHXgAj8aNcW88Gc/T1gVjNrMHfsB4+QI7upBv</latexit>

Z



The Z-boson mass was measured at LEP.  Z-bosons were produced at LEP in collisions of 
electrons and positrons,  and their decays into various final states were studied.  An amplitude 
to describe the electron-positron annihilation into a pair of muons reads

<latexit sha1_base64="pB+8CL6C1Nyl4Be8ynakGXH5fEw=">AAAB8nicbVDLSsNAFJ3UV42P1roR3AwWoQspidimXVlw47KCfWBaymQ6bYfOJGFmItTQz3DjQhG3/oE7P8Gdf+O0KcXXgQuHc+7l3nu8kFGpLOvTSK2srq1vpDfNre2d3Ux2L9eUQSQwaeCABaLtIUkY9UlDUcVIOxQEcY+Rlje+mPmtWyIkDfxrNQlJl6OhTwcUI6Ul9+YEdoaIc2SavWzeKlpzwL/EXpB87eCtkMm939V72Y9OP8ARJ77CDEnp2laoujESimJGpmYnkiREeIyGxNXUR5zIbjw/eQqPtdKHg0Do8hWcq98nYsSlnHBPd3KkRvK3NxP/89xIDSrdmPphpIiPk0WDiEEVwNn/sE8FwYpNNEFYUH0rxCMkEFY6pSSEatlxKs7yZR1CtVIq2WdLpXlatMvF0pVO4xwkSINDcAQKwAYOqIFLUAcNgEEA7sEjeDKU8WA8Gy9Ja8pYzOyDHzBevwACHZLm</latexit>

Z, �

<latexit sha1_base64="Fd4ODYpBT2+s/INWV3ddGhO10IU=">AAAB7HicbVDLSsNAFJ34rPFVdelmsAhuLInYpl1IC25cVrAPaGOZTCft0MkkzEyEEvoNblwo4krwR/wDN8W/cdqU4uvAhcM593LvPV7EqFSW9WksLa+srq1nNszNre2d3ezefkOGscCkjkMWipaHJGGUk7qiipFWJAgKPEaa3vBy6jfviJA05DdqFBE3QH1OfYqR0lKd3J6aZjebs/LWDPAvseckV3mfmBfR66TWzX50eiGOA8IVZkjKtm1Fyk2QUBQzMjY7sSQRwkPUJ21NOQqIdJPZsWN4rJUe9EOhiys4U79PJCiQchR4ujNAaiB/e1PxP68dK7/kJpRHsSIcp4v8mEEVwunnsEcFwYqNNEFYUH0rxAMkEFY6nzSEctFxSs7iZR1CuVQo2OcLpXGWt4v5wrWVq1ZAigw4BEfgBNjAAVVwBWqgDjCg4B48gieDGw/Gs/GSti4Z85kD8APG2xfg7pIH</latexit>

e�

<latexit sha1_base64="YmRZafI8+MoZdiN1siXuSf9xLME=">AAAB7HicbVDLSsNAFJ34rPFVdelmsAiCUBKxTbuQFty4rGAf0MYymU7aoZNJmJkIJfQb3LhQxJXgj/gHbop/47QpxdeBC4dz7uXee7yIUaks69NYWl5ZXVvPbJibW9s7u9m9/YYMY4FJHYcsFC0PScIoJ3VFFSOtSBAUeIw0veHl1G/eESFpyG/UKCJugPqc+hQjpaU6uT01zW42Z+WtGeBfYs9JrvI+MS+i10mtm/3o9EIcB4QrzJCUbduKlJsgoShmZGx2YkkihIeoT9qachQQ6SazY8fwWCs96IdCF1dwpn6fSFAg5SjwdGeA1ED+9qbif147Vn7JTSiPYkU4Thf5MYMqhNPPYY8KghUbaYKwoPpWiAdIIKx0PmkI5aLjlJzFyzqEcqlQsM8XSuMsbxfzhWsrV62AFBlwCI7ACbCBA6rgCtRAHWBAwT14BE8GNx6MZ+MlbV0y5jMH4AeMty/d4pIF</latexit>

e+

<latexit sha1_base64="gW34poYn1t4rqIObsKE7iNhcOxA=">AAAB7nicbVDLSsNAFJ3UV42P1roR3AwWoRtLIrZpVxbcuKxgH9DGMplO26GTSZiZCDX0I9y4UMSt/+DOT3Dn3zhtSvF14MLhnHu59x4vZFQqy/o0Uiura+sb6U1za3tnN5PdyzVlEAlMGjhggWh7SBJGOWkoqhhph4Ig32Ok5Y0vZn7rlghJA36tJiFxfTTkdEAxUlpqdf3o5sQ0e9m8VbTmgH+JvSD52sFbIZN7v6v3sh/dfoAjn3CFGZKyY1uhcmMkFMWMTM1uJEmI8BgNSUdTjnwi3Xh+7hQea6UPB4HQxRWcq98nYuRLOfE93ekjNZK/vZn4n9eJ1KDixpSHkSIcJ4sGEYMqgLPfYZ8KghWbaIKwoPpWiEdIIKx0QkkI1bLjVJzlyzqEaqVUss+WSvO0aJeLpSudxjlIkAaH4AgUgA0cUAOXoA4aAIMxuAeP4MkIjQfj2XhJWlPGYmYf/IDx+gWGJZGC</latexit>
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At                    the non-resonant (photon)  term can be neglected.

The other masses that we need are the mass of the Higgs boson, the mass
of the Z boson and the mass of the W boson. I will start with the discussion
of the Z-boson mass.
The Z-boson was very carefully studied at LEP, where it was produced

in the collisions of electrons and positrons and observed in a multitude of
final states. Consider, for definiteness, e+e� ! µ

+
µ
�. Then, there are

two contributions, one with the intermediate Z-boson and the other with the
intermediate photon. We then write

iM = J⇢
z,e

g⇢�

q2 �m2
Z

J
�

z,µ
+ J⇢

�,e

g⇢�

q2
J
�

�,µ
(3.2)

We are interested in studying this amplitude at q2 ⇠ m2
Z
. We see that in this

case the importance of a diagram with the intermediate Z-boson increases,
and the relevance of the photon contribution decreases; we also observe that,
at q2 ⇠ m2

z
, the photon contribution is a slowly-changing function of q2.

Hence, we can write

|M|
2 =

R(m2
Z
)

(s �mz)2
+ .. (3.3)

Suppose, we perform a cross section scan and approach the point s = m2
z
.

Then, according to the previous equation, the matrix element squared be-
comes infinite which is not a good physics prediction especially the high-
precision one.
To understand what this means, we should consider the self energy cor-

rections and sum them to obtain

iM =
R

s �m2
Z
+ ⇧zz(s)

+ · (3.4)

Similar to the self-energy, ⇧zz(s) develops the imaginary part; this imaginary
part is proportional to the Z-boson decay width

Im⇧zz(m
2

z
) = mz�Z, (3.5)

so that

iM =
R

s �m2
Z
+ i�zmz

+ · (3.6)

The matrix element is now well-defined everywhere. For the cross section,
we find

d�Z = N
L
⇢�

z,e
L
⇢�

z,µ

(s �mz)2 +m2z�
2
z

d�, (3.7)
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The residue R is computed from the product of the electron and the 
muon currents.  The infinity at                   is avoided by the re-
summation of the vacuum polarization contributions in the vicinity of 
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in the collisions of electrons and positrons and observed in a multitude of
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We are interested in studying this amplitude at q2 ⇠ m2
Z
. We see that in this

case the importance of a diagram with the intermediate Z-boson increases,
and the relevance of the photon contribution decreases; we also observe that,
at q2 ⇠ m2

z
, the photon contribution is a slowly-changing function of q2.

Hence, we can write
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Suppose, we perform a cross section scan and approach the point s = m2
z
.

Then, according to the previous equation, the matrix element squared be-
comes infinite which is not a good physics prediction especially the high-
precision one.
To understand what this means, we should consider the self energy cor-

rections and sum them to obtain

iM =
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Z
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Similar to the self-energy, ⇧zz(s) develops the imaginary part; this imaginary
part is proportional to the Z-boson decay width
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so that
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The matrix element is now well-defined everywhere. For the cross section,
we find
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Once this is done the matrix element is defined for all 
values of s, and                             is the physical Z-boson 
mass.
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The cross section for mu-pair production in the electron-positron annihilation in the vicinity of 
the Z-pole is computed as follows.  The starting point is the familiar expression that involves 
squared amplitude, the normalization factor and the phase space.

The other masses that we need are the mass of the Higgs boson, the mass
of the Z boson and the mass of the W boson. I will start with the discussion
of the Z-boson mass.
The Z-boson was very carefully studied at LEP, where it was produced

in the collisions of electrons and positrons and observed in a multitude of
final states. Consider, for definiteness, e+e� ! µ

+
µ
�. Then, there are

two contributions, one with the intermediate Z-boson and the other with the
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We are interested in studying this amplitude at q2 ⇠ m2
Z
. We see that in this

case the importance of a diagram with the intermediate Z-boson increases,
and the relevance of the photon contribution decreases; we also observe that,
at q2 ⇠ m2

z
, the photon contribution is a slowly-changing function of q2.

Hence, we can write
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Suppose, we perform a cross section scan and approach the point s = m2
z
.

Then, according to the previous equation, the matrix element squared be-
comes infinite which is not a good physics prediction especially the high-
precision one.
To understand what this means, we should consider the self energy cor-

rections and sum them to obtain
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R
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+ · (3.4)

Similar to the self-energy, ⇧zz(s) develops the imaginary part; this imaginary
part is proportional to the Z-boson decay width

Im⇧zz(m
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) = mz�Z, (3.5)

so that
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The matrix element is now well-defined everywhere. For the cross section,
we find
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If we use this equation to in the formula for the cross section, together with
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Hence, this formula makes it very clear that from measurements of Z
production cross section at the Z-pole, and the follow up decays into selected
final states, one can determine many interesting quantities, including the Z-
boson mass, its total width and the partial decay widths into various the final
states. The mass of the Z-boson is the required input parameter needed to
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The measured cross section looks very different from a simple formula that we derived.  The 
reason is the radiative corrections; chief among them is the initial state radiation as it distorts 
the shape of the Breit-Wigner distribution.  
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Since for a two-particle decay into two massless particles (and the mass of
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Hence, this formula makes it very clear that from measurements of Z
production cross section at the Z-pole, and the follow up decays into selected
final states, one can determine many interesting quantities, including the Z-
boson mass, its total width and the partial decay widths into various the final
states. The mass of the Z-boson is the required input parameter needed to
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fully specify the Standard Model whereas everything else can be predicted and
used as part of precision tests of the Standard Model.
A clear di�culty with pursuing this program is the requirement of having a

beam whose energy resolution is small compared to �z since only then can one
scan the cross section. However, even if the beam is monochromatic, there is
QED initial state radiation that changes the energy of the colliding leptons.
We can see the impact of this e↵ect by studying the leading logarithmic
corrections to the value of the cross section at the peak, i.e. at s = m2

z
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where � = �z/mz . Computing the integral retaining only terms that are
enhanced by ln 1/�, we find
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Hence, the cross section at the peak s = m2
z
decreases by about forty percent

because of initial state QED radiation. Clearly, extracting precise information
from measurements at the Z-pole requires one to carefully account for the
initial state QED radiation. The mass of the Z-boson obtained from the LEP
measurements is

mz = 91.1876 GeV. (3.18)

The mass of the Higgs boson was determined from the LHC measure-
ments, by measuring the invariant masses of Higgs boson decay products
(��, ZZ⇤) The result is

mH = 125.0(2) GeV. (3.19)

The mass of the W -boson has been determined at LEP 2, at the Tevatron
and at the LHC; the current best experimental measurement has the precision
of about 17 MeV,

mW = 80.370(15) MeV. (3.20)
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Performing the integral, we find very large radiative corrections:
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The mass of the Z boson is obtained from the peak position of the measured distribution; the 
total width — from its broadness,  the hight at the peak gives access to partial decay widths. 
To properly extract all these quantities  from the experimental measurements,  radiative 
corrections are extremely important, as we have seen from the previous estimate. 
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N = 1/(8s) is the normalization factor and d� is the phase space. Since
we are interested in the leading contribution at s ! m2

z
, we turn the above

expression of the cross section into something much more useful. First, we
note that Z
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(3.8)

If we use this equation to in the formula for the cross section, together with
the fact that electron is massless so that q⇢L⇢�e = 0, we observe that only
the coe�cient A is needed to compute the cross section. This coe�cient
is obtained by contracting the above equation with �g⇢� + q⇢q�/m2

z
, which

implies
A = �2mz�z,f . (3.9)

When Eq. (3.8) is used in Eq. (3.7), we find
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Since for a two-particle decay into two massless particles (and the mass of
the electron can definitely be neglected in comparison with s ⇠ m2

z
) reads
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where
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1

8⇡
, (3.12)

we find ✓
�g⇢� +

q
⇢
q
�

m2
z

◆
L
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z,e
= 48⇡mz�z,e. (3.13)

We finally find

� =
12⇡ �z,e�z,f

(s �mz)2 +m2z�
2
z

. (3.14)

Hence, this formula makes it very clear that from measurements of Z
production cross section at the Z-pole, and the follow up decays into selected
final states, one can determine many interesting quantities, including the Z-
boson mass, its total width and the partial decay widths into various the final
states. The mass of the Z-boson is the required input parameter needed to
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Figure 9: Resonance line shape of the Z in e+e� annihilation, as measured by the four LEP
experiments, from [22]. The dotted curve shows the zeroth-order resonance line shape of
the Z resonance. The solid line shows the Standard Model prediction including initial-state
radiative corrections.

Figure 10: Typical e+e� ! Z events corresponding to the Z decays to hadrons, to e+e�,
to µ+µ�, and to ⌧+⌧�, from [25].
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fully specify the Standard Model whereas everything else can be predicted and
used as part of precision tests of the Standard Model.
A clear di�culty with pursuing this program is the requirement of having a

beam whose energy resolution is small compared to �z since only then can one
scan the cross section. However, even if the beam is monochromatic, there is
QED initial state radiation that changes the energy of the colliding leptons.
We can see the impact of this e↵ect by studying the leading logarithmic
corrections to the value of the cross section at the peak, i.e. at s = m2

z

Then,
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�
=
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⇡
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. (3.15)

A simple computation gives
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where � = �z/mz . Computing the integral retaining only terms that are
enhanced by ln 1/�, we find
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⇡
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e

ln
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�z
⇡ �0.4. (3.17)

Hence, the cross section at the peak s = m2
z
decreases by about forty percent

because of initial state QED radiation. Clearly, extracting precise information
from measurements at the Z-pole requires one to carefully account for the
initial state QED radiation. The mass of the Z-boson obtained from the LEP
measurements is

mz = 91.1876 GeV. (3.18)

The mass of the Higgs boson was determined from the LHC measure-
ments, by measuring the invariant masses of Higgs boson decay products
(��, ZZ⇤) The result is

mH = 125.0(2) GeV. (3.19)

The mass of the W -boson has been determined at LEP 2, at the Tevatron
and at the LHC; the current best experimental measurement has the precision
of about 17 MeV,

mW = 80.370(15) MeV. (3.20)
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fully specify the Standard Model whereas everything else can be predicted and
used as part of precision tests of the Standard Model.
A clear di�culty with pursuing this program is the requirement of having a

beam whose energy resolution is small compared to �z since only then can one
scan the cross section. However, even if the beam is monochromatic, there is
QED initial state radiation that changes the energy of the colliding leptons.
We can see the impact of this e↵ect by studying the leading logarithmic
corrections to the value of the cross section at the peak, i.e. at s = m2
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A simple computation gives
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where � = �z/mz . Computing the integral retaining only terms that are
enhanced by ln 1/�, we find
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Hence, the cross section at the peak s = m2
z
decreases by about forty percent

because of initial state QED radiation. Clearly, extracting precise information
from measurements at the Z-pole requires one to carefully account for the
initial state QED radiation. The mass of the Z-boson obtained from the LEP
measurements is

mz = 91.1876 GeV. (3.18)

The mass of the Higgs boson was determined from the LHC measure-
ments, by measuring the invariant masses of Higgs boson decay products
(��, ZZ⇤) The result is

mH = 125.0(2) GeV. (3.19)

The mass of the W -boson has been determined at LEP 2, at the Tevatron
and at the LHC; the current best experimental measurement has the precision
of about 17 MeV,

mW = 80.370(15) MeV. (3.20)
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The Higgs boson, discovered at the LHC, is produced in the gluon fusion and observed in two-
photon and four-lepton final states.  Higgs boson is a very narrow resonance; for this reason 
measuring its line shape at the LHC is impossible. 
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mH = 125.25(17) GeV



The W-boson mass measurement requires a somewhat different approach because hadronic  
decays of the W-boson are buried in backgrounds, and neutrino is not observable, so 
reconstructing the invariant mass is not an option.
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It is possible to study two variables with pronounced kinematic boundaries — 
the transverse W-mass and the transverse momentum of the charged lepton.



The W-boson mass measurement requires a somewhat different approach because W hadronic 
decays are buried in backgrounds, and neutrino is not observable.  It is possible to study two 
variables with pronounced kinematic boundaries — the transverse W-mass and the transverse 
momentum of the charged lepton.
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Beyond the edge: mostly detector effects
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Beyond the edge: the initial state radiation
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The precision of the measurement is extraordinary given the fact that QCD radiative corrections 
to processes at the LHC are typically of the order of 10 percent. 
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The strong coupling constant



The strong coupling constant is another input parameter of the Standard Model. We will 
discuss different ways used to determine it. 

The main problem with the strong coupling constant 
determination is that strong interactions are indeed 
strong, in which case we do not know how to relate the                                   
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The idea is then to use the asymptotic freedom of QCD, 
which implies that the strong coupling constant becomes 
smallish at large energies/momenta (short distances), and 
to extract its value from short-distance processes that can 
be studied in QCD perturbation theory.  

has to consider electroweak radiative corrections carefully.

The QCD coupling constant depends on the distance scale at which it
is probed and this dependence predicts that the coupling constant becomes
very large at large distances or low energies, signalling that QCD becomes a
non-perturbative theory. This statement is quantified by writing

↵s(µ) =
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where ⇤QCD is a non-perturbative QCD scale (the coupling constant becomes
infinite), and
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is the leading order QCD �-function. It follows that

⇤QCD = mZe
� ⇡

�0↵s (mZ
) ⇡ 140 MeV. (3.31)

Of course, the obtained value of ⇤QCD cannot be precise, given that our analy-
sis is rather rough, but it gives us an idea of the scales where non-perturbative
e↵ects are important.

Another possibility to extract the value of ↵s is to consider decays of ⌧
leptons. These decays include leptonic

⌧ ! ⌫⌧ + l + ⌫̄l , l = e, µ, (3.32)

and semi-leptonic modes

⌧ ! ⌫⌧ + hadrons. (3.33)

Similar to Z-decays discussed above, a suitable observable to consider is the
ratio of semileptonic and leptonic ⌧ decay widths.
In variance to the case of Z-decay, the decay of ⌧ occurs at significantly

lower energies m⌧ = 1.77 GeV which means that non-perturbative e↵ects
should be discussed. Non-perturbative contributions to ⌧ decays can be stud-
ied in the context of the so-called operator product expansion which leads to
the conclusion that
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to observables.



One option is to consider decays of Z-bosons  to hadrons and to charged leptons.  Z decays occur at 
distances that are about 100 times smaller than the Compton wave length of the proton (which is a distance 
of where strong force becomes strong).  For this reason, we can use quarks and QCD perturbation theory. 

QCD become a theory with an absolute predictive power, provided that non-
perturbative corrections can either be argued away or computed. The scale
µ = mz is chosen for the purposes of convenience and, in principle, any value
can be used instead.
The value of the strong coupling constant ↵s(mZ) can be determined from

any precise measurement that is sensitive to ↵s and where non-perturbative
corrections are small. Measurements of the Z-boson partial widths provide a
suitable example. A particularly useful quantity is the ratio of the hadronic
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We obtain                                ,  but the result depends strongly on the assumed value of the 
weak mixing angle. The value of the strong coupling constant  allows us to determine the 
energy scale where QCD becomes strongly-coupled (i.e. non-perturbative).   

has to consider electroweak radiative corrections carefully.

The QCD coupling constant depends on the distance scale at which it
is probed and this dependence predicts that the coupling constant becomes
very large at large distances or low energies, signalling that QCD becomes a
non-perturbative theory. This statement is quantified by writing

↵s(µ) =
⇡

�0 ln
µ

⇤QCD

, (3.29)

where ⇤QCD is a non-perturbative QCD scale (the coupling constant becomes
infinite), and

�0 =
11

6
CA �

2

3
nf TR, (3.30)

is the leading order QCD �-function. It follows that

⇤QCD = mZe
� ⇡

�0↵s (mZ
) ⇡ 140 MeV. (3.31)

Of course, the obtained value of ⇤QCD cannot be precise, given that our analy-
sis is rather rough, but it gives us an idea of the scales where non-perturbative
e↵ects are important.

Another possibility to extract the value of ↵s is to consider decays of ⌧
leptons. These decays include leptonic

⌧ ! ⌫⌧ + l + ⌫̄l , l = e, µ, (3.32)

and semi-leptonic modes

⌧ ! ⌫⌧ + hadrons. (3.33)

Similar to Z-decays discussed above, a suitable observable to consider is the
ratio of semileptonic and leptonic ⌧ decay widths.
In variance to the case of Z-decay, the decay of ⌧ occurs at significantly

lower energies m⌧ = 1.77 GeV which means that non-perturbative e↵ects
should be discussed. Non-perturbative contributions to ⌧ decays can be stud-
ied in the context of the so-called operator product expansion which leads to
the conclusion that
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An alternative determination of the strong coupling constant involves decays of the  tau lepton.  
The idea is identical to what we did with Z decays, but the energy scale (the tau mass)  is smaller 
and the sensitivity to the strong coupling constant is (potentially) larger.  The price  is larger  non-
perturbative contributions that need to be analysed. 
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sis is rather rough, but it gives us an idea of the scales where non-perturbative
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Another possibility to extract the value of ↵s is to consider decays of ⌧
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In variance to the case of Z-decay, the decay of ⌧ occurs at significantly

lower energies m⌧ = 1.77 GeV which means that non-perturbative e↵ects
should be discussed. Non-perturbative contributions to ⌧ decays can be stud-
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Non-perturbative contributions are quite small;  they scale as            and, therefore, produce  
small  corrections (fraction of a percent).   The very important feature of the above formula is that 
there are no non-perturbative effects that are proportional to first, second or third power of          , 
and this makes the non-perturbative corrections small. 
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Since non-perturbative condensates are proportional to ⇤4
QCD
, we can use the

above result to estimate that the non-perturbative contributions change �⌧sl
by about 0.1 percent. As we will see, this is quite a small change on the scale
of perturbative QCD corrections that we consider next.

Discarding the non-perturbative contributions, we write
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(3.35)
Since �⌧,l/�tot = 0.3522, we can use the above equation to determine ↵s(m⌧).
We find

↵s(m⌧) = 0.363. (3.36)

The error here is not shown but it is quite substantial, and can easily be close
to ten percent.
We can use this result to determine the value of the strong coupling

constant at mZ using the renormalisation group evolution. The result reads

↵s(mz) =
↵s(m⌧)

1 + ↵s(m⌧ )

⇡
�0 ln

mz

m⌧

⇡ 0.118. (3.37)

Note that the O(10) percent error on ↵s(m⌧) gets reduced by an order of
magnitude when ↵s(mz) is evaluated because the term �0 lnmz/m⌧ is the
dominant one in the denominator on the right-hand side in Eq. (3.37). Of
course, the numerical analysis shown above is not even close to the required
precision standards, but the central value that we obtain in Eq. (??) is very
much consistent with the world-average.
Another class of observables from which ↵s can be obtained are processes

at e+e� colliders with the 3-jet final states and from the so-called event
shapes. Let us consider one example. The shape-variable thrust variable T is
defined as

T = max~n
X

i

|~n · ~pi |

Q
, (3.38)

where the sum runs over all final-state particles and Q is the center-of-mass
energy. The unity vector ~n should be chosen in such a way that the sum is
maximal.
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 To see how this works, we consider the case where  the emitted gluon is soft            .

Since non-perturbative condensates are proportional to ⇤4
QCD
, we can use the

above result to estimate that the non-perturbative contributions change �⌧sl
by about 0.1 percent. As we will see, this is quite a small change on the scale
of perturbative QCD corrections that we consider next.

Discarding the non-perturbative contributions, we write

�⌧,sl
�⌧,l
=
Nc

2

 

1 +

✓
↵s(m⌧)

⇡

◆
+ 5.2

✓
↵s(m⌧)

⇡

◆2
+ 26.4

✓
↵s(m⌧)

⇡

◆4
+ ·

!

.

(3.35)
Since �⌧,l/�tot = 0.3522, we can use the above equation to determine ↵s(m⌧).
We find

↵s(m⌧) = 0.363. (3.36)

The error here is not shown but it is quite substantial, and can easily be close
to ten percent.
We can use this result to determine the value of the strong coupling

constant at mZ using the renormalisation group evolution. The result reads

↵s(mz) =
↵s(m⌧)

1 + ↵s(m⌧ )

⇡
�0 ln

mz

m⌧

⇡ 0.118. (3.37)

Note that the O(10) percent error on ↵s(m⌧) gets reduced by an order of
magnitude when ↵s(mz) is evaluated because the term �0 lnmz/m⌧ is the
dominant one in the denominator on the right-hand side in Eq. (3.37). Of
course, the numerical analysis shown above is not even close to the required
precision standards, but the central value that we obtain in Eq. (??) is very
much consistent with the world-average.
Another class of observables from which ↵s can be obtained are processes

at e+e� colliders with the 3-jet final states and from the so-called event
shapes. Let us consider one example. The shape-variable thrust variable T is
defined as

T = max~n
X

i

|~n · ~pi |

Q
, (3.38)

where the sum runs over all final-state particles and Q is the center-of-mass
energy. The unity vector ~n should be chosen in such a way that the sum is
maximal.
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We consider e+e� ! hadrons in perturbative QCD. At leading order,
we have two back-to-back jets with equal energies and T = 1. However,
radiation of soft gluons shifts T away from one. To study, it, we note that
thrust for a configuration of three particles, thrust axis points in the direction
of the one with the highest energy. It is straightforward to find

E1 =
Q

2
�
p2k

Q
, E2 =

Q

2
�
p1k

Q
. (3.39)

With this,

T = 1�min


2p1k

Q
,
2p2k

Q

�
. (3.40)

Soft emissions can be described by a tree matrix element and a soft current

d�

�0d⌧
= CFg
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s
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(2⇡)3!k

2p1p2
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✓
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2p1k

Q2
,
2p2k

Q2

�◆
, (3.41)

where ⌧ = 1� T .
To compute this integral, we perform Sudakov decomposition

k = ↵p1 + �p2 + k?, (3.42)

and write

d3k

(2⇡)32!k
=
d4k

(2⇡)3
�(k2) =
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(2⇡)3
Q
2

2
d↵ d �dk2? �

�
Q
2
↵� � k

2

?
�
. (3.43)

Since
2p1k

Q2
= �,

2p2k

Q2
= ↵, (3.44)

we find
d�

�0d⌧
=
↵s

2⇡
4CF

1

2

Z
d↵ d�

↵�
� (⌧ �min(↵,�)) (3.45)

Hence, we find
d�

�0d⌧
=
↵s

2⇡
4CF

1

⌧
ln
1

⌧
(3.46)

Currently, it seems that the central value of ↵s and the uncertainty con-
verged to

↵s(mz) = 0.118(1). (3.47)

There are a few outliers but by and large there is a reasonable consistency.
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Currently, it seems that the central value of ↵s and the uncertainty con-
verged to

↵s(mz) = 0.118(1). (3.47)

There are a few outliers but by and large there is a reasonable consistency.
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Currently, it seems that the central value of ↵s and the uncertainty con-
verged to

↵s(mz) = 0.118(1). (3.47)

There are a few outliers but by and large there is a reasonable consistency.
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Currently, it seems that the central value of ↵s and the uncertainty con-
verged to

↵s(mz) = 0.118(1). (3.47)

There are a few outliers but by and large there is a reasonable consistency.
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Currently, it seems that the central value of ↵s and the uncertainty con-
verged to

↵s(mz) = 0.118(1). (3.47)

There are a few outliers but by and large there is a reasonable consistency.
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Currently, it seems that the central value of ↵s and the uncertainty con-
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There are a few outliers but by and large there is a reasonable consistency.
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 The result is proportional to the strong coupling constant; 
it can be obtained from the comparison with data .
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When many very different measurements and analyses are 
combined, a rather  consistent value of the strong coupling 
constant is obtained: 
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↵s(mZ) = 0.118± 0.001.

Note that lattice computations play a very important role in this, providing one of the most 
precise determinations of the strong coupling constant.  In fact, we will see in what follows 
that lattice calculations start playing decisive role in several precision measurements. 



The electromagnetic coupling constant



The electromagnetic coupling constant determines the strength of two charges separated by 
a distance r.  In Quantum Electrodynamics,  the “constant” becomes a function of the distance. 
The distance scale where r-dependence becomes  strong, is the Compton wave length of an 
electron.

We consider e+e� ! hadrons in perturbative QCD. At leading order,
we have two back-to-back jets with equal energies and T = 1. However,
radiation of soft gluons shifts T away from one. This e↵ect leads to the
following distribution of thrust

d�

dT
=
CF↵s

2⇡

ln(1� T )

1� T
. (3.39)

Since the result is proportional to ↵s , the thrust distribution can be used to
determine this quantity. There are also determinations of ↵s from the lattice
and from some measurements at hadron and lepton hadron colliders, that I
don’t want to discuss any further at this point.
Currently, it seems that the central value of ↵s and the uncertainty con-

verged to
↵s(mz) = 0.118(1). (3.40)

There are a few outliers but by and large there is a reasonable consistency.

3.3 The fine structure constant

To start, let us discuss the fine structure constant ↵. The most natural way
to determine the fine structure constant is through Coulomb interactions at
large distances. Take two charges Q1e and Q2e. Their interaction at large
distances should be described by a potential

V (r) =
Q1Q2↵

r
, (3.41)

from which the force and the coupling are then determined.
Although we learn this equation in school, it gets violated in Quantum

Field Theory and the correct equation requires us to replace ↵ ! ↵(r),
the distance-dependent coupling. The reason for the distance-dependence is
the polarization of vacuum by a virtual photon; it is the same reason that
introduces the scale dependence of the QCD coupling constant discussed
earlier.
In electrodynamic, the important distance scale is the Compton wave-

length of the electron �e = 1/m ⇠ 10�12 m. If r � �e, which is certainly
valid in “normal life” the vacuum polarization contribution is irrelevant and
↵(r) = ↵ to a very good approximation. However, to study electroweak
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r � �e ! ↵(r) ! ↵.

physics, we will often need ↵ at distances close to 10�17 m, in which case the
distance-dependence of the fine structure constant is very important. Hence,
when we discuss the ↵, we need to specify distances at which it is measured.
It is more practical, though to do the analysis in the momentum space. Then,
the following equation holds

↵(q) =
↵

1 + ⇧��(q2)
, (3.42)

where ⇧��(q2) is the vacuum polarization function. The fine structure con-
stant ↵ corresponds to q2 = 0.

In practice, no one measures the Coulomb force between the two charges;
instead, one finds quantities that can be precisely measured, exhibit a strong
sensitivity to the fine structure constant ↵, and can be computed with high
precision. One of such quantities is the celebrated anomalous magnetic mo-
ment of the electron. The measured value is

ae = 1.15965218073(28)⇥ 10
�3
. (3.43)

This quantity describes the spin precession of the electron in a constant mag-
netic field

ae =
↵

2⇡
+ .., (3.44)

we find

↵ =
1

137.244
. (3.45)

Of course, there are higher-order corrections to the theoretical prediction
Eq. (3.44) which currently are known to (↵10). When these contributions
are taken into account, one finds

↵
�1 = 137.035999174(35). (3.46)

As we already mentioned, electroweak physics often requires us to com-
pute ↵(mz); later we will explain why this is the case. To compute ↵(mz),
we need to determine ⇧��(q2) with the boundary condition
P i��(0) = 0. There are di↵erent ways to compute ⇧(q2); we will use the
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↵(0) = ↵.

In practice, measuring the Coulomb force isn’t the best option; instead, one finds a quantity 
that can be measured and computed with very high precision.  A suitable option is the 
electron’s anomalous magnetic moment. 
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g = 2(1 + ae)
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distance-dependence of the fine structure constant is very important. Hence,
when we discuss the ↵, we need to specify distances at which it is measured.
It is more practical, though to do the analysis in the momentum space. Then,
the following equation holds
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, (3.42)

where ⇧��(q2) is the vacuum polarization function. The fine structure con-
stant ↵ corresponds to q2 = 0.

In practice, no one measures the Coulomb force between the two charges;
instead, one finds quantities that can be precisely measured, exhibit a strong
sensitivity to the fine structure constant ↵, and can be computed with high
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Of course, there are higher-order corrections to the theoretical prediction
Eq. (3.44) which currently are known to (↵10). When these contributions
are taken into account, one finds
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As we already mentioned, electroweak physics often requires us to com-
pute ↵(mz); later we will explain why this is the case. To compute ↵(mz),
we need to determine ⇧��(q2) with the boundary condition
P i��(0) = 0. There are di↵erent ways to compute ⇧(q2); we will use the
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µ0 =
e~
2mc



Contributions to precision electroweak  observables must be expressed through fine structure 
constant at the scale q = mz.  At low values of q, one cannot use quarks to compute  hadronic 
contributions to the vacuum polarisation function.

dispersion relations to make further discussions transparent. The dispersion
relation for ⇧(q2) reads

⇧(q2) =
q
2
e
2

⇡

1Z

s0

ds

s(s � q2 � i0)
[Im⇧(s)] . (3.47)

The imaginary part of the polarization operator can be related to measured
cross sections e+e� ! leptons and e+e� ! hadrons. The formula reads

Im⇧(s) =
R
lept(s)

12⇡
+
R
hadr(s)

12⇡
, (3.48)

where

R
lept(s) =

�lept(s)

�point(s)
, R

hadr(s) =
�hadr(s)

�point(s)
. (3.49)

The leptonic cross section is computed in perturbation theory. The result
reads

�lept = �point

r
1�
4m2
l

s

✓
1 +
2mlept2

s

◆
. (3.50)

It is easy to compute the leptonic contribution to the dispersive integral
in the approximation mZ � ml . One obtains

⇧lept(mz) = �
↵

3⇡

X

l2{e,µ,⌧}

ln

✓
m
2

Z

m2
l

◆
�
5

3
⇡ �0.032, (3.51)

where all terms suppressed by m2
l
/m

2

z
are neglected and numerical values for

Z-boson and lepton masses were substituted.
To compute hadronic contributions, one cannot use the perturbation the-

ory because of the logarithmic sensitivity to tiny (up and down) quark masses
that can be seen from the expression for leptons. Instead, one employs the
e
+
e
�
! hadrons cross section as measured in dedicated experiments. A very

thorough analysis is required if one wants to get an accurate result. However,
to estimate the e↵ect, we may use a simple model for the cross section where
we saturate them by ⇢, ! and � resonances, and add continuum contributions
that we will model with two up quarks and two down quarks with the masses
1 GeV and a bottom quark with the mass 4.5 GeV.
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2

z
are neglected and numerical values for

Z-boson and lepton masses were substituted.
To compute hadronic contributions, one cannot use the perturbation the-

ory because of the logarithmic sensitivity to tiny (up and down) quark masses
that can be seen from the expression for leptons. Instead, one employs the
e
+
e
�
! hadrons cross section as measured in dedicated experiments. A very

thorough analysis is required if one wants to get an accurate result. However,
to estimate the e↵ect, we may use a simple model for the cross section where
we saturate them by ⇢, ! and � resonances, and add continuum contributions
that we will model with two up quarks and two down quarks with the masses
1 GeV and a bottom quark with the mass 4.5 GeV.
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dispersion relations to make further discussions transparent. The dispersion
relation for ⇧(q2) reads
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The imaginary part of the polarization operator can be related to measured
cross sections e+e� ! leptons and e+e� ! hadrons. The formula reads
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where all terms suppressed by m2
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/m
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z
are neglected and numerical values for

Z-boson and lepton masses were substituted.
To compute hadronic contributions, one cannot use the perturbation the-

ory because of the logarithmic sensitivity to tiny (up and down) quark masses
that can be seen from the expression for leptons. Instead, one employs the
e
+
e
�
! hadrons cross section as measured in dedicated experiments. A very

thorough analysis is required if one wants to get an accurate result. However,
to estimate the e↵ect, we may use a simple model for the cross section where
we saturate them by ⇢, ! and � resonances, and add continuum contributions
that we will model with two up quarks and two down quarks with the masses
1 GeV and a bottom quark with the mass 4.5 GeV.
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The corresponding cross sections for resonances are written as

�e+e�!V =
12⇡2�V!e+e
mV

�(s �m2
V
), (3.52)

where we can use m⇢ = 776 MeV, m! = 782 MeV and m� = 1020 MeV,
and the widths �(⇢ ! e+e�) = 7.02 keV, �(! ! e+e�) = 0.60 keV, and
�(�! e+e�) = 1.72 keV. We then find

⇧hadr(mz) = �0.0045|⇢,!,� � 0.022|cont = �0.026. (3.53)

Putting everything together, we find

↵
�1(mz) = 129.05, (3.54)

where leptons and hadrons contribute in similar proportion to the increase in
↵. Clearly, the above result is just an estimate. More refined calculations
that employ higher orders in perturbation theory as well as measured values
of the e+e� ! hadrons cross section give

↵
�1(mz) = 128.89± 0.09. (3.55)

4 A simple test of the Standard Model

Let us discuss a typical test of the Standard Model. As we mentioned earlier,
the mass of the W is measured with the very high precision. On the other
hand, muon lifetime in the Standard Model occurs through a diagram with
a W -propagator which, at small momenta, is proportional to 1/m2

W
. Thus,

I can use the measured value of the W -mass to predict the muon lifetime
and then compare with the result of the experimental measurements or I can
extract the value of the W -mass from the muon lifetime and compare with
the results of the direct measurement. The latter is usually referred to as the
extraction of the W -mass from precision electroweak fit; but one can equally
well discuss the former approach.
The muon lifetime is usually computed starting from the Fermi theory

where the Lagrangian reads

LF =
GF
p
2
ē�↵(1� �5)⌫e ⌫̄µ(1� �5)µ+ h.c. (4.1)
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Figure 3. The spectral density R(s) that appears in the calcula-
tion of the leading order hadronic vacuum polarization contribu-
tion to the muon magnetic anomaly.

3 Hadronic vacuum polarization

contribution

The next largest correction to the muon anomalous mag-
netic moment is the hadronic vacuum polarization. The
muon mass provides the energy scale for this contribu-
tion. This scale is smaller than the non-perturbative scale
of strong interactions ⇤QCD, so that perturbative QCD is
not applicable and we have to resort to non-perturbative
methods. The only viable option is to use the disper-
sion representation of the hadronic vacuum polarization
which allows us to restore the full function from its imagi-
nary part. Since the imaginary part of the hadronic con-
tribution to photon vacuum polarization is proportional
to e+e� ! hadrons annihilation cross section, which is
known thanks to many experimental studies, we can calcu-
late the hadronic vacuum polarization non-perturbatively.
Its contribution to the magnetic anomaly can be written as

ahvp
µ =

↵

3⇡

1Z

s0

ds
s

Rhard(s) a(1)(s), (5)

where R(s) = �e+e�!hadr/�e+e�!µ+µ� and a(1)
µ is the one-

loop anomalous magnetic moment that appears due to an
exchange of a photon-like vector boson with the mass

p
s.

Note that for the evaluation of the integral in Eq.(5) the
low-energy region is of particular interest; this is so be-
cause the anomalous magnetic moment a(1)

µ decreases for
large vector boson masses a(1)

µ (s) ⇠ m2
µ/s giving a stronger

weight to the low-energy part of the integrand in Eq.(5).
Before I describe the results of the most recent compu-

tations, I would like to emphasize that it is possible to esti-
mate ahvp

µ [7]. Such an estimate is interesting since, when
contrasted with data-driven evaluations, it gives us an idea
about how well such non-perturbative computations can
be controlled. This is not very important for ahvp

µ , where
data is available at the first place, but it is crucial for the
hadronic light-by-light scattering contribution albl

µ , as we
describe later.

The idea behind the estimate is quite simple. We try
to model the essential features (see Fig.3) of the spectral
density R(s) at relatively low energies by accounting for
three contributions:
• the chirally-enhanced two-pion threshold contribution

a⇡⇡µ defined with an upper energy cut-o↵ at
p

s = m⇢/2;

• the contribution of ⇢,!, � vector mesons a⇢,!,�µ ;

• the “continuum” contribution acont
µ that starts above

p
s ⇠ m�;

Numerically, we find a⇡⇡µ ⇠ 400 ⇥ 10�11, a⇢,!,�µ = 5514 ⇥
10�11, acont

µ = 1240 ⇥ 10�11. Combining the three re-
sults we obtain the theoretical estimate of the leading or-
der hadronic vacuum polarization contribution to the muon
magnetic anomaly

ahvp,th
µ = a⇡⇡µ + a⇢,!,�µ + acont

µ ⇡ 7160 ⇥ 10�11. (6)

This theoretical estimate can be compared with one of the
recent results of the data-driven evaluations [2]

ahvp
µ = (6949 ± 37.2 ± 21.0) ⇥ 10�11. (7)

The proximity of the two results is obvious and gives us
confidence that we understand the physics of the hadronic
vacuum polarization quite well; of course, the uncertainty
of the theoretical estimate is hard to access a’priori.

Let us discuss now to what extent the existent data-
driven evaluations are satisfactory, given the physics goals
of the current and forthcoming muon g � 2 studies.3 The
important point to emphasize in this respect is that the
hadronic vacuum polarization contribution to the magnetic
anomaly is large and it needs to be know quite precisely.
In fact, currently, it is the largest contributor to the uncer-
tainty of the theoretical prediction of the muon magnetic
anomaly. The two uncertainties in Eq.(7) have the follow-
ing origin: the first one is related to the uncertainty of the
experimental data and how they are combined; the second
one reflects the poor understanding of how QED radia-
tive corrections are applied to analyses of available data
in exclusive hadronic channels. Both of these uncertain-
ties are relatively small compared to the current discrep-
ancy between theory and experiment but, taken together,
they are not negligible. Moreover, these uncertainties be-
come quite substantial when compared to the expected
precision of the FNAL experiment, which suggests that
further e↵ort is required to improve the measurements of
the e+e� ! hadrons annihilation cross sections at low en-
ergies. It is re-assuring that the corresponding program of
measurements exists both at BEPC and at Novosibirsk, so
that substantial improvements in our understanding of ahvp

µ

can be expected on a few years time scale [16, 17].
There are several important issues that are debated cur-

rently in the context of the calculation of the hadronic vac-
uum polarization. One is the compatibility of data sets
obtained in measurements of e+e� ! hadrons by CMD,
SND, KLOE, BABAR and BESS III experiments. All the
experiments measure the contributions of the kinematic re-
gion around the ⇢-meson to ahvp

µ so that the results of dif-
ferent experiments can be compared directly. Such a com-
parison is shown in Fig. 4. In principle, the results of the
di↵erent measurements are consistent but there are unwel-
come systematic trends: KLOE results are smaller than the
BABAR results and somewhat smaller than SND results.

3For a detailed discussion of this question, see Ref. [16].

The corresponding cross sections for resonances are written as

�e+e�!V =
12⇡2�V!e+e
mV

�(s �m2
V
), (3.52)
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and the widths �(⇢ ! e+e�) = 7.02 keV, �(! ! e+e�) = 0.60 keV, and
�(�! e+e�) = 1.72 keV. We then find

⇧hadr(mz) = �0.0045|⇢,!,� � 0.022|cont = �0.026. (3.53)

Putting everything together, we find

↵
�1(mz) = 129.05, (3.54)

where leptons and hadrons contribute in similar proportion to the increase in
↵. Clearly, the above result is just an estimate. More refined calculations
that employ higher orders in perturbation theory as well as measured values
of the e+e� ! hadrons cross section give

↵
�1(mz) = 128.89± 0.09. (3.55)

4 A simple test of the Standard Model

Let us discuss a typical test of the Standard Model. As we mentioned earlier,
the mass of the W is measured with the very high precision. On the other
hand, muon lifetime in the Standard Model occurs through a diagram with
a W -propagator which, at small momenta, is proportional to 1/m2

W
. Thus,

I can use the measured value of the W -mass to predict the muon lifetime
and then compare with the result of the experimental measurements or I can
extract the value of the W -mass from the muon lifetime and compare with
the results of the direct measurement. The latter is usually referred to as the
extraction of the W -mass from precision electroweak fit; but one can equally
well discuss the former approach.
The muon lifetime is usually computed starting from the Fermi theory

where the Lagrangian reads

LF =
GF
p
2
ē�↵(1� �5)⌫e ⌫̄µ(1� �5)µ+ h.c. (4.1)
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From the above estimate: 

A careful data-based computation gives: 

dispersion relations to make further discussions transparent. The dispersion
relation for ⇧(q2) reads

⇧��(q
2) =

q
2

⇡

1Z

s0

ds

s(s � q2 � i0)
Im [⇧��(s)] . (3.47)

The imaginary part of the polarization operator can be related to measured
cross sections e+e� ! leptons and e+e� ! hadrons. The formula reads

Im⇧��(s) =
e
2

12

�
R
lept(s) + Rhadr(s)

�
, (3.48)

where

R
lept(s) =

�lept(s)

�point(s)
, R

hadr(s) =
�hadr(s)

�point(s)
. (3.49)

The leptonic cross section is computed in perturbation theory. The result
reads

�lept = �point

r
1�
4m2
l

s

✓
1 +
2mlept2

s

◆
. (3.50)

It is easy to compute the leptonic contribution to the dispersive integral
in the approximation mZ � ml . One obtains

⇧lept(mz) = �
↵

3⇡

X

l2{e,µ,⌧}

ln

✓
m
2

Z

m2
l

◆
�
5

3
⇡ �0.032, (3.51)

where all terms suppressed by m2
l
/m

2

z
are neglected and numerical values for

Z-boson and lepton masses were substituted.
To compute hadronic contributions, one cannot use the perturbation the-

ory because of the logarithmic sensitivity to tiny (up and down) quark masses
that can be seen from the expression for leptons. Instead, one employs the
e
+
e
�
! hadrons cross section as measured in dedicated experiments. A very

thorough analysis is required if one wants to get an accurate result. However,
to estimate the e↵ect, we may use a simple model for the cross section where
we saturate them by ⇢, ! and � resonances, and add continuum contributions
that we will model with two up quarks and two down quarks with the masses
1 GeV and a bottom quark with the mass 4.5 GeV.
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physics, we will often need ↵ at distances close to 10�17 m, in which case the
distance-dependence of the fine structure constant is very important. Hence,
when we discuss the ↵, we need to specify distances at which it is measured.
It is more practical, though to do the analysis in the momentum space. Then,
the following equation holds

↵(q) =
↵

1 + ⇧��(q2)
, (3.42)

where ⇧��(q2) is the vacuum polarization function. The fine structure con-
stant ↵ corresponds to q2 = 0.

In practice, no one measures the Coulomb force between the two charges;
instead, one finds quantities that can be precisely measured, exhibit a strong
sensitivity to the fine structure constant ↵, and can be computed with high
precision. One of such quantities is the celebrated anomalous magnetic mo-
ment of the electron. The measured value is

ae = 1.15965218073(28)⇥ 10
�3
. (3.43)

This quantity describes the spin precession of the electron in a constant mag-
netic field

ae =
↵

2⇡
+ .., (3.44)

we find

↵ =
1

137.244
. (3.45)

Of course, there are higher-order corrections to the theoretical prediction
Eq. (3.44) which currently are known to (↵10). When these contributions
are taken into account, one finds

↵
�1 = 137.035999174(35). (3.46)

As we already mentioned, electroweak physics often requires us to com-
pute ↵(mz); later we will explain why this is the case. To compute ↵(mz),
we need to determine ⇧��(q2) with the boundary condition
P i��(0) = 0. There are di↵erent ways to compute ⇧(q2); we will use the
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A simple test of the Standard Model



The muon decay in the Standard Model proceeds through the exchange of a W-boson.  As we 
discussed, the mass of the W-boson  has been  precisely measured.  Hence, we can compute   
the decay rate with high precision and compare the prediction  with the result of the 
measurement.  

We do this to test the consistency of the Standard Model and check for possible contributions 
of physics beyond the Standard Model to the muon decay. 
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The corresponding cross sections for resonances are written as

�e+e�!V =
12⇡2�V!e+e
mV

�(s �m2
V
), (3.52)

where we can use m⇢ = 776 MeV, m! = 782 MeV and m� = 1020 MeV,
and the widths �(⇢ ! e+e�) = 7.02 keV, �(! ! e+e�) = 0.60 keV, and
�(�! e+e�) = 1.72 keV. We then find

⇧hadr(mz) = �0.0045|⇢,!,� � 0.022|cont = �0.026. (3.53)

Putting everything together, we find

↵
�1(mz) = 129.05, (3.54)

where leptons and hadrons contribute in similar proportion to the increase in
↵. Clearly, the above result is just an estimate. More refined calculations
that employ higher orders in perturbation theory as well as measured values
of the e+e� ! hadrons cross section give

↵
�1(mz) = 128.89± 0.09. (3.55)

4 A simple test of the Standard Model

Let us discuss a typical test of the Standard Model. As we mentioned earlier,
the mass of the W is measured with the very high precision. On the other
hand, muon lifetime in the Standard Model occurs through a diagram with
a W -propagator which, at small momenta, is proportional to 1/m2

W
. Thus,

I can use the measured value of the W -mass to predict the muon lifetime
and then compare with the result of the experimental measurements or I can
extract the value of the W -mass from the muon lifetime and compare with
the results of the direct measurement. The latter is usually referred to as the
extraction of the W -mass from precision electroweak fit; but one can equally
well discuss the former approach.
The muon lifetime is usually computed starting from the Fermi theory

where the Lagrangian reads

LF =
GF
p
2
ē�↵(1� �5)⌫e ⌫̄µ(1� �5)µ+ h.c. (4.1)
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where
f (x) = 1� 8x + 8x3 � x4 � 12x2 ln x. (4.3)

The PDG value of the muon lifetime is

⌧ = 2.1969811(22)⇥ 10�6 sec. (4.4)

Then,

GF =

s
192⇡3~

⌧m5
µ
f (m2

e
/m2
µ
)
. (4.5)

Using
mµ = 105.6583715 MeV, me = 0.510998928 MeV, (4.6)

and
~ = 6.58211928⇥ 10�22 MeV sec. (4.7)

Using the PDG value of the muon lifetime, we easily find

GF = 1.16394⇥ 10
�5 GeV�2. (4.8)

In the context of the Standard Model, Eq. (4.1) is derivable. From the
tree-diagram under the assumption mµ ⌧ MW , we easily find

GF =
g
2

4
p
2m2
W

. (4.9)

Using e = g sin ✓W , we find

GF =
⇡↵

p
2m2
W

⇣
1� m2w

m2z

⌘ = 1.1245⇥ 10�5 GeV�2. (4.10)

The test of the Standard Model consists in the comparison of Eq. (4.8)
and Eq. (4.10). In this respect, the first thing to note is that the two values
agree rather well, so by-and-large we see that the test works.
However, we also see the 3.5 percent di↵erence between the two GF -

values. We now have to quantify whether this di↵erence is significant, given
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GF

Why there is a 3.5 percent difference?

The muon decay rate is usually computed in the context of the Fermi theory.  Then, effects of 
heavy electroweak physics are   hidden in the Fermi constant. 
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A percent-level comparison requires us to consider radiative corrections.  Traditionally, one 
distinguishes between QED corrections in the Fermi theory and weak corrections in the SM,  
although at the end of the day, all of them  are just electroweak corrections.
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the state of the theory, and whether or not it can be a signal of the fact that
the SM is, perhaps, not a complete theory and there are other contributions
to Eq. (4.1) that are not part of the Standard Model. Given the fact that
any statement about the incompleteness of the Standard Model would be
extremely important, such statements should not be taken lightly and, before
they are entertained at a serious level, all other options have to be explored
first.
We will now discuss what this di↵erence can be attributed to. One pos-

sibility is that experimental measurements are not as accurate as they are
claimed to be. I will not entertain this possibility and will assume that they
are correct. Another possibility is that the muon lifetime is not computed ac-
curately enough. This is possible since there are QED corrections that a↵ect
the muon lifetime. The one-loop correction factor reads

F = 1 +
↵

⇡

✓
25

4
� ⇡

2

◆
⇡ 1� 8⇥ 10�3. (4.11)

Including this factor in the calculation, we find that Eq. (4.8) shifts by about
a half a percent and becomes GF = 1.169.. ⇥ 10�5. We see that in spite
of the fact that the value of GF changed somewhat, it is still quite di↵erent
from what can be determined from the SM calculations.
The other thing that we can question is the Standard Model calculation

itself. The reason for this are again radiative corrections that certainly a↵ect
the derivation of the Fermi Lagrangian in the context of the Standard Model.
We will have to discuss whether such e↵ects can bring the two values of GF
closer to each other. We will see that, when computing radiative corrections
in the Standard Model, in certain cases one obtains enhanced e↵ects that
can indeed induce a few percent shifts. Our goal is to discuss them in what
follows.
Precision of Standard Model tests reached the level of a few percent and

even better, where theoretical predictions in higher orders of perturbation
theory are required. Higher-order contributions require calculation of virtual
loop diagrams and, in case when massless particles are involved, also real-
emission contributions with such particles. For our discussion here we will
mostly assume that QED corrections are treated separately (as in the muon
decay where they are studied in Fermi theory). Then, we only need to be
concerned with virtual loop amplitudes.
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A standard calculation of the life-time gives
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where
f (x) = 1� 8x + 8x3 � x4 � 12x2 ln x. (4.3)

The PDG value of the muon lifetime is

⌧ = 2.1969811(22)⇥ 10�6 sec. (4.4)

Then,

GF =

s
192⇡3~

⌧m5
µ
f (m2

e
/m2
µ
)
. (4.5)

Using
mµ = 105.6583715 MeV, me = 0.510998928 MeV, (4.6)

and
~ = 6.58211928⇥ 10�22 MeV sec. (4.7)

Using the PDG value of the muon lifetime, we easily find

GF = 1.16394⇥ 10
�5 GeV�2. (4.8)

In the context of the Standard Model, Eq. (4.1) is derivable. From the
tree-diagram under the assumption mµ ⌧ MW , we easily find

GF =
g
2

4
p
2m2
W

. (4.9)

Using e = g sin ✓W , we find

GF =
⇡↵

p
2m2
W

⇣
1� m2w

m2z

⌘ = 1.1245⇥ 10�5 GeV�2. (4.10)

The test of the Standard Model consists in the comparison of Eq. (4.8)
and Eq. (4.10). In this respect, the first thing to note is that the two values
agree rather well, so by-and-large we see that the test works.
However, we also see the 3.5 percent di↵erence between the two GF -

values. We now have to quantify whether this di↵erence is significant, given
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F (↵)

Hence, it follows that the  QED radiative correction is way too small to reconcile two values of 
the Fermi constant  (and, furthermore, it works in the wrong direction  increasing the difference 
between them).

In the modern language we will say that we compute the  effective Lagrangian, including 
short-distance electroweak corrections,  and then use it to calculated the matrix element for 
the muon decay including long-distance QED corrections. 

the state of the theory, and whether or not it can be a signal of the fact that
the SM is, perhaps, not a complete theory and there are other contributions
to Eq. (4.1) that are not part of the Standard Model. Given the fact that
any statement about the incompleteness of the Standard Model would be
extremely important, such statements should not be taken lightly and, before
they are entertained at a serious level, all other options have to be explored
first.
We will now discuss what this di↵erence can be attributed to. One pos-

sibility is that experimental measurements are not as accurate as they are
claimed to be. I will not entertain this possibility and will assume that they
are correct. Another possibility is that the muon lifetime is not computed ac-
curately enough. This is possible since there are QED corrections that a↵ect
the muon lifetime. The one-loop correction factor reads
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Including this factor in the calculation, we find that Eq. (4.8) shifts by about
a half a percent and becomes GF = 1.169.. ⇥ 10�5. We see that in spite
of the fact that the value of GF changed somewhat, it is still quite di↵erent
from what can be determined from the SM calculations.
The other thing that we can question is the Standard Model calculation

itself. The reason for this are again radiative corrections that certainly a↵ect
the derivation of the Fermi Lagrangian in the context of the Standard Model.
We will have to discuss whether such e↵ects can bring the two values of GF
closer to each other. We will see that, when computing radiative corrections
in the Standard Model, in certain cases one obtains enhanced e↵ects that
can indeed induce a few percent shifts. Our goal is to discuss them in what
follows.
Precision of Standard Model tests reached the level of a few percent and

even better, where theoretical predictions in higher orders of perturbation
theory are required. Higher-order contributions require calculation of virtual
loop diagrams and, in case when massless particles are involved, also real-
emission contributions with such particles. For our discussion here we will
mostly assume that QED corrections are treated separately (as in the muon
decay where they are studied in Fermi theory). Then, we only need to be
concerned with virtual loop amplitudes.
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However, not all is lost since, leaving the QED corrections aside, we find many electroweak one-
loop diagrams that provide corrections to the muon decay that need to be analysed…

Figure 3: One-loop diagrams in muon decay. Loops in the W -boson propagator (a), (b),
(c), (d); in the W -vertex (e), (f) and (g) and in external fermion lines (h), (i), (j), (k) (similar
diagrams for e and ν̄e are assumed), as well as square-type diagrams (l), (m), (n), (o).
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Figure 3: One-loop diagrams in muon decay. Loops in the W -boson propagator (a), (b),
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We will try to estimate the magnitude of the expected corrections  by considering one of the 
box diagrams. Such diagrams renormalise the Fermi Lagrangian but the expected corrections 
are tiny; it is hard to argue that such corrections can reconcile the (measured and computed) 
Fermi constants unless an enhancement factor is found.

Figure 3: One-loop diagrams in muon decay. Loops in the W -boson propagator (a), (b),
(c), (d); in the W -vertex (e), (f) and (g) and in external fermion lines (h), (i), (j), (k) (similar
diagrams for e and ν̄e are assumed), as well as square-type diagrams (l), (m), (n), (o).

8
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It turns out that such enhanced corrections are hiding in the vacuum polarization functions of 
electroweak gauge bosons.  We will now investigate how this happens and what is the 
enhancement factor. We will start with the discussion of the impact of the vacuum polarization 
contributions on the Fermi constant.

Figure 3: One-loop diagrams in muon decay. Loops in the W -boson propagator (a), (b),
(c), (d); in the W -vertex (e), (f) and (g) and in external fermion lines (h), (i), (j), (k) (similar
diagrams for e and ν̄e are assumed), as well as square-type diagrams (l), (m), (n), (o).

8

For the purpose of this discussion, we will discuss one-loop diagrams; they
are comprised out of tadpoles, self-energy contributions, vertex corrections
and box diagrams. It turns out that for the low-energy tests that we want to
discuss, self-energy contributions of electroweak gauge bosons are important.
Hence, we will discuss them in some detail.

We consider a vector boson V and denote its vacuum polarization function
�i⇧V V (q2)gµ⌫+O(qµq⌫). We will systematically ignore all terms proportional
to qµq⌫ since we will consider diagrams where vector bosons couple to external
currents that involve nearly massless fermions (on the scale of vector boson
masses).
The propagator is computed using simple geometric series and we obtain

�igµ⌫

q2 �m2
V,0

!
�igµ⌫

q2 �m2
V,0
+ ⇧V V (q2)

. (4.12)

Here, m2
V,0
is the so-called bare mass which is the mass parameter in the

Lagrangian. This parameter, however, is not directly related to the physical
gauge-boson mass because of radiative corrections.
The mass of the vector boson – as is the mass of any other particle – is

defined by the pole of the above expression: if q2 = m2
V
, where m2

V
is the

physical mass of the gauge boson, the propagator should blow up. We then
write

m
2

V,0
= m2

V
+ �m2

V
, (4.13)

and choose
�m
2

V
= ⇧V V (m

2

V
), (4.14)

where we use perturbativity arguments to replace m2
V,0
with m2

V
in the function

⇧V V . With this replacement, the propagator of a vector boson becomes

�igµ⌫

q2 �m2
V
+
⇥
⇧V V (q2)� ⇧V V (m2V )

⇤ . (4.15)

We then consider the muon decay, account for the vacuum polarization
insertion into the W -propagator at q2 = 0 and find

GF =
g
2
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2 4
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m2
W,0
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2 4m2
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. (4.16)
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For the purpose of this discussion, we will discuss one-loop diagrams; they
are comprised out of tadpoles, self-energy contributions, vertex corrections
and box diagrams. It turns out that for the low-energy tests that we want to
discuss, self-energy contributions of electroweak gauge bosons are important.
Hence, we will discuss them in some detail.

We consider a vector boson V and denote its vacuum polarization function
�i⇧V V (q2)gµ⌫+O(qµq⌫). We will systematically ignore all terms proportional
to qµq⌫ since we will consider diagrams where vector bosons couple to external
currents that involve nearly massless fermions (on the scale of vector boson
masses).
The propagator is computed using simple geometric series and we obtain
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Here, m2
V,0
is the so-called bare mass which is the mass parameter in the

Lagrangian. This parameter, however, is not directly related to the physical
gauge-boson mass because of radiative corrections.
The mass of the vector boson – as is the mass of any other particle – is

defined by the pole of the above expression: if q2 = m2
V
, where m2

V
is the

physical mass of the gauge boson, the propagator should blow up. We then
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where we use perturbativity arguments to replace m2
V,0
with m2

V
in the function

⇧V V . With this replacement, the propagator of a vector boson becomes
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We then consider the muon decay, account for the vacuum polarization
insertion into the W -propagator at q2 = 0 and find
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For the purpose of this discussion, we will discuss one-loop diagrams; they
are comprised out of tadpoles, self-energy contributions, vertex corrections
and box diagrams. It turns out that for the low-energy tests that we want to
discuss, self-energy contributions of electroweak gauge bosons are important.
Hence, we will discuss them in some detail.
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For the purpose of this discussion, we will discuss one-loop diagrams; they
are comprised out of tadpoles, self-energy contributions, vertex corrections
and box diagrams. It turns out that for the low-energy tests that we want to
discuss, self-energy contributions of electroweak gauge bosons are important.
Hence, we will discuss them in some detail.

We consider a vector boson V and denote its vacuum polarization function
�i⇧V V (q2)gµ⌫+O(qµq⌫). We will systematically ignore all terms proportional
to qµq⌫ since we will consider diagrams where vector bosons couple to external
currents that involve nearly massless fermions (on the scale of vector boson
masses).
The propagator is computed using simple geometric series and we obtain
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Lagrangian. This parameter, however, is not directly related to the physical
gauge-boson mass because of radiative corrections.
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We then consider the muon decay, account for the vacuum polarization
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Note that g0 is still a bare (i.e. 
Lagrangian, unphysical) weak 
coupling.
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In general since the SM is renormalisable theory, we have to express all quantities through 
physical parameters. In case of the Fermi constant,  the relevant ones are  the Z-mass, the W-
mass and the fine structure constant.

Note that we also wrote g2
0
instead of g2 in the above formula to indicate

that this constant is also “bare”, i.e. it is a parameter of the Lagrangian.
The Standard Model is a renormalizable theory. This implies that if we fix

three parameters of the Standard Model, as well as quark and lepton masses,
we should be able to determine all other physical quantities. Note that this
requires us to express (bare) parameters that appear in the Standard Model
Lagrangian through physical quantities that are fixed through outcomes of
physical experiments by performing perturbative computations. There are
di↵erent ways to select physical parameters; in the so-called on-shell scheme
we select mz , mW and ↵(mz). Then,
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We have already discussed how the three physical quantities are fixed.
Next steps follow from a simple fact that all relations between parame-

ters of the Lagrangian that we discussed earlier are to be understood as the
relations between bare parameters.
This implies that in order to determine GF from Eq. (4.16), we need to
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We will continue with the study of the the self-energy corrections to the propagators of Z and 
W bosons. 
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We will focus on the fermionic contributions to vacuum polarisation functions of the gauge 
bosons — they are the important quantities; they involve vector and axial-vector currents. 
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Substituting this result into Eq. (4.20), and using relations between mass
shifts and self-energy operators, we write
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(4.22)

Hence, to compute the shift in the Fermi constant, we need to determine the
vacuum polarization contributions.

5 Vacuum polarization functions of gauge boson propaga-

tors

We will first discuss the master formula that will allow us to compute fermion’s
contributions to the vacuum polarization functions with a relative ease. We
write
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where m1,2 are fermion masses, q is the momentum that flows through the
fermion loop and d = 4 � 2✏ is the space-time dimension which is taken
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We combine propagators using Feynman parameters, shift the integration
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Substituting this result into Eq. (4.20), and using relations between mass
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Hence, to compute the shift in the Fermi constant, we need to determine the
vacuum polarization contributions.

5 Vacuum polarization functions of gauge boson propaga-

tors

We will first discuss the master formula that will allow us to compute fermion’s
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We combine propagators using Feynman parameters, shift the integration
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Combining propagators using the Feynman parameters and shifting the loop momentum, we 
obtain to obtain the unshifted momentum in the denominator, we find 
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Substituting this result into Eq. (4.20), and using relations between mass
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Hence, to compute the shift in the Fermi constant, we need to determine the
vacuum polarization contributions.

5 Vacuum polarization functions of gauge boson propaga-

tors

We will first discuss the master formula that will allow us to compute fermion’s
contributions to the vacuum polarization functions with a relative ease. We
write

T
µ⌫

V V,AA
=

Z
ddk

(2⇡)d
Tr

⇥
�
µ(�5)(k̂ +m1)�⌫(�5)(k̂ + q̂ +m2)

⇤

(k2 �m1)2((q + k)2 �m22)
, (5.1)

where m1,2 are fermion masses, q is the momentum that flows through the
fermion loop and d = 4 � 2✏ is the space-time dimension which is taken
di↵erent from four because T µ⌫

V V,AA
diverges in four dimensions.

It is easy to see that T µ⌫
V V,AA

can be written as follows

T
µ⌫

V V
= T µ⌫

1
+ T µ⌫

2
,

T
µ⌫

AA
= T µ⌫

1
� T

µ⌫

2
,

(5.2)

where

T
µ⌫

1
=

Z
ddk

(2⇡)d
Tr

⇥
�
µ
k̂�
µ(k̂ + q̂)

⇤

(k2 �m1)2((q + k)2 �m22)
,

T
µ⌫

2
=m1m2

Z
ddk

(2⇡)d
Tr [�µ�⌫]

(k2 �m1)2((q + k)2 �m22)
.

(5.3)

We combine propagators using Feynman parameters, shift the integration
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Hence, to compute the shift in the Fermi constant, we need to determine the
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We can assemble the vacuum polarization contributions for different vector bosons.   For the 
photon, where only vector current contributes, we find  (               for a quark and               for a 
lepton).

We note that the result is proportional to q2,  which implies that the photon remains massless 
(as it should be, of course).
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We will now analyse important features of this formula that will allow us
to understand the structure of radiative corrections. First, we note that there
are three major vacuum polarization contributions ⇧��, ⇧zz and ⇧WW that
are of interest to us.
Consider the photon vacuum polarization function. The photon couples

to a vector current that involves a fermion with charge Q and ass m; in case
of quarks it it is also important to account for the fact that quarks have three
colours. We write
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It is then easy to compute this quantity in the limit |q2|� m2. We find

F (q2)� F (0) ⇡ �
↵Q

2

f

2⇡
⌘f
1

3


ln
�q

2

m2
�
5

3

�
. (5.15)

We have used this result when computing ↵(mZ) in the previous section.

Next, we consider the vacuum polarization contribution of the Z-boson.
The coupling of the Z boson to fermions involves a vector and an axial current

�i
g

2cw
(gV,f �µ + gA,f �µ�5) . (5.16)
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Next, we compute the Z-boson vacuum polarization.  The interaction of Z-bosons and fermions 
involves vector and vector-axial currents. 

Note that there is a contribution that involves  only T2, and that T2 is proportional to the mass  of 
the fermion in the loop squared.  If  the fermion is  heavier that the Z-boson , this gives a 
significant  enhancement.  The same applies to the vacuum polarisation of the W-boson where T1 
appears.
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We will now use these results to compute the vacuum polarisation corrections to the Fermi 
constant making use of the fact that leading contributions to ZZ and WW vacuum polarisation 
functions are independent of q (since they are proportional to the heaviest (top) quark mass).
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We see that accounting for the radiative corrections brings the calculation of
GF in line with the results of the direct measurements.

The Fermi constant is definitely not the only electroweak observable that
exhibits large electroweak corrections proportional to m2

t
. Another interesting

observable is the so-called ⇢-parameter which describes the relative strength of
the charged-current and the weak current interactions at low energies. In the
normalization where the charged current interaction strength is parametrized
with GF , the strength of the neutral current interaction is parameterized by
GF⇢. At tree level,
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where we used the relation between cos ✓W , the Z-boson mass and the W -
boson mass. Hence, It follows from the the above equation that ⇢ = 1.
However, the relation between the strength of neutral and charged cur-

rents is modified because of the radiative corrections. These corrections
modify Z- and W -boson propagators at q2 = 0. It is then easy to see that
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We have discussed this quantity earlier, and we have shown that it receives
corrections enhanced by the second power of mt ; the corrections are given in
Eq. (5.21. Hence, for the ⇢ parameter in the Standard Model, we find
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Another interesting question is the sensitivity of electroweak radiative cor-
rections to the Higgs boson mass. Currently, this question has an academic
interest since from the direct observation, we know that the Higgs boson
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Corrections enhanced by the square of the top quark mass and fairly large correction related to the 
change in the fine structure constant help us reconcile measured and predicted values of the Fermi 
constant.
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Another interesting quantity is the relative strength of charged and neutral current interactions, at 
low energies.  It is characterised by the so-called rho-parameter.  
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For historical reasons, it was interesting to know the impact of the Higgs boson on the radiative 
corrections in the Standard Model. 

The Higgs boson couples to fermions with the strength proportional to their masses;  for currents 
that appear in the Fermi Lagrangian, all such masses are tiny.  Hence, the only diagrams to study in 
this case are the ones where the Higgs boson couples to the propagator of the virtual W boson. 
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We will again compute a generic vacuum-polarisation contribution and then use it to derive 
corrections to various relevant quantities. We  work in the unitary gauge where unphysical parts of 
the Higgs doublet are not present.

mass is 125 GeV; however, before that, the information about the Higgs bo-
son mass was obtained by trying to fit electroweak precision observables to
their measured values.
We will perform the calculation in the unitary gauge since in this case

we do not need to consider unphysical ghost particles related to the Higgs
doublet. The integral that we need to consider reads
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where m is the mass of the electroweak gauge boson and mH is the mass of
the Higgs boson. The reason for introducing m2 factor will become later.
We combine the propagators using Feynman parameters, shift the inte-

gration momentum and discard all the terms that are proportional to qµ. We
obtain
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where
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Averaging over directions of k , we find

T
µ⌫

3
= gµ⌫T3, (5.29)

where

T3 = m
2

1Z

0

dx

Z
ddk

(2⇡)d
1� k

2

dm2

(k2 � �H)2
. (5.30)

This integral is analysed in the same way as the vacuum polarization contri-
butions studied earlier. We find

T3 = m
2

1Z

0

dx I2(�H)

✓
1�

�H
m2(d � 2)

◆

=
iN✏

2✏

1Z

0

dx

✓
�

µ2

◆�✏ ✓
m
2
�

�H
(d � 2)

◆
.

(5.31)

41

<latexit sha1_base64="DftGkvKajN46a6FiGsRcJP/dLmQ=">AAAB6HicbVDLSsNAFJ34rPFVdelmsAiuSiK2aRfSghuXLdgHtKFMppN27GQSZiZCCf0CNy4Ucauf4h+4Kf6N07QUXwcuHM65l3vv8SJGpbKsT2NldW19YzOzZW7v7O7tZw8OmzKMBSYNHLJQtD0kCaOcNBRVjLQjQVDgMdLyRlczv3VHhKQhv1HjiLgBGnDqU4yUluqjXjZn5a0U8C+xFyRXeZ+al9HbtNbLfnT7IY4DwhVmSMqObUXKTZBQFDMyMbuxJBHCIzQgHU05Coh0k/TQCTzVSh/6odDFFUzV7xMJCqQcB57uDJAayt/eTPzP68TKL7kJ5VGsCMfzRX7MoArh7GvYp4JgxcaaICyovhXiIRIIK52NmYZQLjpOyVm+rEMolwoF+2KpNM/zdjFfqFu5agXMkQHH4AScARs4oAquQQ00AAYE3INH8GTcGg/Gs/Eyb10xFjNH4AeM1y9iTZFG</latexit>

k

<latexit sha1_base64="dhqgn5ktz7S5LgFTCjG9b20udJg=">AAAB6HicbVDLTsJAFJ3iC/EB4sbEzURjwoq0RiisJHHjEhJ5JNCQ6TCFkem0zkxNsOEL3LjQGLf+hjs/wZ1/41AI8XWSm5ycc2/uvccNGZXKND+N1Mrq2vpGejOztb2zm83t5VsyiAQmTRywQHRcJAmjnDQVVYx0QkGQ7zLSdscXM799S4SkAb9Sk5A4Phpy6lGMlJYaN/3csVk0E8C/xFqQ49rBWyGbf7+r93MfvUGAI59whRmSsmuZoXJiJBTFjEwzvUiSEOExGpKuphz5RDpxcugUnmhlAL1A6OIKJur3iRj5Uk58V3f6SI3kb28m/ud1I+VVnJjyMFKE4/kiL2JQBXD2NRxQQbBiE00QFlTfCvEICYSVziaThFAt23bFXr6sQ6hWSiXrbKm0TotWuVhq6DTOwRxpcAiOQAFYwAY1cAnqoAkwIOAePIIn49p4MJ6Nl3lryljM7IMfMF6/AHk3j9o=</latexit>q

<latexit sha1_base64="LQElpQdHOxMsd/mlUQpPkoeUhao=">AAAB6nicbVDLSsNAFJ3UV62P1roR3AwWoSCURGzTriy4cVnRPqANZTKdtEMnkzgzEWroJ7hxoYhb/8Kdn+DOv3GaSvF14MLhnHu59x43ZFQq0/wwUkvLK6tr6fXMxubWdja3k2/JIBKYNHHAAtFxkSSMctJUVDHSCQVBvstI2x2fzfz2DRGSBvxKTULi+GjIqUcxUlq6HB9d93MFs2QmgH+J9UUK9b3XYjb/dtvo5957gwBHPuEKMyRl1zJD5cRIKIoZmWZ6kSQhwmM0JF1NOfKJdOLk1Ck81MoAeoHQxRVM1O8TMfKlnPiu7vSRGsnf3kz8z+tGyqs6MeVhpAjH80VexKAK4OxvOKCCYMUmmiAsqL4V4hESCCudTiYJoVax7aq9eFmHUKuWy9bJQmkdl6xKqXyh0zgFc6TBPjgARWABG9TBOWiAJsBgCO7AA3g0mHFvPBnP89aU8TWzC37AePkEp2mQhA==</latexit>

k + q

<latexit sha1_base64="Iim5h6YtdT+j/Xm12sKcKUIXl3w=">AAAB6HicbVDLasJAFJ3Yl01ftl12M1QKXUlSqtFFUejGpUJ9gAaZjKNOnUzCzKQgwS/opouW0m37Kf2DbqR/0zGK9HXgwuGce7n3Hi9kVCrL+jRSa+sbm1vpbXNnd2//IHN41JRBJDBp4IAFou0hSRjlpKGoYqQdCoJ8j5GWN76e+607IiQN+I2ahMT10ZDTAcVIaale7WWyVs5KAP8Se0my5feZeRW+zWq9zEe3H+DIJ1xhhqTs2Fao3BgJRTEjU7MbSRIiPEZD0tGUI59IN04OncIzrfThIBC6uIKJ+n0iRr6UE9/TnT5SI/nbm4v/eZ1IDYpuTHkYKcLxYtEgYlAFcP417FNBsGITTRAWVN8K8QgJhJXOxkxCKBUcp+isXtYhlIr5vH25UpoXObuQy9etbKUMFkiDE3AKzoENHFABVVADDYABAffgETwZt8aD8Wy8LFpTxnLmGPyA8foFLUGRIw==</latexit>

H

mass is 125 GeV; however, before that, the information about the Higgs bo-
son mass was obtained by trying to fit electroweak precision observables to
their measured values.
We will perform the calculation in the unitary gauge since in this case

we do not need to consider unphysical ghost particles related to the Higgs
doublet. The integral that we need to consider reads
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where m is the mass of the electroweak gauge boson and mH is the mass of
the Higgs boson. The reason for introducing m2 factor will become later.
We combine the propagators using Feynman parameters, shift the inte-

gration momentum and discard all the terms that are proportional to qµ. We
obtain
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This integral is analysed in the same way as the vacuum polarization contri-
butions studied earlier. We find
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Combining propagators using Feynman parameters, shifting the loop momentum and neglecting all 
terms that are proportional to  the momentum q in the numerator, we arrive at 

mass is 125 GeV; however, before that, the information about the Higgs bo-
son mass was obtained by trying to fit electroweak precision observables to
their measured values.
We will perform the calculation in the unitary gauge since in this case

we do not need to consider unphysical ghost particles related to the Higgs
doublet. The integral that we need to consider reads

T
µ⌫

3
= m2

Z
ddk

(2⇡)d
g
µ⌫
�
k
µ
k
⌫

m2

k2 �m2

1

(k + q)2 �m2
H

, (5.26)

where m is the mass of the electroweak gauge boson and mH is the mass of
the Higgs boson. The reason for introducing m2 factor will become later.
We combine the propagators using Feynman parameters, shift the inte-

gration momentum and discard all the terms that are proportional to qµ. We
obtain

T
µ⌫

3
= m2

Z
dx

Z
ddk

(2⇡)d
g
µ⌫
�
k
µ
k
⌫

m2

(k2 � �H)2
, (5.27)

where
�H = m

2

H
x +m2(1� x)� q2x(1� x). (5.28)

Averaging over directions of k , we find

T
µ⌫

3
= gµ⌫T3, (5.29)

where

T3 = m
2

1Z

0

dx

Z
ddk

(2⇡)d
1� k

2

dm2

(k2 � �H)2
. (5.30)

This integral is analysed in the same way as the vacuum polarization contri-
butions studied earlier. We find

T3 = m
2

1Z

0

dx I2(�H)

✓
1�

�H
m2(d � 2)

◆

=
iN✏

2✏

1Z

0

dx

✓
�

µ2

◆�✏ ✓
m
2
�

�H
(d � 2)

◆
.

(5.31)

41

mass is 125 GeV; however, before that, the information about the Higgs bo-
son mass was obtained by trying to fit electroweak precision observables to
their measured values.
We will perform the calculation in the unitary gauge since in this case

we do not need to consider unphysical ghost particles related to the Higgs
doublet. The integral that we need to consider reads

T
µ⌫

3
= m2

Z
ddk

(2⇡)d
g
µ⌫
�
k
µ
k
⌫

m2

k2 �m2

1

(k + q)2 �m2
H

, (5.26)

where m is the mass of the electroweak gauge boson and mH is the mass of
the Higgs boson. The reason for introducing m2 factor will become later.
We combine the propagators using Feynman parameters, shift the inte-

gration momentum and discard all the terms that are proportional to qµ. We
obtain

T
µ⌫

3
= m2

Z
dx

Z
ddk

(2⇡)d
g
µ⌫
�
k
µ
k
⌫

m2

(k2 � �H)2
, (5.27)

where
�H = m

2

H
x +m2(1� x)� q2x(1� x). (5.28)

Averaging over directions of k , we find

T
µ⌫

3
= igµ⌫T3, (5.29)

where

T3 = �im
2

1Z

0

dx

Z
ddk

(2⇡)d
1� k

2

dm2

(k2 � �H)2
. (5.30)

This integral is analysed in the same way as the vacuum polarization contri-
butions studied earlier. We find

T3 = �im
2

1Z

0

dx I2(�H)

✓
1�

�H
m2(d � 2)

◆

=
N✏

✏

1Z

0

dx

✓
�

µ2

◆�✏ ✓
m
2
�

�H
(d � 2)

◆
.

(5.31)

41

mass is 125 GeV; however, before that, the information about the Higgs bo-
son mass was obtained by trying to fit electroweak precision observables to
their measured values.
We will perform the calculation in the unitary gauge since in this case

we do not need to consider unphysical ghost particles related to the Higgs
doublet. The integral that we need to consider reads

T
µ⌫

3
= m2

Z
ddk

(2⇡)d
g
µ⌫
�
k
µ
k
⌫

m2

k2 �m2

1

(k + q)2 �m2
H

, (5.26)

where m is the mass of the electroweak gauge boson and mH is the mass of
the Higgs boson. The reason for introducing m2 factor will become later.
We combine the propagators using Feynman parameters, shift the inte-

gration momentum and discard all the terms that are proportional to qµ. We
obtain

T
µ⌫

3
= m2

Z
dx

Z
ddk

(2⇡)d
g
µ⌫
�
k
µ
k
⌫

m2

(k2 � �H)2
, (5.27)

where
�H = m

2

H
x +m2(1� x)� q2x(1� x). (5.28)

Averaging over directions of k , we find

T
µ⌫

3
= igµ⌫T3, (5.29)

where

T3 = �im
2

1Z

0

dx

Z
ddk

(2⇡)d
1� k

2

dm2

(k2 � �H)2
. (5.30)

This integral is analysed in the same way as the vacuum polarization contri-
butions studied earlier. We find

T3 = �im
2

1Z

0

dx I2(�H)

✓
1�

�H
m2(d � 2)

◆

=
N✏

✏

1Z

0

dx

✓
�

µ2

◆�✏ ✓
m
2
�

�H
(d � 2)

◆
.

(5.31)

41



Expanding to order O(✏0), we find
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We will now compute the Higgs boson contribution to the ⇢ parame-
ter, where the di↵erence of ⇧ZZ(0)/m2z and ⇧WW (0)/m

2

w
appeared. Written

through T3, these quantities read
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Using the relation between Z and W masses, we find that mH-dependent
terms cancel in the divergent and ln-independent contributions to �⇢H. The
✏independent terms can be easily calculated, but the result is not transparent.
To make it more clear we write it in the approximation mH � mZ,W which
is not a good approximation but gives us an idea about some features of the
result. We find
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where ellipses stand for terms that do not contain logarithms of mH. This
result implies that the sensitivity of electroweak corrections to mH is logarith-
mic and not quadratic as, e.g., in case of the top quark mass. Again, this is
a typical situation.

6 The muon anomalous magnetic moment

A very instructive example of a precision observable is the anomalous magnetic
moment of the muon. This quantity has been measured, with great precision,
in a dedicated experiment at Brookhaven National Laboratory nearly twenty
years ago, and 3� di↵erence with the theoretical predictions. It was decided
to move large parts of the muon storage ring from BNL to FNAL and to
repeat the experiment using the same principle but refined apparatus and the
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Computing the contribution of the Higgs boson to the rho-parameter, we find a logarithmic 
senstitivity in the limit 
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where ellipses stand for terms that do not contain logarithms of mH. This
result implies that the sensitivity of electroweak corrections to mH is logarith-
mic and not quadratic as, e.g., in case of the top quark mass. Again, this is
a typical situation.

6 The muon anomalous magnetic moment

A very instructive example of a precision observable is the anomalous magnetic
moment of the muon. This quantity has been measured, with great precision,
in a dedicated experiment at Brookhaven National Laboratory nearly twenty
years ago, and 3� di↵erence with the theoretical predictions. It was decided
to move large parts of the muon storage ring from BNL to FNAL and to
repeat the experiment using the same principle but refined apparatus and the
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mass is 125 GeV; however, before that, the information about the Higgs bo-
son mass was obtained by trying to fit electroweak precision observables to
their measured values.
We will perform the calculation in the unitary gauge since in this case
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where m is the mass of the electroweak gauge boson and mH is the mass of
the Higgs boson. The reason for introducing m2 factor will become later.
We combine the propagators using Feynman parameters, shift the inte-

gration momentum and discard all the terms that are proportional to qµ. We
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This integral is analysed in the same way as the vacuum polarization contri-
butions studied earlier. We find
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We will now compute the Higgs boson contribution to the ⇢ parame-
ter, where the di↵erence of ⇧ZZ(0)/m2z and ⇧WW (0)/m
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Using the relation between Z and W masses, we find that mH-dependent
terms cancel in the divergent and ln-independent contributions to �⇢H. The
✏independent terms can be easily calculated, but the result is not transparent.
To make it more clear we write it in the approximation mH � mZ,W which
is not a good approximation but gives us an idea about some features of the
result. We find
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where ellipses stand for terms that do not contain logarithms of mH. This
result implies that the sensitivity of electroweak corrections to mH is logarith-
mic and not quadratic as, e.g., in case of the top quark mass. Again, this is
a typical situation.

6 The muon anomalous magnetic moment

A very instructive example of a precision observable is the anomalous magnetic
moment of the muon. This quantity has been measured, with great precision,
in a dedicated experiment at Brookhaven National Laboratory nearly twenty
years ago, and 3� di↵erence with the theoretical predictions. It was decided
to move large parts of the muon storage ring from BNL to FNAL and to
repeat the experiment using the same principle but refined apparatus and the
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Tadpole diagrams fully cancel in the 
contribution to the rho parameter
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We will now compute the Higgs boson contribution to the ⇢ parame-
ter, where the di↵erence of ⇧ZZ(0)/m2z and ⇧WW (0)/m

2

w
appeared. Written

through T3, these quantities read
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Using the relation between Z and W masses, we find that mH-dependent
terms cancel in the divergent and ln-independent contributions to �⇢H. The
✏independent terms can be easily calculated, but the result is not transparent.
To make it more clear we write it in the approximation mH � mZ,W which
is not a good approximation but gives us an idea about some features of the
result. We find
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where ellipses stand for terms that do not contain logarithms of mH. This
result implies that the sensitivity of electroweak corrections to mH is logarith-
mic and not quadratic as, e.g., in case of the top quark mass. Again, this is
a typical situation.

6 The muon anomalous magnetic moment

A very instructive example of a precision observable is the anomalous magnetic
moment of the muon. This quantity has been measured, with great precision,
in a dedicated experiment at Brookhaven National Laboratory nearly twenty
years ago, and 3� di↵erence with the theoretical predictions. It was decided
to move large parts of the muon storage ring from BNL to FNAL and to
repeat the experiment using the same principle but refined apparatus and the
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Because of the weak sensitivity to the Higgs mass, it was difficult to pinpoint its value from the 
precision electroweak fits, although there were clear indications that the mass is relatively low. 



The muon anomalous magnetic moment: a two-decade saga



Nothing epitomises challenges  faced  by  the  precision SM physics program  better than the 
muon anomalous magnetic moment.  This quantity was measured in the dedicated 
experiment at BNL where circa a 3-sigma deviation between theoretical  and experimental 
results  was observed.  To clarify the origin of this discrepancy,  the storage ring was moved to 
FNAL and the new experiment there was started.

QED 116584718.95(8)
Electroweak 154± 2
Hadronic vacuum polarization, LO 6949± 37± 21
Hadronic vacuum polarization, NLO �98.4
Hadronic light-by-light 105± 26

Table 1: Contributions to the muon anomalous magnetic moment, in units
of 10�11. The results are taken from Ref. [?].

analysis strategy. The experiment is still running, but it has already published
intermediate results which confirmed the discrepancy discovered by the BNL
experiment. This emphasizes that the solution of the problem should be on
the theory side or it should be New Physics.
The reason I want to talk about the muon magnetic anomaly is that, at

a certain level, it illustrates all the challenges that precision particle physics
faces in the present era. Let me first say why we are interested in looking
at the muon and not at the electron. The reason is that a contribution of a
heavy (new) particle with the mass M to the anomalous magnetic moment
of a lepton l , scales as

a
BSM

l
⇠
↵

⇡

m
2

l

M2
. (6.1)

Since the contribution is proportional to the lepton mass l and since mµ/me ⇡
200, the potential New Physics contribution to aµ is 40 000 times larger than
to me. Second, for M ⇠ 200 GeV,

a
BSM

µ
⇠ 60⇥ 10�11. (6.2)

Experiments are able to reach this precision (BNL) and significantly improve
on it (FNAL). This means that, if such contributions exist, they can be dis-
covered.
Let me first summarize the current experimental and theoretical results

for aµ. The numbers shown below may di↵er slightly from similar numbers in
other sources, because it depends on how the results are put together. Here
they are

a
exp

µ
= 116 592 082(55)⇥ 10�11

a
th

µ
= 116 591 846(63)⇥ 10�11.

(6.3)
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Figure 1: The contribution of a QED bound state to the anomalous magnetic
moment of a lepton.

The di↵erence

�aµ = a
exp

µ
� a

th

µ
= (237± 80)⇥ 10�11, (6.4)

amounts to 3 standard deviations. The uncertainty of the measured value
of g � 2 is 55⇥ 10�11; it is comparable to the uncertainty of the theoretical
result, 63⇥ 10�11.
Let us now list contributions to the muon g � 2 that must be taken into

account to claim the above precision of the theoretical prediction. The various
contributions are shown in Table 6.
We will start with the QED contribution. A glance at the first entry in

Table 6 shows that the QED contribution to the muon magnetic anomaly is
the largest one and that it is known with the precision that exceeds the needs
of the current theory-experiment comparison. The QED corrections to g� 2
are well-established by now, and require no further discussion. One can un-
derstand many features of the QED, including various enhanced contributions
and this leads to a high degree of confidence that, at least for the discussion
of the current level of descrepancy, the QED contribution is irrelevant.
To show to you how sophisticated such discussions can be, let me say

the following. At around 2013, the discussion of QED contributions to the
anomalous magnetic moment got an interesting twist when it was argued that
the perturbative description of the QED corrections to the anomalous mag-
netic moment of an electron or a muon may be incomplete. This discussion
was motivated by an observation that contributions of QED bound states
such as positronia, dimuonia etc. change the magnetic anomaly at the five-
loop order, c.f. Fig. 1. However, since the bound states are non-perturbative
in a sense that infinitely many Feynman diagrams need to be summed up
to describe them, it seems hard to imagine a mechanism that makes these
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Note that we like to study the muon and not the electron magnetic anomaly 
because  New Physics contributions affect the muon anomalous magnetic 
moment 40.000 times stronger than the electron one. In fact, we have used 
the electron magnetic anomaly to fix the value of the fine structure 
constant….
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M ⇠ 200 GeV



Several contributions need to be computed to arrive at the muon anomalous magnetic 
moment at the shown level of precision.
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The magnitude of various contributions, in units of 10-11.
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240Deviation:



QED provides the largest contribution, by far.  The current frontier is the five-loop QED; its 
calculation requires an extremely high degree of specialisation, outsiders cannot judge the 
correctness of these results.  

Nevertheless, one can argue that QED cannot be the 
reason for the large g-2  discrepancy since in this case  
either the  three-loop contribution or the enhanced 
four-loop contributions  must be wrong.  But all these 
contributions have been checked multiple times, so 
we are confident  that QED is not a reason for the 
current discrepancy.  

N.B. Since very high precision is required in this case, sometimes interesting side questions are 
being discussed that people have not thought about before (actually, people did think about it 
well before and forgot).   For example, can QED bound states (positronium) contribute to g-2 and 
whether or not such contributions are “outside” of the conventional perturbative computations? 
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acontµ = �aPS
µ + regular PT



Electroweak contributions start at one loop; the  two-loop contributions are known  and  are 
significant.   You would  think that it is straightforward (i.e. difficult but straightforward) to 
compute them, but this is not the case. 
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Fig. 1. Effective Zγγ∗ coupling induced by a fermion triangle, contributing to aEW
µ .

heavier. Those large logarithms were first found in [1] where the diagrams
in Fig. 1 where evaluated only for leptons in the triangle loop. However,
it was pointed out in [2] and explicitly shown in [3] that such logarithms
cancel in sums over all fermions of a given generation (as long as m ! MZ

for all fermions in the generation). The source of this cancellation can be
traced back to the cancellation of anomalies, given by the same fermionic
triangles, within a given generation. It is required for renormalizability.

Some subtlety here is that the anomaly cancellation refers to the lon-
gitudinal part of the axial Z boson current, while both transversal and
longitudinal parts of the fermionic triangle contribute to g− 2. At the level
of free quarks the cancellation is, of course, explicit, so the only question is
whether it can be spoiled by strong interactions. Since lnMZ arises from the
loop momenta much larger than the hadronic scale ΛQCD perturbative QCD
should provide the answer. For the longitudinal part the Adler-Bardeen the-
orem [4] guarantees the absence of gluonic corrections governed by αs(MZ).
We will describe below why this is also true for the transversal part con-
firming the cancellation of lnMZ within a generation.

For the light quark loops strong interactions become essential at the
range of loop momenta on the order of hadronic scale. Not only is αs ∼ 1
but also nonperturbative phenomena defining hadron masses are crucial in
this range. Namely, these dynamical phenomena — not the current masses
of light quarks — define effective infrared cutoff in the logarithmic integrals.
While an exact calculation in this range is not possible, in the paper [3]
(CKM) a crude approximation was used: “constituent masses” of 300 MeV
assigned to quarks u, d and 500 MeV to the quark s played the role of the
infrared cutoff. The contribution of the first two generations of fermions
was found to be
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The reason is the “anomalous” contributions which exhibit strong sensitivity to infra-red 
physics where using quarks in the loops becomes invalid and hadrons are needed.  Note that 
the result below contains hadron masses which is not something that is seen often when 
loop diagrams are calculated.



The next contribution we discuss is the hadronic vacuum polarization. It is a large contribution 
and it needs to be know to a precision of about 1 percent.  The enhancement of the low-s region 
makes estimating it difficult (this is a big difference with respect to a similar contribution to the 
electromagnetic coupling constant).

Figure 2: The spectral density R(s) that appears in the calculation of the
leading order hadronic vacuum polarization contribution to the muon mag-
netic anomaly.
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where Rhad(s) = �e+e�!hadr/�e+e�!µ+µ� we have already seen, and a
(1)

µ (s) is
the one-loop anomalous magnetic moment that appears due to an exchange
of a photon-like vector boson with the mass

p
s. Note that for the evaluation

of the integral in Eq.(6.5) the low-energy region is of particular interest; this
is so because the anomalous magnetic moment a(1)µ decreases for large vector
boson masses a(1)µ (s) ⇠ m2µ/s giving a stronger weight to the low-energy part
of the integrand in Eq.(6.5).
Similar to what we did for ↵(mZ), we will estimate ahvpµ . The idea behind

the estimate is quite simple. To model the essential features of (see Fig.2)
of the spectral density R(s) , we account for three contirbutions:

• the chirally-enhanced two-pion threshold contribution a⇡⇡
µ
defined with

an upper energy cut-o↵ at
p
s = m⇢/2, computed using scalar QED;

• the contribution of ⇢,!,� vector mesons a⇢,!,�
µ
;

• the “continuum” contribution acont
µ
that starts above

p
s ⇠ m�;

Numerically, we find a⇡⇡
µ
⇠ 400 ⇥ 10�11, a⇢,!,�

µ
= 5514 ⇥ 10�11, acont

µ
=

1240⇥10�11. Combining the three results we obtain the theoretical estimate
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Figure 3. The spectral density R(s) that appears in the calcula-
tion of the leading order hadronic vacuum polarization contribu-
tion to the muon magnetic anomaly.

3 Hadronic vacuum polarization

contribution

The next largest correction to the muon anomalous mag-
netic moment is the hadronic vacuum polarization. The
muon mass provides the energy scale for this contribu-
tion. This scale is smaller than the non-perturbative scale
of strong interactions ⇤QCD, so that perturbative QCD is
not applicable and we have to resort to non-perturbative
methods. The only viable option is to use the disper-
sion representation of the hadronic vacuum polarization
which allows us to restore the full function from its imagi-
nary part. Since the imaginary part of the hadronic con-
tribution to photon vacuum polarization is proportional
to e+e� ! hadrons annihilation cross section, which is
known thanks to many experimental studies, we can calcu-
late the hadronic vacuum polarization non-perturbatively.
Its contribution to the magnetic anomaly can be written as

ahvp
µ =

↵

3⇡

1Z

s0

ds
s

Rhard(s) a(1)(s), (5)

where R(s) = �e+e�!hadr/�e+e�!µ+µ� and a(1)
µ is the one-

loop anomalous magnetic moment that appears due to an
exchange of a photon-like vector boson with the mass

p
s.

Note that for the evaluation of the integral in Eq.(5) the
low-energy region is of particular interest; this is so be-
cause the anomalous magnetic moment a(1)

µ decreases for
large vector boson masses a(1)

µ (s) ⇠ m2
µ/s giving a stronger

weight to the low-energy part of the integrand in Eq.(5).
Before I describe the results of the most recent compu-

tations, I would like to emphasize that it is possible to esti-
mate ahvp

µ [7]. Such an estimate is interesting since, when
contrasted with data-driven evaluations, it gives us an idea
about how well such non-perturbative computations can
be controlled. This is not very important for ahvp

µ , where
data is available at the first place, but it is crucial for the
hadronic light-by-light scattering contribution albl

µ , as we
describe later.

The idea behind the estimate is quite simple. We try
to model the essential features (see Fig.3) of the spectral
density R(s) at relatively low energies by accounting for
three contributions:
• the chirally-enhanced two-pion threshold contribution

a⇡⇡µ defined with an upper energy cut-o↵ at
p

s = m⇢/2;

• the contribution of ⇢,!, � vector mesons a⇢,!,�µ ;

• the “continuum” contribution acont
µ that starts above

p
s ⇠ m�;

Numerically, we find a⇡⇡µ ⇠ 400 ⇥ 10�11, a⇢,!,�µ = 5514 ⇥
10�11, acont

µ = 1240 ⇥ 10�11. Combining the three re-
sults we obtain the theoretical estimate of the leading or-
der hadronic vacuum polarization contribution to the muon
magnetic anomaly

ahvp,th
µ = a⇡⇡µ + a⇢,!,�µ + acont

µ ⇡ 7160 ⇥ 10�11. (6)

This theoretical estimate can be compared with one of the
recent results of the data-driven evaluations [2]

ahvp
µ = (6949 ± 37.2 ± 21.0) ⇥ 10�11. (7)

The proximity of the two results is obvious and gives us
confidence that we understand the physics of the hadronic
vacuum polarization quite well; of course, the uncertainty
of the theoretical estimate is hard to access a’priori.

Let us discuss now to what extent the existent data-
driven evaluations are satisfactory, given the physics goals
of the current and forthcoming muon g � 2 studies.3 The
important point to emphasize in this respect is that the
hadronic vacuum polarization contribution to the magnetic
anomaly is large and it needs to be know quite precisely.
In fact, currently, it is the largest contributor to the uncer-
tainty of the theoretical prediction of the muon magnetic
anomaly. The two uncertainties in Eq.(7) have the follow-
ing origin: the first one is related to the uncertainty of the
experimental data and how they are combined; the second
one reflects the poor understanding of how QED radia-
tive corrections are applied to analyses of available data
in exclusive hadronic channels. Both of these uncertain-
ties are relatively small compared to the current discrep-
ancy between theory and experiment but, taken together,
they are not negligible. Moreover, these uncertainties be-
come quite substantial when compared to the expected
precision of the FNAL experiment, which suggests that
further e↵ort is required to improve the measurements of
the e+e� ! hadrons annihilation cross sections at low en-
ergies. It is re-assuring that the corresponding program of
measurements exists both at BEPC and at Novosibirsk, so
that substantial improvements in our understanding of ahvp

µ

can be expected on a few years time scale [16, 17].
There are several important issues that are debated cur-

rently in the context of the calculation of the hadronic vac-
uum polarization. One is the compatibility of data sets
obtained in measurements of e+e� ! hadrons by CMD,
SND, KLOE, BABAR and BESS III experiments. All the
experiments measure the contributions of the kinematic re-
gion around the ⇢-meson to ahvp

µ so that the results of dif-
ferent experiments can be compared directly. Such a com-
parison is shown in Fig. 4. In principle, the results of the
di↵erent measurements are consistent but there are unwel-
come systematic trends: KLOE results are smaller than the
BABAR results and somewhat smaller than SND results.

3For a detailed discussion of this question, see Ref. [16].
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acontµ = 1240⇥ 10�11of the leading order hadronic vacuum polarization contribution to the muon
magnetic anomaly

a
hvp,th

µ
= a⇡⇡

µ
+ a⇢,!,�

µ
+ acont

µ
⇡ 7160⇥ 10�11. (6.6)

This theoretical estimate can be compared with one of the recent results of
the data-driven evaluations [?]

a
hvp

µ
= (6949± 37.2± 21.0)⇥ 10�11. (6.7)

The proximity of the two results is obvious and gives us confidence that
we understand the physics of the hadronic vacuum polarization quite well.
The problem, however, is that this contribution needs to be known rather
accurately. Indeed, if we shift the contribution of ⇢,!,� mesons by about 3
percent, we will get additional 150 ⇥ 10�11 and the disagreement will be all
but gone.
In fact, this scenario recently materialised since CMD-3 collaboration re-

ported a new measurement of the e+e� ! hadrons contribution in the ⇢-
meson region; their results exceeds the results of earlier measurements by
about 3 percent. What do we make of this? Well, on the one hand, this result
certainly stands out since there are several other experiments that measure
smaller cross sections. On the other hand, three percent does not sound like
a large number especially since what is needed is really �⇤ ! hadrons cross
section, not e+e!hadrons which implies that fairly large radiative corrections
related to vacuum polarization and initial state QED radiation have to be
removed from data. There is no question that this can be done right but
whether this has been done properly in all experimental analyses is a di�cult
question to answer.
Recently, a truly dramatic breakthrough came from the lattice, with the

announcement in 2022 of a complete calculation of the hadronic vacuum po-
larization contribution. There result is ahvp

µ
= 7100(50) ⇥ 10�11 is larger

than results that utilize data on e+e� ! hadrons by 150 ⇥ 10�11. Thus,
it seems to agree with the CMD-3 result and, thus, moves the theoretical
prediction significantly closer to the experimental one, leaving an insignificant
0.5� discrepancy between the two values.

Before we close this discussion, let me mention that yet nother com-
plicated contribution is the so-called hadronic light-by-light scattering con-
tribution to the muon anomalous magnetic moment. It is estimated to be
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A careful data-based evaluation gives 
the following result for the hadronic 
vacuum polarisation (SND, CMD-2, 
BABAR, KLOE)

The recent result of the CMD-3 collaboration increased the rho-meson contribution by about 3 
percent. This moves the hadronic vacuum polarisation contribution up by about 150 x 10-11 
reducing the discrepancy with the experimental result by more than 2 sigma. 



By itself,  the CMD-3 result would have remained controversial because other measurements 
consistently arrive at lower result for a hadronic vacuum polarization.  However, a new lattice 
calculation by the BMW collaboration also arrived at the result  that is close to that of  CMD-3 
and (maybe !) solves the g-2 problem fully.

a
hlbl

µ
= (105 ± 26) ⇥ 10�11 [?]. Clearly, ahlbl

µ
is not large and its uncertainty,

when compared to the current di↵erence between theory and experiment, can
be tolerated. However, given the persistent nature of the g � 2 discrepancy,
the volatile history of theoretical calculations of the hadronic light-by-light
scattering contribution5 and the fact that the calculation of ahlbl

µ
only vaguely

relies on the experimental data, there seems to be an uneasy feeling towards
it. As the result, both the central value and the uncertainty estimate are
being frequently questioned.
Because of time, I cannot discuss this contribution in detail, but I will just

mention theoretical ideas and methods that were used for an estimate. They
are: chiral expansion, large-Nc parametric limit, operator product expansion,
anomaly matching, vector meson dominance, dispersion relations and, finally,
holographic models of QCD. All this is done to ensure that the estimate of
the hadronic light-by-light contribution shown above is not wrong by a factor
of two because it it were, the theoretical prediction for aµ will shift quite a bit.

To summarize, it seems that the long-standing problem in precision par-
ticle physics – the di↵erence between predicted and measured values of the
muon anomalous magnetic moment is close to being resolved. This has been
achieved thanks to a dramatic progress in lattice calculations where devel-
opment of new methods enabled calculations of the hadronic vacuum polar-
ization contribution and the hadronic light-by-ligh which were not possible
before.

7 The unitarity of the CKM matrix

Yukawa interactions in the Standard Model lead to a particular structure in
the hadronic charged current where all up-type quarks can transition into
down-type quarks with relative probabilies that are described by a unitrary
3⇥ 3 CKM matrix. How do we test this statement?
As an example, consider the following equation that follows from the CKM

unitarity
|Vud |

2 + |Vus |
2 + |Vub|

2 = 1. (7.1)

I will not say anything about Vub determination because you will hav a dedi-

5The theory prediction for ahlbl
µ
changed sign several times during its relatively short history.

48

For completeness:  the last contribution is the hadronic light-by-light scattering one.  It is small 
but very troubled contribution, that  was often considered as a leading candidate for being 
wrong  (primarily because there is no data that can be used to evaluate it and because it used 
to be a negative of its current value for a while).  However, theorists seem to have gotten it right 
(within a  fairly large error bars), as is also confirmed by the dedicated lattice calculations.  

BMW lattice collaboration
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Hence, after more than 20 years,  thanks to the new result of the BWM collaboration, the new 
measurement of CMD-3 and work of many theorists,  it seems that the muon magnetic anomaly 
crises is starting to ease.   Of course,  cross checks of these results will continue and, hopefully, 
we will start seeing the convergence of the theoretical results soon.



The unitarity of the CKM matrix 



As we have seen, the CKM matrix arises when generic  Yukawa interactions are  diagonalised by 
independent unitary transformations of left up-type and down-type quarks.   The CKM matrix is 
unitary. How  this can be checked? 

We will discuss tests of unitarity relations that involve light-quark CKM elements
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Since |Vub| ~ 10-5 we will drop it from the above equation. Hence, we will be checking the relation 
between cosine and sine of the Cabibbo angle. 

cated lecture on B-physics; numerically Vub ⇡ 2⇥ 10�5, so as long as we do
not get into testing the above equation with 10�5 accuracy, we can neglect
Vub. Then we want to test

|Vud |
2 + |Vus |

2 = 1. (7.2)

To determine Vud we need to consider a process where a weak transition
from an up-quark to a down-quark happens. Such transitions typically occur
at low energies and involve hadrons. Hadrons are always bad, because we
cannot really compute much in such cases. So how do we deal with this
problem?
Consider, as an example, the decay of a charged pion to a neutral pion,

an electron and a neutrino ⇡� ! ⇡0 + e + ⌫̄e. This process is facilitated by
an e↵ective Lagrangian

L = �GFVudJ
q

↵
(x)J↵

lep
(x), (7.3)

where J↵
q
= ū�↵(1� �5)d and J↵lept = ē�

↵(1� �5)⌫e. The amplitude of this
process reads

M = �GF Vud h⇡
�(p2)|J

↵

q
|⇡0(p1)i ⇥ ūe(p3)�↵(1� �5)v⌫(p4). (7.4)

The above formula contains the matrix element of the weak current. In
general, we cannot compute it from first principles and this looks like a serious
problem with the pursuit of high-precision tests of the CKM unitarity.
To see how to get around this, we write

h⇡
�(p2)|J

↵

q
(0)|⇡0(p1)i = h⇡

�(p2)|ū�
↵
d |⇡0(p1)i

= f1(q
2) (p↵

1
+ p↵

2
) + f2q

↵
,

(7.5)

where q = p1�p2 and f1,2 are two unknown functions that we refer to as form
factors. We note that the axial current does not contribute to this matrix
element because pions are pseudoscalar particles.
Since masses of u and d quarks are very small in comparison with the

QCD scale ⇤QCD, QCD interactions exhibit isospin symmetry. This implies
that the current ū�↵d is conserved and this forbids the form factor f2, i.e.

f2(q) = 0. (7.6)
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To get access to these CKM matrix elements, we need to understand  weak decays of light 
hadrons. Hadrons are always difficult and, if we aim at  testing the above relation with high 
precision,  we should find a way to avoid the hadronic uncertainties impacting our predictions.

left-handed and right-handed. Hence, if we introduce two matrices F (u,d) with
matrix elements F (u,d)

ik
= f (u,d)

jk
, we can write

F
(↵) = H(↵)U(↵), ↵ = u, d. (1.56)

Assuming that H(↵) is diagonalized by a unitary matrix V (↵), the following
field rotations are required

DL ! V
(d)
DL, DR ! U

(d)+
V
(d)
DR, UL ! V

(u)
UL, UR ! U

(u)+
V
(u)
UR,

(1.57)
to diagonalize Eq.(1.55).
The important feature of these transformations is that left-handed up and

left-handed down fields, that belong to the same SU(2)L doublets, are trans-
formed di↵erently; hence, terms in the Lagrangian that couple left-handed up
and left-handed down fields will be modified. Such terms are present in the
gauge couplings of the SU(2) gauge bosons W1,2 to left-handed quarks. The
corresponding contribution to the Lagrangian written in terms of the original
(before the transformation in Eq.(1.57) ) fields reads

Lcharge =
g
p
2
W
+

µ

X

j

Ūj,L�
µ
Dj,L + h.c. (1.58)

Once the field transformation Eq.(1.57) is performed, we obtain

Lcharge =
g
p
2
W
+

µ

X

jk

Ūj,LV
CKM

jk
�
µ
Dk,L + h.c., (1.59)

where
V
CKM = V (u)+V (d) (1.60)

is the so-called CKM (Cabibbo-Kobayashi-Maskawa) matrix.
We will now discuss the properties of the CKM matrix. First, this matrix

is unitary, given that both V (u) and V (d) matrices are unitary. Second, this
matrix has been studied experimentally and this is what we know about it (see
e.g. http://pdg.lbl.gov/2019/reviews/rpp2019-rev-ckm-matrix.pdf)

V
CKM =

0

@
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1

A =

0

@
0.9743(1) 0.2253(6) 0.0035(1)
0.2252(6) 0.9734(1) 0.041(1)
0.0087(3) 0.040(1) 0.99915(3)
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not get into testing the above equation with 10�5 accuracy, we can neglect
Vub. Then we want to test

|Vud |
2 + |Vus |

2 = 1. (7.2)

To determine Vud we need to consider a process where a weak transition
from an up-quark to a down-quark happens. Such transitions typically occur
at low energies and involve hadrons. Hadrons are always bad, because we
cannot really compute much in such cases. So how do we deal with this
problem?
Consider, as an example, the decay of a charged pion to a neutral pion,

an electron and a neutrino ⇡� ! ⇡0 + e + ⌫̄e. This process is facilitated by
an e↵ective Lagrangian

L = �GFVudJ
q

↵
(x)J↵

lep
(x), (7.3)

where J↵
q
= ū�↵(1� �5)d and J↵lept = ē�

↵(1� �5)⌫e. The amplitude of this
process reads

M = �GF Vud h⇡
�(p2)|J

↵

q
|⇡0(p1)i ⇥ ūe(p3)�↵(1� �5)v⌫(p4). (7.4)

The above formula contains the matrix element of the weak current. In
general, we cannot compute it from first principles and this looks like a serious
problem with the pursuit of high-precision tests of the CKM unitarity.
To see how to get around this, we write

h⇡
�(p2)|J

↵

q
(0)|⇡0(p1)i = h⇡

�(p2)|ū�
↵
d |⇡0(p1)i

= f1(q
2) (p↵

1
+ p↵

2
) + f2q

↵
,

(7.5)

where q = p1�p2 and f1,2 are two unknown functions that we refer to as form
factors. We note that the axial current does not contribute to this matrix
element because pions are pseudoscalar particles.
Since masses of u and d quarks are very small in comparison with the

QCD scale ⇤QCD, QCD interactions exhibit isospin symmetry. This implies
that the current ū�↵d is conserved and this forbids the form factor f2, i.e.

f2(q) = 0. (7.6)
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Vud

cated lecture on B-physics; numerically Vub ⇡ 2⇥ 10�5, so as long as we do
not get into testing the above equation with 10�5 accuracy, we can neglect
Vub. Then we want to test

|Vud |
2 + |Vus |

2 = 1. (7.2)

To determine Vud we need to consider a process where a weak transition
from an up-quark to a down-quark happens. Such transitions typically occur
at low energies and involve hadrons. Hadrons are always bad, because we
cannot really compute much in such cases. So how do we deal with this
problem?
Consider, as an example, the decay of a charged pion to a neutral pion,

an electron and a neutrino ⇡� ! ⇡0 + e + ⌫̄e. This process is facilitated by
an e↵ective Lagrangian

L = �GFVudJ
q

↵
(x)J↵

lep
(x), (7.3)

where J↵
q
= ū�↵(1� �5)d and J↵lept = ē�

↵(1� �5)⌫e. The amplitude of this
process reads

M = �GF Vud h⇡
0(p⇡0)|J

↵

q
|⇡
�(p⇡�)i ⇥ ūe(p3)�↵(1� �5)v⌫(p4). (7.4)

The above formula contains the matrix element of the weak current. In
general, we cannot compute it from first principles and this looks like a serious
problem with the pursuit of high-precision tests of the CKM unitarity.
To see how to get around this, we write

h⇡
0(p⇡0)|J

↵

q
(0)|⇡�(p⇡�)i = h⇡

0(p⇡0)|ū�
↵
d |⇡

�(p⇡�)i

= f1(q
2) (p↵

⇡0
+ p↵

⇡�) + f2(q
2) q↵,

(7.5)

where q = p⇡0 � p⇡� and f1,2 are two unknown functions that we refer to
as form factors. We note that the axial current does not contribute to this
matrix element because pions are pseudoscalar particles.
Since masses of u and d quarks are very small in comparison with the QCD

scale ⇤QCD and electromagnetic e↵ects can be neglected, QCD interactions
exhibit isospin symmetry. This implies that the current ū�↵d is conserved
and this forbids the form factor f2, i.e.

f2(q
2) = 0. (7.6)
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The isospin symmetry implies                          because the current             is conserved, similar to 
the electromagnetic current.  The isospin symmetry does not restrict the form factor             .
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Since masses of u and d quarks are very small in comparison with the QCD

scale ⇤QCD and electromagnetic e↵ects can be neglected, QCD interactions
exhibit isospin symmetry. This implies that the current ū�↵d is conserved
and this forbids the form factor f2, i.e.

f2(q
2) = 0. (7.6)
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The next simplification comes from the fact that in the considered process
the momentum transfer q is very small. Indeed, the minimal value of q2 is
m
2

e
, the minimal invariant mass of the e + n̄ue system. To find the maximal

value of q2, we write

q
2 = (p⇡� � p⇡0)

2 = m2
⇡� +m

2

⇡0
� 2m⇡�E⇡0. (7.7)

It follows that q2
max
corresponds to the minimum of E⇡0, which is m⇡0. There-

fore
q
2
|max = (m⇡� �m⇡0)

2
⇡ (5 MeV)2 . (7.8)

This momentum transfer is tiny compared to the energy scale of QCD inter-
actions ⇤QCD ⇠ 300 MeV or to the pion masses m⇡ ⇠ 140 MeV. On general
grounds we expect that

f1(q
2) ⇡ f1(0) +O

✓
q
2

⇤2
QCD

◆
(7.9)

and for our purposes the last term can be neglected since it should give a tiny
correction.
At the same time, f1(0) can be related to the “isospin” charge and found

to be
f1(0) =

p
2, (7.10)

which implies that the amplitude is fully fixed!

M = �
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p
2
Vud f1(0)(p

µ

⇡� + p
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) ū(pl)�µ(1 + �5)u(p⌫). (7.11)

The rest of the calculation is straightforward and we find

� =
GF |Vud |
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Here � = m⇡� �m⇡0 and the result is written as an expansion in me/� ⇠ 0.1
and �/m⇡ ⇠ 0.03. Hence, we derived a prediction for a semileptonic decay
of a pion, where the only unknown parameter is |Vud |2.

Let us note that if we really determine Vud from the above formula, there
will be important e↵ects missing. The first one is completely obvious since
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cated lecture on B-physics; numerically Vub ⇡ 2⇥ 10�5, so as long as we do
not get into testing the above equation with 10�5 accuracy, we can neglect
Vub. Then we want to test

|Vud |
2 + |Vus |

2 = 1. (7.2)

To determine Vud we need to consider a process where a weak transition
from an up-quark to a down-quark happens. Such transitions typically occur
at low energies and involve hadrons. Hadrons are always bad, because we
cannot really compute much in such cases. So how do we deal with this
problem?
Consider, as an example, the decay of a charged pion to a neutral pion,

an electron and a neutrino ⇡� ! ⇡0 + e + ⌫̄e. This process is facilitated by
an e↵ective Lagrangian

L =
GF
p
2
VudJ

q

↵
(x)J↵

lep
(x), (7.3)

where J↵
q
= ū�↵(1� �5)d and J↵lept = ē�

↵(1� �5)⌫e. The amplitude of this
process reads
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p
2
Vud h⇡

0(p⇡0)|J
↵

q
|⇡
�(p⇡�)i ⇥ ūe(p3)�↵(1� �5)v⌫(p4). (7.4)

The above formula contains the matrix element of the weak current. In
general, we cannot compute it from first principles and this looks like a serious
problem with the pursuit of high-precision tests of the CKM unitarity.
To see how to get around this, we write

h⇡
0(p⇡0)|J

↵

q
(0)|⇡�(p⇡�)i = h⇡

0(p⇡0)|ū�
↵
d |⇡

�(p⇡�)i

= f1(q
2) (p↵

⇡0
+ p↵

⇡�) + f2(q
2) q↵,

(7.5)

where q = p⇡� � p⇡0 and f1,2 are two unknown functions that we refer to
as form factors. We note that the axial current does not contribute to this
matrix element because pions are pseudoscalar particles.
Since masses of u and d quarks are very small in comparison with the QCD

scale ⇤QCD and electromagnetic e↵ects can be neglected, QCD interactions
exhibit isospin symmetry. This implies that the current ū�↵d is conserved
and this forbids the form factor f2, i.e.

f2(q
2) = 0. (7.6)
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ū
<latexit sha1_base64="MZvhMnUjGsPcbxgMNH+3MJ/v5wg=">AAAB7XicbVDLSsNAFJ3UV42vqks3g0VwVRKxTbuQFty4rGAf0IYymUzbsZNJmJkIJfQf3LhQxI0LP8Q/cFP8G6dpKb4OXDiccy/33uNFjEplWZ9GZmV1bX0ju2lube/s7uX2D5oyjAUmDRyyULQ9JAmjnDQUVYy0I0FQ4DHS8kaXM791R4SkIb9R44i4ARpw2qcYKS01ux4S0O/l8lbBSgH/EntB8tX3qXkRvU7rvdxH1w9xHBCuMENSdmwrUm6ChKKYkYnZjSWJEB6hAeloylFApJuk107giVZ82A+FLq5gqn6fSFAg5TjwdGeA1FD+9mbif14nVv2ym1AexYpwPF/UjxlUIZy9Dn0qCFZsrAnCgupbIR4igbDSAZlpCJWS45Sd5cs6hEq5WLTPl0rzrGCXCsVrK1+rgjmy4Agcg1NgAwfUwBWogwbA4Bbcg0fwZITGg/FsvMxbM8Zi5hD8gPH2BaYlkyI=</latexit>

d̄

<latexit sha1_base64="ce0YDLZS8Tz2nBir7nT1RxTc9sc=">AAAB6XicbVDLSsNAFJ3UV42vqks3g0VwVRKxTbuQFty4rGIf0IYymU7aoZNJmJkIJfQP3LhQxG0/xT9wU/wbp2kpvg5cOJxzL/fe40WMSmVZn0ZmbX1jcyu7be7s7u0f5A6PmjKMBSYNHLJQtD0kCaOcNBRVjLQjQVDgMdLyRtdzv/VAhKQhv1fjiLgBGnDqU4yUlu5gv5fLWwUrBfxL7CXJV99n5lU0ndV7uY9uP8RxQLjCDEnZsa1IuQkSimJGJmY3liRCeIQGpKMpRwGRbpJeOoFnWulDPxS6uIKp+n0iQYGU48DTnQFSQ/nbm4v/eZ1Y+WU3oTyKFeF4sciPGVQhnL8N+1QQrNhYE4QF1bdCPEQCYaXDMdMQKiXHKTurl3UIlXKxaF+ulOZFwS4VirdWvlYFC2TBCTgF58AGDqiBG1AHDYCBDx7BM3gxRsaT8Wq8LVozxnLmGPyAMf0CrTWRaQ==</latexit>

d

<latexit sha1_base64="ilyUggz9b9YP6smMNbAq7z2fKE0=">AAAB63icbVDLSsNAFJ34rPFVdelmsAhuLInYpl1IC25cVrAPaGOZTCft0MkkzEyEEvoLblwo4k78Ev/ATfFvnLSl+Dpw4XDOvdx7jxcxKpVlfRpLyyura+uZDXNza3tnN7u335BhLDCp45CFouUhSRjlpK6oYqQVCYICj5GmN7xM/eYdEZKG/EaNIuIGqM+pTzFSqQTJ7Wk3m7Py1hTwL7HnJFd5n5gX0euk1s1+dHohjgPCFWZIyrZtRcpNkFAUMzI2O7EkEcJD1CdtTTkKiHST6a1jeKyVHvRDoYsrOFW/TyQokHIUeLozQGogf3up+J/XjpVfchPKo1gRjmeL/JhBFcL0cdijgmDFRpogLKi+FeIBEggrHY85DaFcdJySs3hZh1AuFQr2+UJpnOXtYr5wbeWqFTBDBhyCI3ACbOCAKrgCNVAHGAzAPXgET0ZgPBjPxsusdcmYzxyAHzDevgDMqpIJ</latexit>

e�

<latexit sha1_base64="M+J2Po4yoeUM/HorpAuSPnznUpI=">AAAB8XicbVDLSsNAFJ3UV62vapduBosgLkoitklXFnThsoJtxSaUyXTSDp1MwsxEKKF/4caFIu7EnxF3/o3TtBRfBy4czrmXe+/xY0alMs1PI7e0vLK6ll8vbGxube8Ud/faMkoEJi0csUjc+EgSRjlpKaoYuYkFQaHPSMcfnU/9zh0Rkkb8Wo1j4oVowGlAMVJaunV9JKDLkx7pFctmxcwA/xJrTsqNknPxXno9bvaKH24/wklIuMIMSdm1zFh5KRKKYkYmBTeRJEZ4hAakqylHIZFeml08gYda6cMgErq4gpn6fSJFoZTj0NedIVJD+dubiv953UQFjpdSHieKcDxbFCQMqghO34d9KghWbKwJwoLqWyEeIoGw0iEVshDqNdt27MXLOoS6U61apwulfVKxapXqlU7jDMyQB/vgABwBC9igAS5BE7QABhzcg0fwZEjjwXg2XmatOWM+UwI/YLx9Aa5Lk2Q=</latexit>

⌫̄e

<latexit sha1_base64="oHA0tuajIc2OFdC6JwZZypGc1+k=">AAAB7XicbVDLSsNAFJ3UV62vapduBosgLkoitklXFnThsoJNhTaUyWTajp1kwsxEKKH/4MaFIm7FvxF3/o3TtBRfBy4czrmXe+/xY0alMs1PI7e0vLK6ll8vbGxube8Ud/dcyROBSQtzxsWNjyRhNCItRRUjN7EgKPQZafuj86nfviNCUh5dq3FMvBANItqnGCktuW4vTYJJr1g2K2YG+JdYc1JulJyL99LbcbNX/OgGHCchiRRmSMqOZcbKS5FQFDMyKXQTSWKER2hAOppGKCTSS7NrJ/BQKwHsc6ErUjBTv0+kKJRyHPq6M0RqKH97U/E/r5OovuOlNIoTRSI8W9RPGFQcTl+HARUEKzbWBGFB9a0QD5FAWOmAClkI9ZptO/biZR1C3alWrdOF4p5UrFqleqXTOAMz5ME+OABHwAI2aIBL0AQtgMEtuAeP4MngxoPxbLzMWnPGfKYEfsB4/QJGWJIO</latexit>

Vud

cated lecture on B-physics; numerically Vub ⇡ 2⇥ 10�5, so as long as we do
not get into testing the above equation with 10�5 accuracy, we can neglect
Vub. Then we want to test

|Vud |
2 + |Vus |

2 = 1. (7.2)

To determine Vud we need to consider a process where a weak transition
from an up-quark to a down-quark happens. Such transitions typically occur
at low energies and involve hadrons. Hadrons are always bad, because we
cannot really compute much in such cases. So how do we deal with this
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↵(1� �5)⌫e. The amplitude of this
process reads

M = �GF Vud h⇡
0(p⇡0)|J

↵

q
|⇡
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problem with the pursuit of high-precision tests of the CKM unitarity.
To see how to get around this, we write
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where q = p⇡0 � p⇡� and f1,2 are two unknown functions that we refer to
as form factors. We note that the axial current does not contribute to this
matrix element because pions are pseudoscalar particles.
Since masses of u and d quarks are very small in comparison with the QCD

scale ⇤QCD and electromagnetic e↵ects can be neglected, QCD interactions
exhibit isospin symmetry. This implies that the current ū�↵d is conserved
and this forbids the form factor f2, i.e.

f2(q
2) = 0. (7.6)
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ū�µdConservation of the isospin current                 implies that                      , i.e. the value of the 
form factor at q = 0 is completely fixed!  Hence, the only unknown parameter in the decay 
amplitude is  the CKM matrix element Vud .

The next simplification comes from the fact that in the considered process
the momentum transfer q is very small. Indeed, the minimal value of q2 is
m
2

e
, the minimal invariant mass of the e + n̄ue system. To find the maximal

value of q2, we write

q
2 = (p⇡� � p⇡0)

2 = m2
⇡� +m

2

⇡0
� 2m⇡�E⇡0. (7.7)

It follows that q2
max
corresponds to the minimum of E⇡0, which is m⇡0. There-

fore
q
2
|max = (m⇡� �m⇡0)

2
⇡ (5 MeV)2 . (7.8)

This momentum transfer is tiny compared to the energy scale of QCD inter-
actions ⇤QCD ⇠ 300 MeV or to the pion masses m⇡ ⇠ 140 MeV. On general
grounds we expect that

f1(q
2) ⇡ f1(0) +O

✓
q
2

⇤2
QCD

◆
(7.9)

and for our purposes the last term can be neglected since it should give a tiny
correction.
At the same time, f1(0) can be related to the “isospin” charge and found

to be
f1(0) =

p
2, (7.10)

which implies that the amplitude is fully fixed!

M = �
GF
p
2
Vud f1(0)(p

µ

⇡� + p
µ

⇡0
) ū(pl)�µ(1 + �5)u(p⌫). (7.11)

The rest of the calculation is straightforward and we find

� =
GF |Vud |

2�5

15⇡3

✓
1�
5m2
e

�2
�
3

2

�

m⇡

◆
. (7.12)

Here � = m⇡� �m⇡0 and the result is written as an expansion in me/� ⇠ 0.1
and �/m⇡ ⇠ 0.03. Hence, we derived a prediction for a semileptonic decay
of a pion, where the only unknown parameter is |Vud |2.

Let us note that if we really determine Vud from the above formula, there
will be important e↵ects missing. The first one is completely obvious since
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To determine Vud we need to consider a process where a weak transition
from an up-quark to a down-quark happens. Such transitions typically occur
at low energies and involve hadrons. Hadrons are always bad, because we
cannot really compute much in such cases. So how do we deal with this
problem?
Consider, as an example, the decay of a charged pion to a neutral pion,

an electron and a neutrino ⇡� ! ⇡0 + e + ⌫̄e. This process is facilitated by
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The above formula contains the matrix element of the weak current. In
general, we cannot compute it from first principles and this looks like a serious
problem with the pursuit of high-precision tests of the CKM unitarity.
To see how to get around this, we write
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where q = p⇡� � p⇡0 and f1,2 are two unknown functions that we refer to
as form factors. We note that the axial current does not contribute to this
matrix element because pions are pseudoscalar particles.
Since masses of u and d quarks are very small in comparison with the QCD

scale ⇤QCD and electromagnetic e↵ects can be neglected, QCD interactions
exhibit isospin symmetry. This implies that the current ū�↵d is conserved
and this forbids the form factor f2, i.e.

f2(q
2) = 0. (7.6)
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This effect is a logarithmically-enhanced short-distance renormalisation of the Fermi Lagrangian 
that is relevant for describing decay of the charged pion.  Our goal is to find diagrams that 
exhibit logarithmic sensitivity to the mass of the W boson which is much larger than the mass of 
the pion.
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cated lecture on B-physics; numerically Vub ⇡ 2⇥ 10�5, so as long as we do
not get into testing the above equation with 10�5 accuracy, we can neglect
Vub. Then we want to test

|Vud |
2 + |Vus |

2 = 1. (7.2)

To determine Vud we need to consider a process where a weak transition
from an up-quark to a down-quark happens. Such transitions typically occur
at low energies and involve hadrons. Hadrons are always bad, because we
cannot really compute much in such cases. So how do we deal with this
problem?
Consider, as an example, the decay of a charged pion to a neutral pion,

an electron and a neutrino ⇡� ! ⇡0 + e + ⌫̄e. This process is facilitated by
an e↵ective Lagrangian

L = �GFVudJ
q

↵
(x)J↵

lep
(x), (7.3)

where J↵
q
= ū�↵(1� �5)d and J↵lept = ē�

↵(1� �5)⌫e. The amplitude of this
process reads

M = �GF Vud h⇡
�(p2)|J

↵

q
|⇡0(p1)i ⇥ ūe(p3)�↵(1� �5)v⌫(p4). (7.4)

The above formula contains the matrix element of the weak current. In
general, we cannot compute it from first principles and this looks like a serious
problem with the pursuit of high-precision tests of the CKM unitarity.
To see how to get around this, we write

h⇡
�(p2)|J

↵

q
(0)|⇡0(p1)i = h⇡

�(p2)|ū�
↵
d |⇡0(p1)i

= f1(q
2) (p↵

1
+ p↵

2
) + f2q

↵
,

(7.5)

where q = p1�p2 and f1,2 are two unknown functions that we refer to as form
factors. We note that the axial current does not contribute to this matrix
element because pions are pseudoscalar particles.
Since masses of u and d quarks are very small in comparison with the

QCD scale ⇤QCD, QCD interactions exhibit isospin symmetry. This implies
that the current ū�↵d is conserved and this forbids the form factor f2, i.e.

f2(q) = 0. (7.6)
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To simplify the calculation, it is useful to employ the Landau gauge for the photon propagator 
since in this gauge the vertex corrections are ultraviolet finite.  
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<latexit sha1_base64="IIsDhmHo4gCVXkOb+EmpLlEbQ2A="></latexit>

�igVudp
2

e2QuQd (�i)

Z
d4k

(2⇡)4
�↵k̂�µ(1� �5)k̂��

(k2)3

✓
g↵� � k↵k�

k2

◆

<latexit sha1_base64="DBtb9u08kEOlkkzM5LV4aHNMkEs="></latexit>

�↵k̂�µ(1� �5)k̂�
�g↵� ! k2

4
�↵�⇢�µ(1� �5)�

��� g⇢�g↵� =
k2

4
�µ(1� �5)

<latexit sha1_base64="T8qnNu/rSC1iZxLYNTQdzcBiPmg="></latexit>

�↵k̂�µ(1� �5)k̂�
� k↵k�

k2
= k2�µ(1� �5)

<latexit sha1_base64="W2LZ+ChwQJwt3b9kymFBdhLVugA="></latexit>

k2�µ(1� �5)

<latexit sha1_base64="yD1+uUina4Hhb8hXE2FqPhhVHfo=">AAAB9HicbVDLSsNAFJ3UV62vapduBosgLkoitkkXYkEXboQK9gFtKJPptB06mcSZSaGEfocbF4q4cOO3iDv/xmlTiq8DFw7n3Mu993gho1KZ5qeRWlpeWV1Lr2c2Nre2d7K7e3UZRAKTGg5YIJoekoRRTmqKKkaaoSDI9xhpeMOLqd8YESFpwG/VOCSuj/qc9ihGSktu3MaIwetJp34GM51s3iyYM8C/xJqTfCXnXL7nXo+rnexHuxvgyCdcYYakbFlmqNwYCUUxI5NMO5IkRHiI+qSlKUc+kW48O3oCD7XShb1A6OIKztTvEzHypRz7nu70kRrI395U/M9rRarnuDHlYaQIx8miXsSgCuA0AdilgmDFxpogLKi+FeIBEggrnVMSQrlk2469eFmHUHaKRet0odRPClapULzRaZyDBGmwDw7AEbCADSrgClRBDWBwB+7BI3gyRsaD8Wy8JK0pYz6TAz9gvH0BsHqT2w==</latexit>

MV =

<latexit sha1_base64="YsXMgudu2RE5EV9jiepO2ujzqu0=">AAAB+nicbVDLSsNAFJ3UV62v1i7dDBZBXJREbJuuLOjCjVDBPqAJYTKdtEMnD2YmSon9FDculOLWDxF3/o3TphRfBy4czrmXe+9xI0aF1PVPLbOyura+kd3MbW3v7O7lC/ttEcYckxYOWci7LhKE0YC0JJWMdCNOkO8y0nFHFzO/c0e4oGFwK8cRsX00CKhHMZJKcvKFxMKIweuJ04aWDKGec/IlvazPAf8SY0FKjaJ5+V6cnjSd/IfVD3Hsk0BihoToGXok7QRxSTEjk5wVCxIhPEID0lM0QD4RdjI/fQKPlNKHXshVBRLO1e8TCfKFGPuu6vSRHIrf3kz8z+vF0jPthAZRLEmA00VezKD6cZYD7FNOsGRjRRDmVN0K8RBxhKVKKw2hXq3VzNryZRVC3axUjLOl0j4tG9Vy5UalcQ5SZMEBOATHwAA10ABXoAlaAIN78AiewYv2oD1pU+01bc1oi5ki+AHt7QvQ9ZWG</latexit>

MV ! 0

<latexit sha1_base64="7Z3toWYYPUJ7MAO/gusJpEfuRgE="></latexit>

MV

M0
=

<latexit sha1_base64="MOOjk2EPgJaX8KOPps399YgimPE="></latexit>

L =
GFp
2
J↵
q (x)Jlep,↵(x)



<latexit sha1_base64="JOcCE+EHIkHYNXNZgeE0mlnI4Qg=">AAAB7HicbVDLSsNAFJ34rPFVdelmsAhuLInYpl1IC25cVjBtoY1lMp20QyeTMDMRSug3uHGhiCvBH/EP3BT/xumD4uvAhcM593LvPX7MqFSW9WksLa+srq1nNszNre2d3ezefl1GicDExRGLRNNHkjDKiauoYqQZC4JCn5GGP7ic+I07IiSN+I0axsQLUY/TgGKktOS2Y3p72snmrLw1BfxL7DnJVd7H5kX8Oq51sh/tboSTkHCFGZKyZVux8lIkFMWMjMx2IkmM8AD1SEtTjkIivXR67Agea6ULg0jo4gpO1e8TKQqlHIa+7gyR6svf3kT8z2slKih5KeVxogjHs0VBwqCK4ORz2KWCYMWGmiAsqL4V4j4SCCudjzkNoVx0nJKzeFmHUC4VCvb5Qqmf5e1ivnBt5aoVMEMGHIIjcAJs4IAquAI14AIMKLgHj+DJ4MaD8Wy8zFqXjPnMAfgB4+0L/suSww==</latexit>

⇡�
<latexit sha1_base64="KkPIWA+2W60xNf51d4jNSoYXth0=">AAAB7HicbVDLSsNAFJ3UV42vqks3wSK4KonYpl1IC25cVjBtoY1lMp22QyeTYWYilNBvcONCEVeCP+IfuCn+jdO0FF8HLhzOuZd77wk4JVLZ9qeRWVldW9/Ibppb2zu7e7n9g4aMYoGwhyIaiVYAJaaEYU8RRXGLCwzDgOJmMLqc+c07LCSJ2I0ac+yHcMBInyCotOR1OLm1u7m8XbBTWH+JsyD56vvUvOCv03o399HpRSgOMVOIQinbjs2Vn0ChCKJ4YnZiiTlEIzjAbU0ZDLH0k/TYiXWilZ7Vj4QupqxU/T6RwFDKcRjozhCqofztzcT/vHas+mU/IYzHCjM0X9SPqaUia/a51SMCI0XHmkAkiL7VQkMoIFI6HzMNoVJy3bK7fFmHUCkXi875UmmcFZxSoXht52tVMEcWHIFjcAoc4IIauAJ14AEECLgHj+DJYMaD8Wy8zFszxmLmEPyA8fYFA2aSxg==</latexit>

⇡0

<latexit sha1_base64="5VlwDA3xeOu0uGrSdmiWd3ZJk28=">AAAB6nicbVDLSsNAFJ3UV42vqks3g0VwY0nENu1CWnDjsqJ9QBvLZDpth04mYWYilNBPcONCEZf6J/6Bm+LfOE1L8XXgwuGce7n3Hi9kVCrL+jRSS8srq2vpdXNjc2t7J7O7V5dBJDCp4YAFoukhSRjlpKaoYqQZCoJ8j5GGN7yY+o07IiQN+I0ahcT1UZ/THsVIaem6cXvSyWStnJUA/iX2nGTL7xPzPHydVDuZj3Y3wJFPuMIMSdmyrVC5MRKKYkbGZjuSJER4iPqkpSlHPpFunJw6hkda6cJeIHRxBRP1+0SMfClHvqc7faQG8rc3Ff/zWpHqFd2Y8jBShOPZol7EoArg9G/YpYJgxUaaICyovhXiARIIK52OmYRQKjhO0Vm8rEMoFfN5+2yh1E9zdiGXv7KylTKYIQ0OwCE4BjZwQAVcgiqoAQz64B48gieDGQ/Gs/Eya00Z85l98APG2xdhjpHR</latexit>

W�
<latexit sha1_base64="OroJrzC0KPYnf0WMDXnq16HYpFA=">AAAB7XicbVDLSsNAFJ3UV42vqks3g0VwVRKxTbuQFty4rGAf0IYymU7asZNJmJkIJfQf3LhQxI0LP8Q/cFP8G6dpKb4OXDiccy/33uNFjEplWZ9GZmV1bX0ju2lube/s7uX2D5oyjAUmDRyyULQ9JAmjnDQUVYy0I0FQ4DHS8kaXM791R4SkIb9R44i4ARpw6lOMlJaaXQ8JGPdyeatgpYB/ib0g+er71LyIXqf1Xu6j2w9xHBCuMENSdmwrUm6ChKKYkYnZjSWJEB6hAeloylFApJuk107giVb60A+FLq5gqn6fSFAg5TjwdGeA1FD+9mbif14nVn7ZTSiPYkU4ni/yYwZVCGevwz4VBCs21gRhQfWtEA+RQFjpgMw0hErJccrO8mUdQqVcLNrnS6V5VrBLheK1la9VwRxZcASOwSmwgQNq4ArUQQNgcAvuwSN4MkLjwXg2XuatGWMxcwh+wHj7Ar/pkzM=</latexit>

ū
<latexit sha1_base64="MZvhMnUjGsPcbxgMNH+3MJ/v5wg=">AAAB7XicbVDLSsNAFJ3UV42vqks3g0VwVRKxTbuQFty4rGAf0IYymUzbsZNJmJkIJfQf3LhQxI0LP8Q/cFP8G6dpKb4OXDiccy/33uNFjEplWZ9GZmV1bX0ju2lube/s7uX2D5oyjAUmDRyyULQ9JAmjnDQUVYy0I0FQ4DHS8kaXM791R4SkIb9R44i4ARpw2qcYKS01ux4S0O/l8lbBSgH/EntB8tX3qXkRvU7rvdxH1w9xHBCuMENSdmwrUm6ChKKYkYnZjSWJEB6hAeloylFApJuk107giVZ82A+FLq5gqn6fSFAg5TjwdGeA1FD+9mbif14nVv2ym1AexYpwPF/UjxlUIZy9Dn0qCFZsrAnCgupbIR4igbDSAZlpCJWS45Sd5cs6hEq5WLTPl0rzrGCXCsVrK1+rgjmy4Agcg1NgAwfUwBWogwbA4Bbcg0fwZITGg/FsvMxbM8Zi5hD8gPH2BaYlkyI=</latexit>

d̄

<latexit sha1_base64="ce0YDLZS8Tz2nBir7nT1RxTc9sc=">AAAB6XicbVDLSsNAFJ3UV42vqks3g0VwVRKxTbuQFty4rGIf0IYymU7aoZNJmJkIJfQP3LhQxG0/xT9wU/wbp2kpvg5cOJxzL/fe40WMSmVZn0ZmbX1jcyu7be7s7u0f5A6PmjKMBSYNHLJQtD0kCaOcNBRVjLQjQVDgMdLyRtdzv/VAhKQhv1fjiLgBGnDqU4yUlu5gv5fLWwUrBfxL7CXJV99n5lU0ndV7uY9uP8RxQLjCDEnZsa1IuQkSimJGJmY3liRCeIQGpKMpRwGRbpJeOoFnWulDPxS6uIKp+n0iQYGU48DTnQFSQ/nbm4v/eZ1Y+WU3oTyKFeF4sciPGVQhnL8N+1QQrNhYE4QF1bdCPEQCYaXDMdMQKiXHKTurl3UIlXKxaF+ulOZFwS4VirdWvlYFC2TBCTgF58AGDqiBG1AHDYCBDx7BM3gxRsaT8Wq8LVozxnLmGPyAMf0CrTWRaQ==</latexit>

d

<latexit sha1_base64="ilyUggz9b9YP6smMNbAq7z2fKE0=">AAAB63icbVDLSsNAFJ34rPFVdelmsAhuLInYpl1IC25cVrAPaGOZTCft0MkkzEyEEvoLblwo4k78Ev/ATfFvnLSl+Dpw4XDOvdx7jxcxKpVlfRpLyyura+uZDXNza3tnN7u335BhLDCp45CFouUhSRjlpK6oYqQVCYICj5GmN7xM/eYdEZKG/EaNIuIGqM+pTzFSqQTJ7Wk3m7Py1hTwL7HnJFd5n5gX0euk1s1+dHohjgPCFWZIyrZtRcpNkFAUMzI2O7EkEcJD1CdtTTkKiHST6a1jeKyVHvRDoYsrOFW/TyQokHIUeLozQGogf3up+J/XjpVfchPKo1gRjmeL/JhBFcL0cdijgmDFRpogLKi+FeIBEggrHY85DaFcdJySs3hZh1AuFQr2+UJpnOXtYr5wbeWqFTBDBhyCI3ACbOCAKrgCNVAHGAzAPXgET0ZgPBjPxsusdcmYzxyAHzDevgDMqpIJ</latexit>

e�

<latexit sha1_base64="M+J2Po4yoeUM/HorpAuSPnznUpI=">AAAB8XicbVDLSsNAFJ3UV62vapduBosgLkoitklXFnThsoJtxSaUyXTSDp1MwsxEKKF/4caFIu7EnxF3/o3TtBRfBy4czrmXe+/xY0alMs1PI7e0vLK6ll8vbGxube8Ud/faMkoEJi0csUjc+EgSRjlpKaoYuYkFQaHPSMcfnU/9zh0Rkkb8Wo1j4oVowGlAMVJaunV9JKDLkx7pFctmxcwA/xJrTsqNknPxXno9bvaKH24/wklIuMIMSdm1zFh5KRKKYkYmBTeRJEZ4hAakqylHIZFeml08gYda6cMgErq4gpn6fSJFoZTj0NedIVJD+dubiv953UQFjpdSHieKcDxbFCQMqghO34d9KghWbKwJwoLqWyEeIoGw0iEVshDqNdt27MXLOoS6U61apwulfVKxapXqlU7jDMyQB/vgABwBC9igAS5BE7QABhzcg0fwZEjjwXg2XmatOWM+UwI/YLx9Aa5Lk2Q=</latexit>

⌫̄e

<latexit sha1_base64="oHA0tuajIc2OFdC6JwZZypGc1+k=">AAAB7XicbVDLSsNAFJ3UV62vapduBosgLkoitklXFnThsoJNhTaUyWTajp1kwsxEKKH/4MaFIm7FvxF3/o3TtBRfBy4czrmXe+/xY0alMs1PI7e0vLK6ll8vbGxube8Ud/dcyROBSQtzxsWNjyRhNCItRRUjN7EgKPQZafuj86nfviNCUh5dq3FMvBANItqnGCktuW4vTYJJr1g2K2YG+JdYc1JulJyL99LbcbNX/OgGHCchiRRmSMqOZcbKS5FQFDMyKXQTSWKER2hAOppGKCTSS7NrJ/BQKwHsc6ErUjBTv0+kKJRyHPq6M0RqKH97U/E/r5OovuOlNIoTRSI8W9RPGFQcTl+HARUEKzbWBGFB9a0QD5FAWOmAClkI9ZptO/biZR1C3alWrdOF4p5UrFqleqXTOAMz5ME+OABHwAI2aIBL0AQtgMEtuAeP4MngxoPxbLzMWnPGfKYEfsB4/QJGWJIO</latexit>

Vud
<latexit sha1_base64="VEWzjjkQlK5neLAchL4NN7EVAwg=">AAAB6HicbVDLSsNAFJ3UV42vqks3g0VwVRKxTbuQFty4bME+oA1lMp20o5NJmJkIJfQL3LhQxK1+in/gpvg3TtNSfB24cDjnXu69x4sYlcqyPo3Myura+kZ209za3tndy+0ftGQYC0yaOGSh6HhIEkY5aSqqGOlEgqDAY6Tt3V7O/PYdEZKG/FqNI+IGaMipTzFSWmq0+7m8VbBSwL/EXpB89X1qXkRv03o/99EbhDgOCFeYISm7thUpN0FCUczIxOzFkkQI36Ih6WrKUUCkm6SHTuCJVgbQD4UurmCqfp9IUCDlOPB0Z4DUSP72ZuJ/XjdWftlNKI9iRTieL/JjBlUIZ1/DARUEKzbWBGFB9a0Qj5BAWOlszDSESslxys7yZR1CpVws2udLpXVWsEuFYsPK16pgjiw4AsfgFNjAATVwBeqgCTAg4B48gifjxngwno2XeWvGWMwcgh8wXr8AQ/2RMg==</latexit>

W
<latexit sha1_base64="TgLqnc9u+fnTfp+AUyWyS+2wclM=">AAAB7XicbVDJSgNBEO2JW4xLYrwIXgaDkFOYEZNJTga8eIxgFkiG0NPpJK29DN09QhzyD148KOLVj/DmJ3jzb+xMQnB7UPB4r4qqekFIidKO82mlVlbX1jfSm5mt7Z3dbG4v31Iikgg3kaBCdgKoMCUcNzXRFHdCiSELKG4HN+czv32LpSKCX+lJiH0GR5wMCYLaSK3eCDIG+7mCU3IS2H+JuyCF+sFbMZt/v2v0cx+9gUARw1wjCpXquk6o/RhKTRDF00wvUjiE6AaOcNdQDhlWfpxcO7WPjTKwh0Ka4tpO1O8TMWRKTVhgOhnUY/Xbm4n/ed1ID6t+THgYaczRfNEworYW9ux1e0AkRppODIFIEnOrjcZQQqRNQJkkhFrF86re8mUTQq1aLrunS6V1UnIrpfKlSeMMzJEGh+AIFIELPFAHF6ABmgCBa3APHsGTJawH69l6mbemrMXMPvgB6/ULJIWR+g==</latexit>�

<latexit sha1_base64="ERJxj8u2MOfbRhUEBqDt5vGNrxE=">AAAB6HicbVDLSsNAFJ3UV42vqks3g0VwVRKxTbuQFty4bME+oA1lMp20o5NJmJkIJfQL3LhQxK1+in/gpvg3TtNSfB24cDjnXu69x4sYlcqyPo3Myura+kZ209za3tndy+0ftGQYC0yaOGSh6HhIEkY5aSqqGOlEgqDAY6Tt3V7O/PYdEZKG/FqNI+IGaMipTzFSWmrE/VzeKlgp4F9iL0i++j41L6K3ab2f++gNQhwHhCvMkJRd24qUmyChKGZkYvZiSSKEb9GQdDXlKCDSTdJDJ/BEKwPoh0IXVzBVv08kKJByHHi6M0BqJH97M/E/rxsrv+wmlEexIhzPF/kxgyqEs6/hgAqCFRtrgrCg+laIR0ggrHQ2ZhpCpeQ4ZWf5sg6hUi4W7fOl0jor2KVCsWHla1UwRxYcgWNwCmzggBq4AnXQBBgQcA8ewZNxYzwYz8bLvDVjLGYOwQ8Yr19xdZFQ</latexit>u
<latexit sha1_base64="TpG5qArIeAdcyUDckCIi9zp2C2A=">AAAB6HicbVDLSsNAFJ3UV42vqks3g0VwVRKxTbuQFty4bME+oA1lMpm2o5NJmJkIJfQL3LhQxK1+in/gpvg3TtNSfB24cDjnXu69x4sYlcqyPo3Myura+kZ209za3tndy+0ftGQYC0yaOGSh6HhIEkY5aSqqGOlEgqDAY6Tt3V7O/PYdEZKG/FqNI+IGaMjpgGKktNTw+7m8VbBSwL/EXpB89X1qXkRv03o/99HzQxwHhCvMkJRd24qUmyChKGZkYvZiSSKEb9GQdDXlKCDSTdJDJ/BEKz4chEIXVzBVv08kKJByHHi6M0BqJH97M/E/rxurQdlNKI9iRTieLxrEDKoQzr6GPhUEKzbWBGFB9a0Qj5BAWOlszDSESslxys7yZR1CpVws2udLpXVWsEuFYsPK16pgjiw4AsfgFNjAATVwBeqgCTAg4B48gifjxngwno2XeWvGWMwcgh8wXr8AV7GRPw==</latexit>

d

<latexit sha1_base64="hTngyn7OVLU2bKeTvIEk2nzkfXg=">AAAB6HicbVDLSsNAFJ3UV42vqks3wSK4KonYpl1IC25ctmAf0IYymd60o5MHMxOhhH6BGxeKuNVP8Q/cFP/GaVqKrwMXDufcy733uBGjQprmp5ZZWV1b38hu6lvbO7t7uf2DlghjTqBJQhbyjosFMBpAU1LJoBNxwL7LoO3eXs789h1wQcPgWo4jcHw8DKhHCZZKakA/lzcLZgrjL7EWJF99n+oX0du03s999AYhiX0IJGFYiK5lRtJJMJeUMJjovVhAhMktHkJX0QD7IJwkPXRinChlYHghVxVII1W/TyTYF2Lsu6rTx3Ikfnsz8T+vG0uv7CQ0iGIJAZkv8mJmyNCYfW0MKAci2VgRTDhVtxpkhDkmUmWjpyFUSrZdtpcvqxAq5WLROl8qrbOCVSoUG2a+VkVzZNEROkanyEI2qqErVEdNRBCge/SInrQb7UF71l7mrRltMXOIfkB7/QJZNZFA</latexit>e<latexit sha1_base64="fCDdAaplMlSJvTJ54Z8IcKSWYEo=">AAAB7HicbVDLSsNAFJ3UV62vapduBosgLkoitklXFnThsoJpC20ok+mkHTqZhJmJUEK/wY0LRdwK/o2482+cpqX4OnDhcM693HuPHzMqlWl+GrmV1bX1jfxmYWt7Z3evuH/QklEiMHFxxCLR8ZEkjHLiKqoY6cSCoNBnpO2PL2d++44ISSN+qyYx8UI05DSgGCktuT2e9Em/WDYrZgb4l1gLUm6UnKv30ttps1/86A0inISEK8yQlF3LjJWXIqEoZmRa6CWSxAiP0ZB0NeUoJNJLs2On8FgrAxhEQhdXMFO/T6QolHIS+rozRGokf3sz8T+vm6jA8VLK40QRjueLgoRBFcHZ53BABcGKTTRBWFB9K8QjJBBWOp9CFkK9ZtuOvXxZh1B3qlXrfKm0zipWrVK90WlcgDny4BAcgRNgARs0wDVoAhdgQME9eARPBjcejGfjZd6aMxYzJfADxusXWOuRgQ==</latexit>⌫e
<latexit sha1_base64="fCDdAaplMlSJvTJ54Z8IcKSWYEo=">AAAB7HicbVDLSsNAFJ3UV62vapduBosgLkoitklXFnThsoJpC20ok+mkHTqZhJmJUEK/wY0LRdwK/o2482+cpqX4OnDhcM693HuPHzMqlWl+GrmV1bX1jfxmYWt7Z3evuH/QklEiMHFxxCLR8ZEkjHLiKqoY6cSCoNBnpO2PL2d++44ISSN+qyYx8UI05DSgGCktuT2e9Em/WDYrZgb4l1gLUm6UnKv30ttps1/86A0inISEK8yQlF3LjJWXIqEoZmRa6CWSxAiP0ZB0NeUoJNJLs2On8FgrAxhEQhdXMFO/T6QolHIS+rozRGokf3sz8T+vm6jA8VLK40QRjueLgoRBFcHZ53BABcGKTTRBWFB9K8QjJBBWOp9CFkK9ZtuOvXxZh1B3qlXrfKm0zipWrVK90WlcgDny4BAcgRNgARs0wDVoAhdgQME9eARPBjcejGfjZd6aMxYzJfADxusXWOuRgQ==</latexit>⌫e <latexit sha1_base64="hTngyn7OVLU2bKeTvIEk2nzkfXg=">AAAB6HicbVDLSsNAFJ3UV42vqks3wSK4KonYpl1IC25ctmAf0IYymd60o5MHMxOhhH6BGxeKuNVP8Q/cFP/GaVqKrwMXDufcy733uBGjQprmp5ZZWV1b38hu6lvbO7t7uf2DlghjTqBJQhbyjosFMBpAU1LJoBNxwL7LoO3eXs789h1wQcPgWo4jcHw8DKhHCZZKakA/lzcLZgrjL7EWJF99n+oX0du03s999AYhiX0IJGFYiK5lRtJJMJeUMJjovVhAhMktHkJX0QD7IJwkPXRinChlYHghVxVII1W/TyTYF2Lsu6rTx3Ikfnsz8T+vG0uv7CQ0iGIJAZkv8mJmyNCYfW0MKAci2VgRTDhVtxpkhDkmUmWjpyFUSrZdtpcvqxAq5WLROl8qrbOCVSoUG2a+VkVzZNEROkanyEI2qqErVEdNRBCge/SInrQb7UF71l7mrRltMXOIfkB7/QJZNZFA</latexit>e

<latexit sha1_base64="vQ227+f8Qd3cIEp+TJmdE+oQ21M=">AAAB6XicbVDLSsNAFJ3UV42vqks3g0VwVRKxTbuQFty4rGIf0IYymU7aoZNJmJkIJfQP3LhQxG0/xT9wU/wbp2kpvg5cOJxzL/fe40WMSmVZn0ZmbX1jcyu7be7s7u0f5A6PmjKMBSYNHLJQtD0kCaOcNBRVjLQjQVDgMdLyRtdzv/VAhKQhv1fjiLgBGnDqU4yUlu5i2MvlrYKVAv4l9pLkq+8z8yqazuq93Ee3H+I4IFxhhqTs2Fak3AQJRTEjE7MbSxIhPEID0tGUo4BIN0kvncAzrfShHwpdXMFU/T6RoEDKceDpzgCpofztzcX/vE6s/LKbUB7FinC8WOTHDKoQzt+GfSoIVmysCcKC6lshHiKBsNLhmGkIlZLjlJ3VyzqESrlYtC9XSvOiYJcKxVsrX6uCBbLgBJyCc2ADB9TADaiDBsDAB4/gGbwYI+PJeDXeFq0ZYzlzDH7AmH4Bx06Reg==</latexit>u
<latexit sha1_base64="TpG5qArIeAdcyUDckCIi9zp2C2A=">AAAB6HicbVDLSsNAFJ3UV42vqks3g0VwVRKxTbuQFty4bME+oA1lMpm2o5NJmJkIJfQL3LhQxK1+in/gpvg3TtNSfB24cDjnXu69x4sYlcqyPo3Myura+kZ209za3tndy+0ftGQYC0yaOGSh6HhIEkY5aSqqGOlEgqDAY6Tt3V7O/PYdEZKG/FqNI+IGaMjpgGKktNTw+7m8VbBSwL/EXpB89X1qXkRv03o/99HzQxwHhCvMkJRd24qUmyChKGZkYvZiSSKEb9GQdDXlKCDSTdJDJ/BEKz4chEIXVzBVv08kKJByHHi6M0BqJH97M/E/rxurQdlNKI9iRTieLxrEDKoQzr6GPhUEKzbWBGFB9a0Qj5BAWOlszDSESslxys7yZR1CpVws2udLpXVWsEuFYsPK16pgjiw4AsfgFNjAATVwBeqgCTAg4B48gifjxngwno2XeWvGWMwcgh8wXr8AV7GRPw==</latexit>

d

<latexit sha1_base64="TgLqnc9u+fnTfp+AUyWyS+2wclM=">AAAB7XicbVDJSgNBEO2JW4xLYrwIXgaDkFOYEZNJTga8eIxgFkiG0NPpJK29DN09QhzyD148KOLVj/DmJ3jzb+xMQnB7UPB4r4qqekFIidKO82mlVlbX1jfSm5mt7Z3dbG4v31Iikgg3kaBCdgKoMCUcNzXRFHdCiSELKG4HN+czv32LpSKCX+lJiH0GR5wMCYLaSK3eCDIG+7mCU3IS2H+JuyCF+sFbMZt/v2v0cx+9gUARw1wjCpXquk6o/RhKTRDF00wvUjiE6AaOcNdQDhlWfpxcO7WPjTKwh0Ka4tpO1O8TMWRKTVhgOhnUY/Xbm4n/ed1ID6t+THgYaczRfNEworYW9ux1e0AkRppODIFIEnOrjcZQQqRNQJkkhFrF86re8mUTQq1aLrunS6V1UnIrpfKlSeMMzJEGh+AIFIELPFAHF6ABmgCBa3APHsGTJawH69l6mbemrMXMPvgB6/ULJIWR+g==</latexit>�<latexit sha1_base64="VEWzjjkQlK5neLAchL4NN7EVAwg=">AAAB6HicbVDLSsNAFJ3UV42vqks3g0VwVRKxTbuQFty4bME+oA1lMp20o5NJmJkIJfQL3LhQxK1+in/gpvg3TtNSfB24cDjnXu69x4sYlcqyPo3Myura+kZ209za3tndy+0ftGQYC0yaOGSh6HhIEkY5aSqqGOlEgqDAY6Tt3V7O/PYdEZKG/FqNI+IGaMipTzFSWmq0+7m8VbBSwL/EXpB89X1qXkRv03o/99EbhDgOCFeYISm7thUpN0FCUczIxOzFkkQI36Ih6WrKUUCkm6SHTuCJVgbQD4UurmCqfp9IUCDlOPB0Z4DUSP72ZuJ/XjdWftlNKI9iRTieL/JjBlUIZ1/DARUEKzbWBGFB9a0Qj5BAWOlszDSESslxys7yZR1CpVws2udLpXVWsEuFYsPK16pgjiw4AsfgFNjAATVwBeqgCTAg4B48gifjxngwno2XeWvGWMwcgh8wXr8AQ/2RMg==</latexit>

W

<latexit sha1_base64="VEWzjjkQlK5neLAchL4NN7EVAwg=">AAAB6HicbVDLSsNAFJ3UV42vqks3g0VwVRKxTbuQFty4bME+oA1lMp20o5NJmJkIJfQL3LhQxK1+in/gpvg3TtNSfB24cDjnXu69x4sYlcqyPo3Myura+kZ209za3tndy+0ftGQYC0yaOGSh6HhIEkY5aSqqGOlEgqDAY6Tt3V7O/PYdEZKG/FqNI+IGaMipTzFSWmq0+7m8VbBSwL/EXpB89X1qXkRv03o/99EbhDgOCFeYISm7thUpN0FCUczIxOzFkkQI36Ih6WrKUUCkm6SHTuCJVgbQD4UurmCqfp9IUCDlOPB0Z4DUSP72ZuJ/XjdWftlNKI9iRTieL/JjBlUIZ1/DARUEKzbWBGFB9a0Qj5BAWOlszDSESslxys7yZR1CpVws2udLpXVWsEuFYsPK16pgjiw4AsfgFNjAATVwBeqgCTAg4B48gifjxngwno2XeWvGWMwcgh8wXr8AQ/2RMg==</latexit>

W
<latexit sha1_base64="TgLqnc9u+fnTfp+AUyWyS+2wclM=">AAAB7XicbVDJSgNBEO2JW4xLYrwIXgaDkFOYEZNJTga8eIxgFkiG0NPpJK29DN09QhzyD148KOLVj/DmJ3jzb+xMQnB7UPB4r4qqekFIidKO82mlVlbX1jfSm5mt7Z3dbG4v31Iikgg3kaBCdgKoMCUcNzXRFHdCiSELKG4HN+czv32LpSKCX+lJiH0GR5wMCYLaSK3eCDIG+7mCU3IS2H+JuyCF+sFbMZt/v2v0cx+9gUARw1wjCpXquk6o/RhKTRDF00wvUjiE6AaOcNdQDhlWfpxcO7WPjTKwh0Ka4tpO1O8TMWRKTVhgOhnUY/Xbm4n/ed1ID6t+THgYaczRfNEworYW9ux1e0AkRppODIFIEnOrjcZQQqRNQJkkhFrF86re8mUTQq1aLrunS6V1UnIrpfKlSeMMzJEGh+AIFIELPFAHF6ABmgCBa3APHsGTJawH69l6mbemrMXMPvgB6/ULJIWR+g==</latexit>�

<latexit sha1_base64="ERJxj8u2MOfbRhUEBqDt5vGNrxE=">AAAB6HicbVDLSsNAFJ3UV42vqks3g0VwVRKxTbuQFty4bME+oA1lMp20o5NJmJkIJfQL3LhQxK1+in/gpvg3TtNSfB24cDjnXu69x4sYlcqyPo3Myura+kZ209za3tndy+0ftGQYC0yaOGSh6HhIEkY5aSqqGOlEgqDAY6Tt3V7O/PYdEZKG/FqNI+IGaMipTzFSWmrE/VzeKlgp4F9iL0i++j41L6K3ab2f++gNQhwHhCvMkJRd24qUmyChKGZkYvZiSSKEb9GQdDXlKCDSTdJDJ/BEKwPoh0IXVzBVv08kKJByHHi6M0BqJH97M/E/rxsrv+wmlEexIhzPF/kxgyqEs6/hgAqCFRtrgrCg+laIR0ggrHQ2ZhpCpeQ4ZWf5sg6hUi4W7fOl0jor2KVCsWHla1UwRxYcgWNwCmzggBq4AnXQBBgQcA8ewZNxYzwYz8bLvDVjLGYOwQ8Yr19xdZFQ</latexit>u
<latexit sha1_base64="TpG5qArIeAdcyUDckCIi9zp2C2A=">AAAB6HicbVDLSsNAFJ3UV42vqks3g0VwVRKxTbuQFty4bME+oA1lMpm2o5NJmJkIJfQL3LhQxK1+in/gpvg3TtNSfB24cDjnXu69x4sYlcqyPo3Myura+kZ209za3tndy+0ftGQYC0yaOGSh6HhIEkY5aSqqGOlEgqDAY6Tt3V7O/PYdEZKG/FqNI+IGaMjpgGKktNTw+7m8VbBSwL/EXpB89X1qXkRv03o/99HzQxwHhCvMkJRd24qUmyChKGZkYvZiSSKEb9GQdDXlKCDSTdJDJ/BEKz4chEIXVzBVv08kKJByHHi6M0BqJH97M/E/rxurQdlNKI9iRTieLxrEDKoQzr6GPhUEKzbWBGFB9a0Qj5BAWOlszDSESslxys7yZR1CpVws2udLpXVWsEuFYsPK16pgjiw4AsfgFNjAATVwBeqgCTAg4B48gifjxngwno2XeWvGWMwcgh8wXr8AV7GRPw==</latexit>

d

<latexit sha1_base64="hTngyn7OVLU2bKeTvIEk2nzkfXg=">AAAB6HicbVDLSsNAFJ3UV42vqks3wSK4KonYpl1IC25ctmAf0IYymd60o5MHMxOhhH6BGxeKuNVP8Q/cFP/GaVqKrwMXDufcy733uBGjQprmp5ZZWV1b38hu6lvbO7t7uf2DlghjTqBJQhbyjosFMBpAU1LJoBNxwL7LoO3eXs789h1wQcPgWo4jcHw8DKhHCZZKakA/lzcLZgrjL7EWJF99n+oX0du03s999AYhiX0IJGFYiK5lRtJJMJeUMJjovVhAhMktHkJX0QD7IJwkPXRinChlYHghVxVII1W/TyTYF2Lsu6rTx3Ikfnsz8T+vG0uv7CQ0iGIJAZkv8mJmyNCYfW0MKAci2VgRTDhVtxpkhDkmUmWjpyFUSrZdtpcvqxAq5WLROl8qrbOCVSoUG2a+VkVzZNEROkanyEI2qqErVEdNRBCge/SInrQb7UF71l7mrRltMXOIfkB7/QJZNZFA</latexit>e<latexit sha1_base64="fCDdAaplMlSJvTJ54Z8IcKSWYEo=">AAAB7HicbVDLSsNAFJ3UV62vapduBosgLkoitklXFnThsoJpC20ok+mkHTqZhJmJUEK/wY0LRdwK/o2482+cpqX4OnDhcM693HuPHzMqlWl+GrmV1bX1jfxmYWt7Z3evuH/QklEiMHFxxCLR8ZEkjHLiKqoY6cSCoNBnpO2PL2d++44ISSN+qyYx8UI05DSgGCktuT2e9Em/WDYrZgb4l1gLUm6UnKv30ttps1/86A0inISEK8yQlF3LjJWXIqEoZmRa6CWSxAiP0ZB0NeUoJNJLs2On8FgrAxhEQhdXMFO/T6QolHIS+rozRGokf3sz8T+vm6jA8VLK40QRjueLgoRBFcHZ53BABcGKTTRBWFB9K8QjJBBWOp9CFkK9ZtuOvXxZh1B3qlXrfKm0zipWrVK90WlcgDny4BAcgRNgARs0wDVoAhdgQME9eARPBjcejGfjZd6aMxYzJfADxusXWOuRgQ==</latexit>⌫e

<latexit sha1_base64="UqDLkZOhqMv4wdjkB03DDMs+7j0="></latexit>
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<latexit sha1_base64="/n3ZGJ7l825+jHxdOj5dFbTvuyw="></latexit>h
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<latexit sha1_base64="OZp76ZLU/VgrP2T5rPBr16QRp/0="></latexit>

[�µ�⇢�↵(1� �5)]⌦ [�↵�⇢�µ(1� �5)] = 4 [�µ(1� �5)]⌦ [�µ(1� �5)]Using                                                                                                , we find                 . 
<latexit sha1_base64="QGzUZXdVNKb9y736EIHFWxHVzo8="></latexit>

MB = 0

<latexit sha1_base64="fCDdAaplMlSJvTJ54Z8IcKSWYEo=">AAAB7HicbVDLSsNAFJ3UV62vapduBosgLkoitklXFnThsoJpC20ok+mkHTqZhJmJUEK/wY0LRdwK/o2482+cpqX4OnDhcM693HuPHzMqlWl+GrmV1bX1jfxmYWt7Z3evuH/QklEiMHFxxCLR8ZEkjHLiKqoY6cSCoNBnpO2PL2d++44ISSN+qyYx8UI05DSgGCktuT2e9Em/WDYrZgb4l1gLUm6UnKv30ttps1/86A0inISEK8yQlF3LjJWXIqEoZmRa6CWSxAiP0ZB0NeUoJNJLs2On8FgrAxhEQhdXMFO/T6QolHIS+rozRGokf3sz8T+vm6jA8VLK40QRjueLgoRBFcHZ53BABcGKTTRBWFB9K8QjJBBWOp9CFkK9ZtuOvXxZh1B3qlXrfKm0zipWrVK90WlcgDny4BAcgRNgARs0wDVoAhdgQME9eARPBjcejGfjZd6aMxYzJfADxusXWOuRgQ==</latexit>⌫e <latexit sha1_base64="hTngyn7OVLU2bKeTvIEk2nzkfXg=">AAAB6HicbVDLSsNAFJ3UV42vqks3wSK4KonYpl1IC25ctmAf0IYymd60o5MHMxOhhH6BGxeKuNVP8Q/cFP/GaVqKrwMXDufcy733uBGjQprmp5ZZWV1b38hu6lvbO7t7uf2DlghjTqBJQhbyjosFMBpAU1LJoBNxwL7LoO3eXs789h1wQcPgWo4jcHw8DKhHCZZKakA/lzcLZgrjL7EWJF99n+oX0du03s999AYhiX0IJGFYiK5lRtJJMJeUMJjovVhAhMktHkJX0QD7IJwkPXRinChlYHghVxVII1W/TyTYF2Lsu6rTx3Ikfnsz8T+vG0uv7CQ0iGIJAZkv8mJmyNCYfW0MKAci2VgRTDhVtxpkhDkmUmWjpyFUSrZdtpcvqxAq5WLROl8qrbOCVSoUG2a+VkVzZNEROkanyEI2qqErVEdNRBCge/SInrQb7UF71l7mrRltMXOIfkB7/QJZNZFA</latexit>e

<latexit sha1_base64="vQ227+f8Qd3cIEp+TJmdE+oQ21M=">AAAB6XicbVDLSsNAFJ3UV42vqks3g0VwVRKxTbuQFty4rGIf0IYymU7aoZNJmJkIJfQP3LhQxG0/xT9wU/wbp2kpvg5cOJxzL/fe40WMSmVZn0ZmbX1jcyu7be7s7u0f5A6PmjKMBSYNHLJQtD0kCaOcNBRVjLQjQVDgMdLyRtdzv/VAhKQhv1fjiLgBGnDqU4yUlu5i2MvlrYKVAv4l9pLkq+8z8yqazuq93Ee3H+I4IFxhhqTs2Fak3AQJRTEjE7MbSxIhPEID0tGUo4BIN0kvncAzrfShHwpdXMFU/T6RoEDKceDpzgCpofztzcX/vE6s/LKbUB7FinC8WOTHDKoQzt+GfSoIVmysCcKC6lshHiKBsNLhmGkIlZLjlJ3VyzqESrlYtC9XSvOiYJcKxVsrX6uCBbLgBJyCc2ADB9TADaiDBsDAB4/gGbwYI+PJeDXeFq0ZYzlzDH7AmH4Bx06Reg==</latexit>u
<latexit sha1_base64="TpG5qArIeAdcyUDckCIi9zp2C2A=">AAAB6HicbVDLSsNAFJ3UV42vqks3g0VwVRKxTbuQFty4bME+oA1lMpm2o5NJmJkIJfQL3LhQxK1+in/gpvg3TtNSfB24cDjnXu69x4sYlcqyPo3Myura+kZ209za3tndy+0ftGQYC0yaOGSh6HhIEkY5aSqqGOlEgqDAY6Tt3V7O/PYdEZKG/FqNI+IGaMjpgGKktNTw+7m8VbBSwL/EXpB89X1qXkRv03o/99HzQxwHhCvMkJRd24qUmyChKGZkYvZiSSKEb9GQdDXlKCDSTdJDJ/BEKz4chEIXVzBVv08kKJByHHi6M0BqJH97M/E/rxurQdlNKI9iRTieLxrEDKoQzr6GPhUEKzbWBGFB9a0Qj5BAWOlszDSESslxys7yZR1CpVws2udLpXVWsEuFYsPK16pgjiw4AsfgFNjAATVwBeqgCTAg4B48gifjxngwno2XeWvGWMwcgh8wXr8AV7GRPw==</latexit>

d <latexit sha1_base64="01gvlWAO8P2zMPOLkGLPNWOjX/0="></latexit>
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<latexit sha1_base64="5Hnp0peF+t8SliLnOlSZsNUW6GA="></latexit>h
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<latexit sha1_base64="B6vk7YJED6X4pGCRZjVA6fXUEOM="></latexit>

[�↵���µ(1� �5)]⌦ [�↵���µ(1� �5)] = 16 [�µ(1� �5)]⌦ [�µ(1� �5)]
<latexit sha1_base64="geMmXeydPHvHWkvTx+md8xDnDMI="></latexit>
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<latexit sha1_base64="OmvKwOITPf8OBDjXkW9VQ8/wBpw="></latexit>Z
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<latexit sha1_base64="f8OFzafjkA03FXCYNOWNyIpw3rU="></latexit>

MB = M0
↵

⇡
ln

mW

⇤QCD

there are QED corrections to ⇡� ! ⇡0+e+ ⌫̄e decay rate. These corrections
can be computed assuming that pions are scalar particles, which should be a
reasonable approximation given that the momentum transfer in this process
is tiny. Important electroweak e↵ects that we discussed in connection with
the muon decay are not important here because we can use the value for GF
directly from the muon decay; then the largest e↵ects (e.g. mt-enhanced
corrections) will be accomodated.
However, there is an important correction to the lagrangian Lagrangian

shown in Eq. (7.3) that was not present in the muon decay. This corrections
arises from from momenta scales that are in between the mass of the W -
boson and the non-perturbative scale of QCD that we will associate with
⇤QCD.
At such distances, the proton is already resolved and electroweak gauge

bosons are still not fully dynamical. Hence, we have to consider quark transi-
tion with u and d quarks as in Eq. (7.3) and compute QED radiative correc-
tions from distances k > mp ⇠ mn. If we do that, we will find that Eq. (7.3)
gets renormalized by a factor

SEW = 1 +
↵

⇡
ln

mW

0.3 MeV
⇡ 1.013. (7.13)

This factor will change the prediction for the decay rate by about two percent
and, hence, potentially, has an important impact on the unitarity check at this
level. From this calcualtion refined to include long-distance QED corrections,
we find

|Vud |
2 = 0.9739(29). (7.14)

The Vus is easier to obtain, because one can extract it by considering
decays of K� ! l⌫l and ⇡� ! l⌫l . Since ⇡ and K are pseudoscalars, these
decays proceed via a matrix element of the axial current

h0|ū�↵�5d |⇡�(p)i = f⇡p
µ
,

h0|ū�↵�5s|K�(p)i = fKp
µ
,

(7.15)

Then, we find

�(⇡ ! µ⌫)

�(K ! µ⌫)
=
|Vud |

2

|Vus |
2

f
2

⇡

f 2
k

F (m⇡, mK, mµ). (7.16)
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<latexit sha1_base64="ohKWJB5wX4dVP0oQ7C7f//28uSw="></latexit>

L = SEW
GFp
2
J↵
q (x)Jlep,↵(x)



If we put everything together, including estimates of long-distance QED corrections,  we find 
<latexit sha1_base64="63GI64WDYK0kKWl8DZsswrZAHtM="></latexit>

⇡� ! ⇡0 + e+ ⌫̄e

<latexit sha1_base64="JOcCE+EHIkHYNXNZgeE0mlnI4Qg=">AAAB7HicbVDLSsNAFJ34rPFVdelmsAhuLInYpl1IC25cVjBtoY1lMp20QyeTMDMRSug3uHGhiCvBH/EP3BT/xumD4uvAhcM593LvPX7MqFSW9WksLa+srq1nNszNre2d3ezefl1GicDExRGLRNNHkjDKiauoYqQZC4JCn5GGP7ic+I07IiSN+I0axsQLUY/TgGKktOS2Y3p72snmrLw1BfxL7DnJVd7H5kX8Oq51sh/tboSTkHCFGZKyZVux8lIkFMWMjMx2IkmM8AD1SEtTjkIivXR67Agea6ULg0jo4gpO1e8TKQqlHIa+7gyR6svf3kT8z2slKih5KeVxogjHs0VBwqCK4ORz2KWCYMWGmiAsqL4V4j4SCCudjzkNoVx0nJKzeFmHUC4VCvb5Qqmf5e1ivnBt5aoVMEMGHIIjcAJs4IAquAI14AIMKLgHj+DJ4MaD8Wy8zFqXjPnMAfgB4+0L/suSww==</latexit>

⇡�
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there are QED corrections to ⇡� ! ⇡0+e+ ⌫̄e decay rate. These corrections
can be computed assuming that pions are scalar particles, which should be a
reasonable approximation given that the momentum transfer in this process
is tiny. Important electroweak e↵ects that we discussed in connection with
the muon decay are not important here because we can use the value for GF
directly from the muon decay; then the largest e↵ects (e.g. mt-enhanced
corrections) will be accomodated.
However, there is an important correction to the lagrangian Lagrangian

shown in Eq. (7.3) that was not present in the muon decay. This corrections
arises from from momenta scales that are in between the mass of the W -
boson and the non-perturbative scale of QCD that we will associate with
⇤QCD.
At such distances, the proton is already resolved and electroweak gauge

bosons are still not fully dynamical. Hence, we have to consider quark transi-
tion with u and d quarks as in Eq. (7.3) and compute QED radiative correc-
tions from distances k > mp ⇠ mn. If we do that, we will find that Eq. (7.3)
gets renormalized by a factor

SEW = 1 +
↵

⇡
ln

mW

0.3 MeV
⇡ 1.013. (7.13)

This factor will change the prediction for the decay rate by about two percent
and, hence, potentially, has an important impact on the unitarity check at this
level. From this calcualtion refined to include long-distance QED corrections,
we find

|Vud |
2 = 0.9739(29). (7.14)

The Vus is easier to obtain, because one can extract it by considering
decays of K� ! l⌫l and ⇡� ! l⌫l . Since ⇡ and K are pseudoscalars, these
decays proceed via a matrix element of the axial current

h0|ū�↵�5d |⇡�(p)i = f⇡p
µ
,

h0|ū�↵�5s|K�(p)i = fKp
µ
,

(7.15)

Then, we find

�(⇡ ! µ⌫)

�(K ! µ⌫)
=
|Vud |

2

|Vus |
2

f
2

⇡

f 2
k

F (m⇡, mK, mµ). (7.16)
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Note that in this ratio all short distance electroweak e↵ects cancel out. There
are radiative corrections to this ration but they are not very large because mo-
mentum transfers are moderate. The non-trivial problem is the ratio f⇡/fK.
We can invoke the SU(3)-flavor symmetry but it may have large corrections
which will invalidate our approach. An alternative is to use lattice computa-
tions that give

fK

f⇡
= 1.1932(19). (7.17)

Then, one finds ����
Vus

Vud

���� = 0.23131(45). (7.18)

With this, we will get

|Vud |
2 + |Vus |

2 = 0.9992± 0.0002, (7.19)

which, on the one hand is quite impressive but, on the other hand, if un-
certainties of the calculation are taken seriously, it shows a few standard
deviations from the unitarity requirement. It is a very similar problem that we
already had in the discussion of the muon anomalous magnetic moment since
again, we need to require an analysis of strong interaction physics. We see
that our understanding of this is adequate but, perhaps, not ideal leading to
a limbo-like situation where we cannot pass a certain precision barrier. The
hope, again, can come from lattice where

8 Precision physics at the LHC

The LHC is the highest-energy collider currently in operation and it will remain
so in a forseeable future. The original expectation that the LHC will produce
new particle with sub-TeV masses has not panned out. The discovery of the
Higgs boson, however, completed the Standard Model. As I already said many
times, this should allow us to describe any process at the LHC provided that
it occurs at short distances.
For such processes, we can write

d�pp!X =
X

i j

Z
dx1 x2 fi(x1)fj(x2)

⇥ d�i j(x1P1, x2P2)O({pfin})
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Getting Vus is somewhat easier but we have to rely on lattice computations.

Finally, we find:  
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L =
GFp
2
J↵
q (x)Jlep,↵(x)

The next simplification comes from the fact that in the considered process
the momentum transfer q is very small. Indeed, the minimal value of q2 is
m
2

e
, the minimal invariant mass of the e + n̄ue system. To find the maximal

value of q2, we write

q
2 = (p⇡� � p⇡0)

2 = m2
⇡� +m

2

⇡0
� 2m⇡�E⇡0. (7.7)

It follows that q2
max
corresponds to the minimum of E⇡0, which is m⇡0. There-

fore
q
2
|max = (m⇡� �m⇡0)

2
⇡ (5 MeV)2 . (7.8)

This momentum transfer is tiny compared to the energy scale of QCD inter-
actions ⇤QCD ⇠ 300 MeV or to the pion masses m⇡ ⇠ 140 MeV. On general
grounds we expect that

f1(q
2) ⇡ f1(0) +O

✓
q
2

⇤2
QCD

◆
(7.9)

and for our purposes the last term can be neglected since it should give a tiny
correction.
At the same time, f1(0) can be related to the “isospin” charge and found

to be
f1(0) =

p
2, (7.10)

which implies that the amplitude is fully fixed!
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) ū(pl)�µ(1� �5)u(p⌫). (7.11)

The rest of the calculation is straightforward and we find
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GF |Vud |
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Here � = m⇡� �m⇡0 and the result is written as an expansion in me/� ⇠ 0.1
and �/m⇡ ⇠ 0.03. Hence, we derived a prediction for a semileptonic decay
of a pion, where the only unknown parameter is |Vud |2.

Let us note that if we really determine Vud from the above formula, there
will be important e↵ects missing. The first one is completely obvious since
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there are QED corrections to ⇡� ! ⇡0+e+ ⌫̄e decay rate. These corrections
can be computed assuming that pions are scalar particles, which should be a
reasonable approximation given that the momentum transfer in this process
is tiny. Important electroweak e↵ects that we discussed in connection with
the muon decay are not important here because we can use the value for GF
directly from the muon decay; then the largest e↵ects (e.g. mt-enhanced
corrections) will be accomodated.
However, there is an important correction to the lagrangian Lagrangian

shown in Eq. (7.3) that was not present in the muon decay. This corrections
arises from from momenta scales that are in between the mass of the W -
boson and the non-perturbative scale of QCD that we will associate with
⇤QCD.
At such distances, the proton is already resolved and electroweak gauge

bosons are still not fully dynamical. Hence, we have to consider quark transi-
tion with u and d quarks as in Eq. (7.3) and compute QED radiative correc-
tions from distances k > mp ⇠ mn. If we do that, we will find that Eq. (7.3)
gets renormalized by a factor

SEW = 1 +
↵

⇡
ln

mW

0.3 MeV
⇡ 1.013. (7.13)

This factor will change the prediction for the decay rate by about two percent
and, hence, potentially, has an important impact on the unitarity check at this
level. From this calcualtion refined to include long-distance QED corrections,
we find

|Vud |
2 = 0.9739(29). (7.14)

The Vus is easier to obtain, because one can extract it by considering
decays of K� ! l⌫l and ⇡� ! l⌫l . Since ⇡ and K are pseudoscalars, these
decays proceed via a matrix element of the axial current

h0|ū�↵�5d |⇡�(p)i = f⇡p
µ
,

h0|ū�↵�5s|K�(p)i = fKp
µ
,

(7.15)

Then, we find

�(⇡ ! µ⌫)

�(K ! µ⌫)
=
|Vud |

2

|Vus |
2

f
2

⇡

f 2
k

F (m⇡, mK, mµ). (7.16)
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Precision physics at the LHC



Physics at the LHC, so far, can be summarized as follows: discovery of the Higgs boson, no new 
particles or interactions, strong exclusion limits and many measurements of the SM cross 
sections which by and large show excellent agreement with high-precision  theoretical 
predictions.



In general, the theoretical foundation for describing processes with large momentum transfer in 
hadron collisions is the collinear factorisation formula.   Since non-perturbative corrections are 
typically small,  we need partonic cross sections with high enough precision and parton 
distribution functions. 

One would expect  moderate  higher-order effects:                                                                            .  
However, in practice large  corrections have been observed for many processes; one reason is 
that if high powers of the strong coupling constant are involved, the scale dependence of the 
strong coupling constant plays an important  role: if you start with a wrong scale, corrections try 
to move the result in the right direction and this leads to large radiative corrections.

  

Introduction

● The goal of hadron collider physics program (Tevatron, LHC) is to discover and study 

physics beyond the Standard Model in the  mass range 100 GeV - few TeV 

● To produce that heavy final states, we require rare short-distance processes where both 

protons disintegrate and all momenta transfers are large. These processes can be 

understood using factorization and asymptotic freedom.

● A major role in  such an understanding  is played by parton-parton scattering that is 

described by  perturbative QCD.

                                           

new particle with sub-TeV masses has not panned out. The discovery of the
Higgs boson, however, completed the Standard Model. As I already said many
times, this should allow us to describe any process at the LHC provided that
it occurs at short distances.
For such processes, we can write

d�pp!X =
X

i j

Z
dx1 x2 fi(x1)fj(x2)

⇥ d�i j(x1P1, x2P2)O({pfin})

✓
1 +

✓
⇤QCD
Q

◆n◆
.

(8.1)

The di↵erential cross section pp ! X on the left-hand side is computed
as a coonvolution of non-perturbative parton distribution functions and a
partonic cross section d�i j . The parton distribution functions are extracted
from various processes, so we have to treat them as “given”. The partonic
cross section is computed in perturbative QCD. The quantity O({pfin}) is
an infra-red observable that selects final states (leptons, jets, etc.) with
particular kinematics. The ratio ⇤QCD/Q is a non-perturbative contribution;
the power n > 0 is not unicersal, it depends on an observable and on the
process. For most processes and observables, this term is irrelavant, but
there are a few where it may be important to understand the significance of
such terms better.
What kind of precision can one hope for at the LHC? This, of course, is a

moving target. From a theory side, the limiting factor is our ability to predict
partonic cross sections d�i j to su�ciently high orders in perturbative QCD.
If we write

d�i j = d�
(0)

✓
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↵s

⇡
c1 +

⇣
↵s

⇡

⌘2
c2 ++

⇣
↵s

⇡

⌘3
c3 + · · ·

◆
, (8.2)

where c1 ⇠ CA, c2 ⇠ C2A ⇠ 3 and ↵s/⇡ ⇠ 0.04, we find that the NLO
correction is about 10 percent and the NNLO correction – 1 percent and
N3LO corrections are 0.1 percent. In practice, there are plenty of cases
where corrections are signiificantly larger.
One reason for that is that if you have a process which starts with high

enough power of ↵s and you choose a scale in some way, then radiative
corrections will try to “correct” your choice and force the “right” scale on
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you. This will generate terms

� ⇠ ↵s(µ)
n
! ↵s(µ1)

n
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⇡
ln
µ

µ1

◆
, (8.3)

where �0 = 11/3CA � 2/3nf . Hence, if ln
µ

µ1
⇠ 1, the corrections scale as

n
11

6
CA
↵s

⇡
⇡ n 2CA

↵s

⇡
⇡ 0.24 n. (8.4)

Hence, for a precision physics program which perturbative order is su�-
cient and how large the corrections are, depends very strongly on the observ-
able and the process.
Let me discuss the Higgs boson production from this perspective. First,

the main production channel is gg ! H in spite of the fact that Higgs coupling
to bb̄ is stronger, as follows from the fact that H ! bb̄ is the largest branch-
ing fraction. The reason for this is that b’s in the proton are produced from
g ! bb̄ splitting which implies that bb̄ luminosity is smaller than then gg one.

We note that Hgg coupling in the Standard Model does not exist. It is
actually induced through the Higgs boson coupling to fermions that, in turn,
couple to gluons. Since Higgs bosons couple to fermions with strengths that
is proportional to their masses, we will consider the coupling of the Higgs to
the heaviest quark – the top quark and the coupling of top quarks to gluons.
To compute the Higgs coupling to gg, consider a hypotetical case that

mt � mH so that from the point of view of top quark in the loop, the Higgs
boson momentum is irrelevant. In the Lagrangian, the Higgs coupling to top
quark follows from the following term in the Lagrangian

L = mt

✓
1 +
h(x)

v

◆
t̄t. (8.5)

If the Higgs boson momentum is irrelevant, the Higgs field h(x) can be treated
as a constant field in which case mt(1 + h/v) appears to be very similar to
the top quark mass.
The top quark with the modified mass then will contribute to the gluon po-

larization operator which we can obtain by a simple modification of Eq. (5.12).
Since the vector current is conserved, we restore the transversal q↵q� part
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Higgs production in gluon fusion



Consider the flagship LHC process — Higgs boson production in the gluon fusion  — where the 
cross section is claimed to be measured to about ten percent precision. This is much worse than  
a percent precision that we have been entertaining at the electroweak sector.  

We will discuss how accurately  the Higgs boson production cross section in gluon fusion can be 
predicted theoretically and what it takes to reach the state-of-the-art precision. 



At the LHC, Higgs bosons are mainly produced in the gluon fusion. The top quark loop gives the 
largest contribution 
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as a constant field in which case mt(1 + h/v) appears to be very similar to
the top quark mass.
The top quark with the modified mass then will contribute to the gluon po-

larization operator which we can obtain by a simple modification of Eq. (5.12).
Since the vector current is conserved, we restore the transversal q↵q� part
and isolate the dependence on m2
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where ellipses indicate h-independent terms. Since Tr[T aT b] = �abTR and
TR = 1/2, we find
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This interaction can be described with the point-like interaction in the La-
grangian

L =
↵s

6⇡
G
a

µ⌫
G
a,µ⌫ ln
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v

◆
. (8.6)

It is relatively straightforward to compute radiative corrections to H ! gg
amplitude in the approximation mt � mh. If this is done, the result increases
by almost 60 percent, calling for calculations even in higher orders. An NNLO
contribution further increases the Higgs boson production cross section by
about 20 percent and N3LO contirbiution – by about 4 percent. To claim the
percent precision one needs to account for various e↵ects that go beyond the
point-like approximation, i.e. account for m2

h
/m

2

t
e↵ects, electroweak correc-

tions, contributions of lighter quarks, determine parton distribution functions,
etc. Many of these calculations were completed in recent years; so that the
theoretical predictions for gg ! H have an uncertainty of just a few percent.
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In the limit                ,       the Higgs field can be considered as 
constant x-independent field that shifts the quark mass.

<latexit sha1_base64="8MmfzyCNpO17t4aJNB6ybGxVE2o="></latexit>

mt � mH

<latexit sha1_base64="lC5KlKYZZp2/r2EmSCKqkPmopIU="></latexit>

mt ! m̃t = mt

✓
1 +

h

v

◆
<latexit sha1_base64="Db+ChbtD30OnvFX7lr6s0JZsQCo=">AAAB6nicbVDLSgMxFM3UV62P1roR3ASL0FWZEdtpVxbcuKxoH9AOJZOmbWiSGZKMUId+ghsXirj1L9z5Ce78G9OpFF8HLhzOuZd77/FDRpW27Q8rtbK6tr6R3sxsbe/sZnN7+ZYKIolJEwcskB0fKcKoIE1NNSOdUBLEfUba/uR87rdviFQ0ENd6GhKPo5GgQ4qRNtJVj0f9XMEu2QngX+J8kUL94LWYzb/dNvq5994gwBEnQmOGlOo6dqi9GElNMSOzTC9SJER4gkaka6hAnCgvTk6dwWOjDOAwkKaEhon6fSJGXKkp900nR3qsfntz8T+vG+lh1YupCCNNBF4sGkYM6gDO/4YDKgnWbGoIwpKaWyEeI4mwNulkkhBqFdetusuXTQi1arnsnC6V1knJqZTKlyaNM7BAGhyCI1AEDnBBHVyABmgCDEbgDjyAR4tZ99aT9bxoTVlfM/vgB6yXT/rpkLs=</latexit>µ <latexit sha1_base64="llo18GBpBaBMLUviaQ1ijDetJ0I=">AAAB6nicbVDLSsNAFJ3UV42vqks3g0VwVRKxTbuQFty4rGgf0IYymU7aoZNJmJkIJfQT3LhQxKX+iX/gpvg3TtNSfB24cDjnXu69x4sYlcqyPo3Myura+kZ209za3tndy+0fNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6TljS5nfuuOCElDfqvGEXEDNODUpxgpLd10edzL5a2ClQL+JfaC5KvvU/Miep3We7mPbj/EcUC4wgxJ2bGtSLkJEopiRiZmN5YkQniEBqSjKUcBkW6SnjqBJ1rpQz8UuriCqfp9IkGBlOPA050BUkP525uJ/3mdWPllN6E8ihXheL7IjxlUIZz9DftUEKzYWBOEBdW3QjxEAmGl0zHTEColxyk7y5d1CJVysWifL5XmWcEuFYrXVr5WBXNkwRE4BqfABg6ogStQBw2AwQDcg0fwZDDjwXg2XuatGWMxcwh+wHj7Au6cki4=</latexit>⌫

<latexit sha1_base64="dhqgn5ktz7S5LgFTCjG9b20udJg=">AAAB6HicbVDLTsJAFJ3iC/EB4sbEzURjwoq0RiisJHHjEhJ5JNCQ6TCFkem0zkxNsOEL3LjQGLf+hjs/wZ1/41AI8XWSm5ycc2/uvccNGZXKND+N1Mrq2vpGejOztb2zm83t5VsyiAQmTRywQHRcJAmjnDQVVYx0QkGQ7zLSdscXM799S4SkAb9Sk5A4Phpy6lGMlJYaN/3csVk0E8C/xFqQ49rBWyGbf7+r93MfvUGAI59whRmSsmuZoXJiJBTFjEwzvUiSEOExGpKuphz5RDpxcugUnmhlAL1A6OIKJur3iRj5Uk58V3f6SI3kb28m/ud1I+VVnJjyMFKE4/kiL2JQBXD2NRxQQbBiE00QFlTfCvEICYSVziaThFAt23bFXr6sQ6hWSiXrbKm0TotWuVhq6DTOwRxpcAiOQAFYwAY1cAnqoAkwIOAePIIn49p4MJ6Nl3lryljM7IMfMF6/AHk3j9o=</latexit>q

<latexit sha1_base64="r4L0xLLKx97wrx3rNV0ApmPv5w0="></latexit>

t

<latexit sha1_base64="/bBlGA1EIsoUkcErdQxSYFVTAzE="></latexit>)

<latexit sha1_base64="/sgx5goojBTeDW/ytrWiT2Eho/c="></latexit>=

Hence, the effective Lagrangian that describes interaction 
of gluons with arbitrary number of Higgs bosons  reads:
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where ellipses indicate h-independent terms. Since Tr[T aT b] = �abTR and
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This interaction can be described with the point-like interaction in the La-
grangian
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It is relatively straightforward to compute radiative corrections to H ! gg
amplitude in the approximation mt � mh. If this is done, the result increases
by almost 60 percent, calling for calculations even in higher orders. An NNLO
contribution further increases the Higgs boson production cross section by
about 20 percent and N3LO contirbiution – by about 4 percent. To claim the
percent precision one needs to account for various e↵ects that go beyond the
point-like approximation, i.e. account for m2

h
/m

2

t
e↵ects, electroweak correc-

tions, contributions of lighter quarks, determine parton distribution functions,
etc. Many of these calculations were completed in recent years; so that the
theoretical predictions for gg ! H have an uncertainty of just a few percent.
The measurement of Higgs production at the LHC, where Higgs boson is
observed from the decay H ! Xf then gives

�H ⇠ �gg!H
�f
�
. (8.9)

Note that the Higgs boson production in gluon fusion is well described by
the point-like interaction between Higgs and gluons. From our calculation we
know that the top quark was in the loop but how can we make sure that it
indeed is the case?
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GGF

GLUON FUSION - INCLUSIVE CROSS SECTION

▸ LHC predictions demand effects beyond pure EFT 

▸ Mass corrections & EWK effects

~88.2%
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The limit of the large top quark mass allows us to “remove one loop” and calculate corrections in a theory with a point-like Higgs-
gluon-gluon vertex.  This gives us O(3%) precision; once this is accomplished, all the “smallish” effects have to be evaluated anew. 
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Next, let us analyze the uncertainties quoted in our cross-section prediction. We

present our result in eq. (8.1) with two uncertainties which we describe in the following. The

first uncertainty in eq. (8.1) is the theory uncertainty related to missing corrections in the

perturbative description of the cross-section. Just like for the central value, it is interesting

to look at the breakdown of how the di↵erent e↵ects build up the final number. Collecting

all the uncertainties described in previous sections, we find the following components:

�(scale) �(trunc) �(PDF-TH) �(EW) �(t, b, c) �(1/mt)

+0.10 pb

�1.15 pb
±0.18 pb ±0.56 pb ±0.49 pb ±0.40 pb ±0.49 pb

+0.21%
�2.37% ±0.37% ±1.16% ±1% ±0.83% ±1%

In the previous table, �(scale) and �(trunc) denote the scale and truncation uncertainties

on the rEFT cross-section, and �(PDF-TH) denotes the uncertainty on the cross-section

prediction due to our ignorance of N3LO parton densities, cf. Section 3. �(EW), �(t, b, c)

and �(1/mt) denote the uncertainties on the cross-section due to missing quark-mass e↵ects

at NNLO and mixed QCD-EW corrections. The first uncertainty in eq. (8.1) is then

obtained by adding linearly all these e↵ects. The parametric uncertainty due to the mass

values of the top, bottom and charm quarks is at the per mille level, and hence completely

negligible. We note that including into our prediction resummation e↵ects in the schemes

that we have studied in Section 4 would lead to a very small scale variation, which we

believe unrealistic and which we do not expect to capture the uncertainty due to missing

higher-order corrections at N4LO and beyond. Based on this observation, as well as on the

fact that the definition of the resummation scheme may su↵er from large ambiguities, we

prefer a prudent approach and we adopt to adhere to fixed-order perturbation theory as

an estimator of remaining theoretical uncertainty from QCD.

The second uncertainty in eq. (8.1) is the PDF+↵s uncertainty due to the determina-

tion of the parton distribution functions and the strong coupling constant, following the

PDF4LHC recommendation. When studying the correlations with other uncertainties in

Monte-Carlo simulations, it is often necessary to separate the PDF and ↵s uncertainties:

�(PDF) �(↵s)

±0.90 pb +1.27pb
�1.25pb

±1.86% +2.61%
�2.58%

Since the �(↵s) error is asymmetric, in the combination presented in eq. (8.1) we conser-

vatively add in quadrature the largest of the two errors to the PDF error.

As pointed out in Section 7, the PDF4LHC uncertainty estimate quoted above does

not cover the cross-section value as predicted by the ABM12 set of parton distribution func-

tions. For comparison we quote here the corresponding cross-section value and PDF+↵s
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8. Recommendation for the LHC

In previous sections we have considered various e↵ects that contribute to the gluon-fusion

Higgs production cross-section at higher orders. In this section we combine all these e↵ects,

and as a result we are able to present the most precise prediction for the gluon-fusion cross-

section available to date. In particular (for the Setup 1 of Tab. 1) for a Higgs boson with

a mass mH = 125 GeV, the cross-section at the LHC with a center-of-mass energy of 13

TeV is

� = 48.58 pb+2.22 pb (+4.56%)

�3.27 pb (�6.72%)
(theory)± 1.56 pb (3.20%) (PDF+↵s) . (8.1)

Equation (8.1) is one of the main results of our work. In the following, we will analyze it

in some detail.

Let us start by commenting on the central value of the prediction (8.1). Since eq. (8.1)

is the combination of all the e↵ects considered in previous sections, it is interesting to see

how the final prediction is built up from the di↵erent contributions. The breakdown of the

di↵erent e↵ects is:

48.58 pb = 16.00 pb (+32.9%) (LO, rEFT)

+20.84 pb (+42.9%) (NLO, rEFT)

� 2.05 pb (�4.2%) ((t, b, c), exact NLO)

+ 9.56 pb (+19.7%) (NNLO, rEFT)

+ 0.34 pb (+0.2%) (NNLO, 1/mt)

+ 2.40 pb (+4.9%) (EW, QCD-EW)

+ 1.49 pb (+3.1%) (N3LO, rEFT)

(8.2)

where we denote by rEFT the contributions in the large-mt limit, rescaled by the ratio

RLO of the exact LO cross-section by the cross-section in the EFT (see Section 5). All the

numbers in eq. (8.2) have been obtained by setting the renormalization and factorization

scales equal to mH/2 and using the same set of parton densities at all perturbative orders.

Specifically, the first line, (LO, rEFT), is the cross-section at LO taking into account only

the top quark. The second line, (NLO, rEFT) are the NLO corrections to the LO cross-

section in the rescaled EFT, and the third line, ((t, b, c), exact NLO), is the correction

that needs to be added to the first two lines in order to obtain the exact QCD cross-section

through NLO, including the full dependence on top, bottom and charm quark masses.

The fourth and fifth lines contain the NNLO QCD corrections to the NLO cross-section

in the rescaled EFT: (NNLO, rEFT) denotes the NNLO corrections in the EFT rescaled

by RLO, and (NNLO, 1/mt) contains subleading corrections in the top mass at NNLO

computed as an expansion in 1/mt. The sixth line, (EW, QCD-EW), contains the two-

loop electroweak corrections, computed exactly, and three-loop mixed QCD-electroweak

corrections, computed in an e↵ective theory approach. The last line, (N3LO, rEFT), is

the main addition of our work and contains the N3LO corrections to the NNLO rEFT

cross-section, rescaled by RLO. Resummation e↵ects, within the resummation frameworks

studied in Section 4, contribute at the per mille level for our choice of the central scale,

µ = mH/2, and are therefore neglected.

– 38 –

Mistlberger, Bonetti,  Tancredi, K.M., Becchetti, Bonciani, Del Duca, Hirschi, Moriello, Czakon, 
Eschment, Schellenberger , Niggetiedt, Poncelet 

and isolate the dependence on m2
t
, to obtain

↵s

4⇡
�
abTr[T aT b](�q2g↵� + q↵q�)

✓
· · ·�

8

3
ln

✓
1 +
h

v

◆◆
, (8.6)

where ellipses indicate h-independent terms. Since Tr[T aT b] = �abTR and
TR = 1/2, we find
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This interaction can be described with the point-like interaction in the La-
grangian
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It is relatively straightforward to compute radiative corrections to H ! gg
amplitude in the approximation mt � mh. If this is done, the result increases
by almost 60 percent, calling for calculations even in higher orders. An NNLO
contribution further increases the Higgs boson production cross section by
about 20 percent and N3LO contirbiution – by about 4 percent. To claim the
percent precision one needs to account for various e↵ects that go beyond the
point-like approximation, i.e. account for m2

h
/m

2

t
e↵ects, electroweak correc-

tions, contributions of lighter quarks, determine parton distribution functions,
etc. Many of these calculations were completed in recent years; so that the
theoretical predictions for gg ! H have an uncertainty of just a few percent.
The measurement of Higgs production at the LHC, where Higgs boson is
observed from the decay H ! Xf then gives

�H ⇠ �gg!H
�f
�
. (8.9)

Note that the Higgs boson production in gluon fusion is well described by
the point-like interaction between Higgs and gluons. From our calculation we
know that the top quark was in the loop but how can we make sure that it
indeed is the case?

55

<latexit sha1_base64="v5ZbFS/n3VXTtTVNrSijGsBtR9U="></latexit>

! ↵s

12⇡v
Ga

µ⌫G
a,µ⌫h



Let us discuss what we can say from the knowledge of the high-precision Higgs production in 
gluon fusion and assume, for definiteness,  that the LHC will, eventually, be able to measure 
Higgs production in gluon fusion to a 3 percent precision. 
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�H ⇠ �gg!H
�f
�
. (8.9)

Note that the Higgs boson production in gluon fusion is well described by
the point-like interaction between Higgs and gluons. From our calculation we
know that the top quark was in the loop but how can we make sure that it
indeed is the case?
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The Higgs self-coupling changes the Higgs production rate by about a percent. The effect is 
linear, so a three-percent measurement/theory prediction will constrain h^3 couplings that are 
O(3) times larger than the SM. 

The charm Yukawa coupling is poorly known.  Its contribution to Higgs production is about two 
percent.  Hence, one can constrain the Yukawa couplings if they are O(2) times larger than the 
SM.
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The large effects in Higgs boson production in gluon fusion that we discussed are not atypical, 
although they are somewhat extreme. Furthermore, even in the simplest cases such as the total 
cross section for single vector boson production at the LHC, the perturbative expansion looks 
peculiar.  At the same time, these results do not include N3LO QCD parton distribution functions, 
so it is not quite clear if there won’t be any changes once higher-order PDFs become available. 
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Figure 3: The cross sections for producing a W+ (left) or W� (right) as a function of the

virtuality Q normalised to the N3LO prediction. The uncertainty bands are obtained by

varying µF and µR around the central scale µcent = Q. The dashed magenta line indicates

the physical W boson mass, Q = mW .

virtual photon production in ref. [10], hinting once more towards a universality of the

QCD corrections to these processes.

Figure 4: The cross sections for producing a W+ (left) or W� (right) as a function of

the virtuality Q. The uncertainty bands are obtained by varying µF and µR around the

central scale µcent = Q/2. The dashed magenta line indicates the physical W boson mass,

Q = mW .

Figure 4 shows the scale variation of the cross section with a di↵erent choice for the

central scale, µcent = Q/2. It is known that for Higgs production a smaller choice of the

factorisation scale leads to an improved convergence pattern and the bands from scale

variations are strictly contained in one another. We observe here that the two scale choices

share the same qualitative features.

The fact that the scale variation bands do not overlap puts some doubt on whether

it gives a reliable estimate of the missing higher orders in perturbation theory, or whether

other approaches should be explored (cf., e.g., refs. [85, 86]). In ref. [10] it was noted that

for virtual photon production there is a particularly large cancellation between di↵erent

initial state configurations. We observe here the same in the case of W boson production.

This cancellation may contribute to the particularly small NNLO corrections and scale

variation bands, and it may be a consequence of the somewhat arbitrary split of the content

– 7 –

Duhr, Dulat, Mistlberger 
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Sudakov logarithms 



At the LHC, electroweak corrections are usually less important than the QCD ones because of the 
relation between the couplings                                         .  But this is not always the case. 

9 Electroweak Sudakov logarithms

QCD corrections at the LHC play the most important role. There are also
electroweak corrections but since, typically,

↵s ⇠ 0.1� ↵ ⇠ 0.01, (9.1)

they are rightfully assumed to be less important.
However, since the LHC collisions may occur at very high energies, it is

possible that the hierarchy of QCD and EW e↵ects gets reversed .
To see how this comes about, consider the case when a pair of leptons

is produced with a very high invariant mass, say O(1 TeV). Let us discuss
radiative corrections, related to exchanges of EW gauge bosons. To make
things as easy as possible, I will model this situation assuming that I have
massive photons that interact with fermions in the usual way (vector currents)
but that the couplings are arbitrary.
The leading order amplitude reads

M = H⇢
�i

s �m2
V

L
(0)

⇢
, (9.2)

H
⇢ and L(0)⇢ are quark and lepton tree-level currents. The lepton one reads

L
(0)

⇢
= igZ,e ū1�rhov2 (9.3)

The vertex correction where the massive vector boson is exchanged be-
tween two leptons is described by a corrected lepton current. It reads

L
(1),⇢ = gZ,eg

2

Z,e

Z
d4k

(2⇡)4
ū1�

µ(p̂1 + k̂)�⇢(k̂ � p̂2)�µv(p2)

(k + p1)2(k � p2)2(k2 �m2V )
. (9.4)

We combine propagators using the Feynman parameters and find

L
(1),⇢ = gZ,eg

2

Z,e
�(3)

Z
[dx ]3

Z
d4k

(2⇡)4
ū1�

µ(p̂1 + k̂)�⇢(k̂ � p̂2)�µv(p2)

((k + P )2 � �)3
,

(9.5)
where P = p1x1 � p2x2,

[dx ]3 =
3Y

i=1

dxi�

 

1�
3X

i=1

xi

!

, (9.6)
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ū1�

µ(p̂1 + k̂)�⇢(k̂ � p̂2)�µv(p2)

((k + P )2 � �)3
,

(9.5)
where P = p1x1 � p2x2,

[dx ]3 =
3Y

i=1

dxi�

 

1�
3X

i=1

xi

!

, (9.6)

56

9 Electroweak Sudakov logarithms

QCD corrections at the LHC play the most important role. There are also
electroweak corrections but since, typically,

↵s ⇠ 0.1� ↵ ⇠ 0.01, (9.1)

they are rightfully assumed to be less important.
However, since the LHC collisions may occur at very high energies, it is

possible that the hierarchy of QCD and EW e↵ects gets reversed .
To see how this comes about, consider the case when a pair of leptons

is produced with a very high invariant mass, say O(1 TeV). Let us discuss
radiative corrections, related to exchanges of EW gauge bosons. To make
things as easy as possible, I will model this situation assuming that I have
massive photons that interact with fermions in the usual way (vector currents)
but that the couplings are arbitrary.
The leading order amplitude reads

M = H⇢
�i

s �m2
V

L
(0)

⇢
, (9.2)

H
⇢ and L(0)⇢ are quark and lepton tree-level currents. The lepton one reads

L
(0)

⇢
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= igZ,e ū1�rhov2 (9.3)

The vertex correction where the massive vector boson is exchanged be-
tween two leptons is described by a corrected lepton current. It reads

L
(1),⇢ = gZ,eg

2

Z,e

Z
d4k

(2⇡)4
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Another important thing is that for the computation of the coe�cient of
ln2 xmin, we only need the value of the function f (x1, x2) at x1 = x2 = 0.
With this we note that the only term in the numerator of the vertex

function that we require reads

ū1�
µ
p̂1�

⇢(�p̂2)�µv2 = �4p1p2ū1�
a
v2. (9.14)

Then, we find

L
(1),⇢ = L(0),⇢

g
2

Z,e

(4⇡)2
(2s)

Z
[dx ]3

1

m2
v
x2 � sx1x2

. (9.15)

A computation of the integral in the limit mv ! 0 then gives

(2s)

Z
[dx ]3

1

m2
v
x2 � sx1x2

= � ln2
s

m2
V

+ . . . , (9.16)

where ellipses stand for less singular terms. Hence, we find

L
(1),⇢ = �L(0),⇢

↵
2

g

2⇡

1

2
ln2
s

m2
V

, (9.17)

where ↵2
g
= g2

Z,e
/(4⇡).

The matrix element then reads

M =M0

✓
1�
↵g

4⇡
ln2
s

m2
V

◆
, (9.18)

so that the partonic cross section becomes

d� = d�0

✓
1�
↵g

2⇡
ln2
s

m2
V

◆
. (9.19)

It is clear that such corrections become very large if s � m2
v
. However,

something looks strange since we know that the photon is massless (mV ! 0)
and we also do not expect that QED corrections lead to infinite results.
Indeed, there is an important compensation mechanism that enforces can-

cellation between virtual and real gauge-boson emissions.
In our model, consider a process where the vector boson is emitted o↵ the

final state electron and positron. The amplitude reads

MR = H
⇢
�i

s �m2
V

L⇢,R, (9.20)
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and
� = m2

v
x3 + P

2
� i0 = m2

v
x3 � sx1x2 � i0. (9.7)

We then shift the loop momentum k ! k � P and obtain the following
integrals to compute

Z
d4k

(2⇡)4
k
↵
k
�

((k2 � �)3
=
g
↵�

4

Z
d4k

(2⇡)4
k
2

((k2 � �)3
,

=
g
↵�

4

Z
d4k

(2⇡)4


1

((k2 � �)2
+

�

((k2 � �)3

�
.

(9.8)

The first integral on the right-hand side is
Z
d4k

(2⇡)4
1

((k2 � �)2
=

i

16⇡2
ln
⇤2

�
. (9.9)

We are interested in contributions which exhibit strong sensitivity to the mass
of the vector boson. It is easy to see that the above integral does not have
it; indeed, we set m2

V
! 0 in Eq. (9.9) and obtain an integrable expression.

Thus, the above integral is, roughly, independent of m2
V
.

The remaining k integral looks as follows
Z
d4k

(2⇡)4
1

(k2 � �)3
=

�i

(4⇡)2�(3)�
. (9.10)

To arrive at the final result, we need to integrate this integral over Feyn-
man parameters with a numerator that depends on Feynman parameters. Let
us write

I =

Z
[dx ]3

f (x1, x2)

�
=

Z
dx1 dx2 ✓(1� x1 � x2)

f (x1, x2)

m2
v
x3 � sx1x2

, (9.11)

where x3 = 1 � x1 � x2. Suppose, we set m2v ! 0 in this expression. Then,
we find

I ! �
1

s

1Z

0

dx1
x1

1�x2Z

0

dx2
x2
f (x1, x2). (9.12)

This integral diverges at x1 = 0 and x2 = 0 and these divergencies are
logarithmic, so altogether we find

I ⇠ �
1

s
ln2 xmin. (9.13)
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Another important thing is that for the computation of the coe�cient of
ln2 xmin, we only need the value of the function f (x1, x2) at x1 = x2 = 0.
With this we note that the only term in the numerator of the vertex

function that we require reads
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µ
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Then, we find
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A computation of the integral in the limit mv ! 0 then gives
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where ellipses stand for less singular terms. Hence, we find
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where ↵2
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Z,e
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The matrix element then reads
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so that the partonic cross section becomes
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It is clear that such corrections become very large if s � m2
v
. However,

something looks strange since we know that the photon is massless (mV ! 0)
and we also do not expect that QED corrections lead to infinite results.
Indeed, there is an important compensation mechanism that enforces can-

cellation between virtual and real gauge-boson emissions.
In our model, consider a process where the vector boson is emitted o↵ the

final state electron and positron. The amplitude reads
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⇢
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L⇢,R, (9.20)
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In QED or QCD, enhanced virtual correction gets cancelled with the real emission contributions.  
where
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One can show that the double-logarithmic contribution comes from the kine-
matic configuration where the emitted vector boson is soft
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p
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This allows us to simplify the above equation
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Squaring and averaging over polarizations of the vector boson, we find
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To compute the integral, we perform the Sudakov decomposition
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Using this result in Eq. (9.24), we find
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Another important thing is that for the computation of the coe�cient of
ln2 xmin, we only need the value of the function f (x1, x2) at x1 = x2 = 0.
With this we note that the only term in the numerator of the vertex

function that we require reads
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A computation of the integral in the limit mv ! 0 then gives
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where ellipses stand for less singular terms. Hence, we find

L
(1),⇢ = �L(0),⇢

↵
2

g

2⇡

1

2
ln2
s

m2
V

, (9.17)

where ↵2
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The matrix element then reads
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so that the partonic cross section becomes
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It is clear that such corrections become very large if s � m2
v
. However,

something looks strange since we know that the photon is massless (mV ! 0)
and we also do not expect that QED corrections lead to infinite results.
Indeed, there is an important compensation mechanism that enforces can-

cellation between virtual and real gauge-boson emissions.
In our model, consider a process where the vector boson is emitted o↵ the

final state electron and positron. The amplitude reads

MR = H
⇢
�i

s �m2
V

L⇢,R, (9.20)
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However, this cancellation does not quite work for electroweak corrections since process pp->X 
and pp -> X+ V (V=Z,W) are, typically, treated as different  processes in experiment.  This implies 
that there are double logarithmic electroweak corrections that are always negative and they grow 
with the collision’s energy.   To estimate the size of these corrections, we write the coupling for the 
Z-boson and take s = 1 TeV.  

Then, adding real and virtual contributions together, we find that the double-
logarithmic contributions cancel exactly. This is an illustration of the general
pattern of cancellations between soft and collinear contributions in virtual
and real-emission corrections that is very important for the applicability of
perturbative QCD to the LHC physics.
However, if we translate the above exercise to a question about elec-

troweak corrections, the situation will change significantly and the cancella-
tion that we discussed above would not occur. Indeed, take V = Z. Then,
the two processes pp ! e+e� and pp ! e+e� +Z, from experimental point
of view are quite di↵erent and do not need to be combined. Then, we would
expect that there are double-logarithmic corrections to the di↵erential cross
section of pp ! e+e� at large invariant masses, that are usually referred to
as electroweak Sudakov logarithms.
We can estimate these e↵ects, by writing the coupling ↵g for the exchange

of the Z. We then find
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w
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Hence, for s = 1 TeV, we find
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Hence, we see negative electroweak corrections that can be quite large.
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Then, adding real and virtual contributions together, we find that the double-
logarithmic contributions cancel exactly. This is an illustration of the general
pattern of cancellations between soft and collinear contributions in virtual
and real-emission corrections that is very important for the applicability of
perturbative QCD to the LHC physics.
However, if we translate the above exercise to a question about elec-
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tion that we discussed above would not occur. Indeed, take V = Z. Then,
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Comparison with the virtual corrections, makes the 
cancellation obvious. 
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Large effects can indeed be seen in realistic (complete) computations.  Below the electroweak 
corrections to Z+j production at the LHC are shown.  
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Figure 1: Differential distribution in the transverse momentum of the Z-boson pT,Z (left) and of
the invariant mass of the Zj system mZj (right) in pp ! Zj at

p
s = 13 TeV. The first panel shows

absolute predictions at LO (blue), NLLVI EW (green), NLL’VI EW (red), and NLOVI EW (orange),
where the subscript "VI" indicates that the QED I-operator is added to the virtual amplitudes in
DR. The second panel shows the relative corrections of the different one-loop EW predictions with
respect to LO. The third panel shows the various contributions at NLL’VI EW in MR, as discussed
in Section 2, normalised to LO: LSC (dashed red), SSC (dashed green), S-SSC (dashed orange), C
(dashed purple), PR (dashed magenta).

largely compensate the LSC correction, yielding overall NLLVI EW corrections of only about �5%
at mZj = 1 TeV. However, here also the S-SSC correction is relevant indicating a violation of the
assumptions of the LA, Eq. (2.4), yielding itself corrections of about �5% at mZj = 1 TeV. The
resulting combined NLL’VI EW corrections are around �10% for mZj = 1 TeV and agree at below
the percent level with the full NLOVI EW corrections for the entire considered invariant mass range.

Z+ 2 jets

Next, we consider the EW corrections to hadronic Z + 2 jets production at O(↵2
s↵). Differential

distributions in pT,Z and pT,j1 are shown in Fig. 2. In pT,Z (left) the relative corrections show a
very similar picture as for Z+ jet production. In fact, the agreement of these relative corrections
indicate a large degree of factorisation of QCD and EW effects in this observable. However, in
the case of Z + 2 jets production the S-SSC effects are not completely negligible and yield relative
corrections of around �(3�5)%. When these effects are included in the NLL’VI EW prediction there
is sub-percent level agreement with the NLOVI EW corrections in the entire considered transverse
momentum range.

The LSC correction to the transverse momentum distribution in the leading jet pT,j1 (right) are
of the same size as the corresponding corrections in pT,Z. However, these negative LSC corrections
are largely compensated by sizeable positive SSC and C effects. The negative S-SSC corrections

– 19 –

LO
NLLVI EW
NLL0

VI EW
NLOVI EW

10�7

10�6

10�5

10�4

10�3

10�2

10�1

1

10 1

pp ! Zj @ 13 TeV

ds d
p T

,Z
[p

b/
G

eV
]

0.4

0.6

0.8

1

1.2

1.4

1.6

1/
LO

10 2 10 3

0.4

0.6

0.8

1

1.2

1.4

1.6

LSC
SSC
SSSC

C
PR

pT,Z [GeV]

1/
LO

LO
NLLVI EW
NLL0

VI EW
NLOVI EW

10�3

10�2

10�1

1

pp ! Zj @ 13 TeV

ds dm
Z

j
[p

b/
G

eV
]

0.4

0.6

0.8

1

1.2

1.4

1.6

1/
LO

10 3

0.4

0.6

0.8

1

1.2

1.4

1.6

LSC
SSC
SSSC

C
PR

mZj[GeV]

1/
LO

Figure 1: Differential distribution in the transverse momentum of the Z-boson pT,Z (left) and of
the invariant mass of the Zj system mZj (right) in pp ! Zj at

p
s = 13 TeV. The first panel shows

absolute predictions at LO (blue), NLLVI EW (green), NLL’VI EW (red), and NLOVI EW (orange),
where the subscript "VI" indicates that the QED I-operator is added to the virtual amplitudes in
DR. The second panel shows the relative corrections of the different one-loop EW predictions with
respect to LO. The third panel shows the various contributions at NLL’VI EW in MR, as discussed
in Section 2, normalised to LO: LSC (dashed red), SSC (dashed green), S-SSC (dashed orange), C
(dashed purple), PR (dashed magenta).

largely compensate the LSC correction, yielding overall NLLVI EW corrections of only about �5%
at mZj = 1 TeV. However, here also the S-SSC correction is relevant indicating a violation of the
assumptions of the LA, Eq. (2.4), yielding itself corrections of about �5% at mZj = 1 TeV. The
resulting combined NLL’VI EW corrections are around �10% for mZj = 1 TeV and agree at below
the percent level with the full NLOVI EW corrections for the entire considered invariant mass range.
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distributions in pT,Z and pT,j1 are shown in Fig. 2. In pT,Z (left) the relative corrections show a
very similar picture as for Z+ jet production. In fact, the agreement of these relative corrections
indicate a large degree of factorisation of QCD and EW effects in this observable. However, in
the case of Z + 2 jets production the S-SSC effects are not completely negligible and yield relative
corrections of around �(3�5)%. When these effects are included in the NLL’VI EW prediction there
is sub-percent level agreement with the NLOVI EW corrections in the entire considered transverse
momentum range.

The LSC correction to the transverse momentum distribution in the leading jet pT,j1 (right) are
of the same size as the corresponding corrections in pT,Z. However, these negative LSC corrections
are largely compensated by sizeable positive SSC and C effects. The negative S-SSC corrections
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The top quark mass 



Fate of the vacuum

Thus, the lifetime of the Standard Model universe is

⌧SM =

✓
�

V

◆�1/4

= 10139
+102
�51 years (6.27)

That is, to 68% confidence, 1088 < ⌧SM
years

< 10291. To 95% confidence 1058 < ⌧SM
years

< 10549.
To be more clear about what the lifetime means, we can ask a related question: what is

the probability that we would have seen a bubble of decaying universe by now? Using the
space-time volume of our past lightcone [15], (V T )

light-cone
= 0.15

H
4
0
= 3.4 ⇥ 10166 GeV�4 and

the Hubble constant H0 = 67.4 km

s Mpc
= 1.44 ⇥ 10�42 GeV, the probability that we should

have seen a bubble by now is

P =
�

V
(V T )

light-cone
= 10�516

�409
+202 (6.28)

Since the bubbles expand at the speed of light, chances are if we saw such a bubble we would
have been destroyed by it; thus it is reassuring to find the probability of this happening to
be exponentially small.

The phase diagrams in the mt/mh and mt/↵s planes are shown in Fig. 2. In these
diagrams, the boundary between metastability and instability is fixed by P = 1, where P is
the probability that a bubble of true vacuum should have formed without our past lightcone,
as in Eq. (6.28). The boundary between metastability and instability is determined by the
gauge-invariant consistent procedure detailed Section 6.2 (and in [17, 38]). Although the
absolute stability boundary is close to the condition �

? = 0 in Eq. (6.14), it is systematically
higher and a better fit to the curve for �? = �0.0013.

Varying one parameter holding the others fixed, we find that the range of mpole

t , mpole

h
or

↵s for the SM to be in the metastability window are

171.18 <
m

pole

t

GeV
< 177.68, 129.01 >

m
pole

h

GeV
> 111.66, 0.1230 > ↵s(mZ) > 0.1077

(6.29)
Numbers on the left in these ranges are for absolute stability and on the right for metasta-
bility.

To be absolutely stable, the bounds on the parameters are
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Figure 2: (Top) phase diagram for stability in the m
pole

t /m
pole

h
plane and closeup of the SM

region. Ellipses show the 68%, 95% and 99% contours based on the experimental uncertain-
ties on m

pole

t and m
pole

h
. The shaded bands on the phase boundaries, framed by the dashed

lines and centered on the solid lines, are combinations of the ↵s experimental uncertainty
and the theory uncertainty. (Bottom) phase diagram in the m

pole

t /↵s(mZ) plane, with un-
certainty on the boundaries given by combinations of uncertainty on m

pole

h
and theory. The

dotted line on the right plots is the naive absolute stability prediction using Eq. (6.14).
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(To rule out absolute stability: reduce top quark mass uncertainty below 250 MeV)

State of the art: [Andreassen, 
Frost, Schwartz ’17]

Uncertainty equal parts mt, 
αs, threshold corrections
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Figure 2: Upper: RG evolution of � (left) and of �� (right) varying Mt, ↵3(MZ), Mh by
±3�. Lower: Same as above, with more “physical” normalisations. The Higgs quartic coupling
is compared with the top Yukawa and weak gauge coupling through the ratios sign(�)

p
4|�|/yt

and sign(�)
p

8|�|/g2, which correspond to the ratios of running masses mh/mt and mh/mW ,
respectively (left). The Higgs quartic �-function is shown in units of its top contribution, ��(top
contribution) = �3y4

t
/8⇡2 (right). The grey shadings cover values of the RG scale above the

Planck mass MPl ⇡ 1.2⇥ 1019 GeV, and above the reduced Planck mass M̄Pl = MPl/
p
8⇡.
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SM Higgs quartic runs negative in UV, 
implying metastability/instability[Buttazzo et al. 1307.3536]

[Andreassen, Frost, Schwartz ’17]

[Cabibbo, Maiani, Parisi, Petronzio, '79; 
Hung '79; Lindner 86; Sher '89; …]

There is another class of observables measured at the LHC that I like to call ultra-high-precision 
ones  since they are measured to a percent or even a permille accuracy. The top quark mass is 
one of them. An interesting thing is that we start seeing results for the top quark mass with the 
uncertainty that is comparable to            ,  the non-perturbative parameter of strong interactions.        
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To be more clear about what the lifetime means, we can ask a related question: what is

the probability that we would have seen a bubble of decaying universe by now? Using the
space-time volume of our past lightcone [15], (V T )

light-cone
= 0.15

H
4
0
= 3.4 ⇥ 10166 GeV�4 and

the Hubble constant H0 = 67.4 km

s Mpc
= 1.44 ⇥ 10�42 GeV, the probability that we should

have seen a bubble by now is

P =
�

V
(V T )

light-cone
= 10�516

�409
+202 (6.28)

Since the bubbles expand at the speed of light, chances are if we saw such a bubble we would
have been destroyed by it; thus it is reassuring to find the probability of this happening to
be exponentially small.

The phase diagrams in the mt/mh and mt/↵s planes are shown in Fig. 2. In these
diagrams, the boundary between metastability and instability is fixed by P = 1, where P is
the probability that a bubble of true vacuum should have formed without our past lightcone,
as in Eq. (6.28). The boundary between metastability and instability is determined by the
gauge-invariant consistent procedure detailed Section 6.2 (and in [17, 38]). Although the
absolute stability boundary is close to the condition �

? = 0 in Eq. (6.14), it is systematically
higher and a better fit to the curve for �? = �0.0013.
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Figure 2: (Top) phase diagram for stability in the m
pole

t /m
pole

h
plane and closeup of the SM

region. Ellipses show the 68%, 95% and 99% contours based on the experimental uncertain-
ties on m

pole

t and m
pole

h
. The shaded bands on the phase boundaries, framed by the dashed

lines and centered on the solid lines, are combinations of the ↵s experimental uncertainty
and the theory uncertainty. (Bottom) phase diagram in the m

pole

t /↵s(mZ) plane, with un-
certainty on the boundaries given by combinations of uncertainty on m

pole

h
and theory. The

dotted line on the right plots is the naive absolute stability prediction using Eq. (6.14).
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±3�. Lower: Same as above, with more “physical” normalisations. The Higgs quartic coupling
is compared with the top Yukawa and weak gauge coupling through the ratios sign(�)

p
4|�|/yt

and sign(�)
p

8|�|/g2, which correspond to the ratios of running masses mh/mt and mh/mW ,
respectively (left). The Higgs quartic �-function is shown in units of its top contribution, ��(top
contribution) = �3y4

t
/8⇡2 (right). The grey shadings cover values of the RG scale above the

Planck mass MPl ⇡ 1.2⇥ 1019 GeV, and above the reduced Planck mass M̄Pl = MPl/
p
8⇡.
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SM Higgs quartic runs negative in UV, 
implying metastability/instability[Buttazzo et al. 1307.3536]

[Andreassen, Frost, Schwartz ’17]

[Cabibbo, Maiani, Parisi, Petronzio, '79; 
Hung '79; Lindner 86; Sher '89; …]

Stable EW vacuum requires 

Fate of the vacuum

Thus, the lifetime of the Standard Model universe is
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✓
�
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= 10139
+102
�51 years (6.27)

That is, to 68% confidence, 1088 < ⌧SM
years

< 10291. To 95% confidence 1058 < ⌧SM
years

< 10549.
To be more clear about what the lifetime means, we can ask a related question: what is

the probability that we would have seen a bubble of decaying universe by now? Using the
space-time volume of our past lightcone [15], (V T )
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= 0.15

H
4
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the Hubble constant H0 = 67.4 km
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= 1.44 ⇥ 10�42 GeV, the probability that we should

have seen a bubble by now is

P =
�

V
(V T )

light-cone
= 10�516

�409
+202 (6.28)

Since the bubbles expand at the speed of light, chances are if we saw such a bubble we would
have been destroyed by it; thus it is reassuring to find the probability of this happening to
be exponentially small.

The phase diagrams in the mt/mh and mt/↵s planes are shown in Fig. 2. In these
diagrams, the boundary between metastability and instability is fixed by P = 1, where P is
the probability that a bubble of true vacuum should have formed without our past lightcone,
as in Eq. (6.28). The boundary between metastability and instability is determined by the
gauge-invariant consistent procedure detailed Section 6.2 (and in [17, 38]). Although the
absolute stability boundary is close to the condition �

? = 0 in Eq. (6.14), it is systematically
higher and a better fit to the curve for �? = �0.0013.

Varying one parameter holding the others fixed, we find that the range of mpole
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Numbers on the left in these ranges are for absolute stability and on the right for metasta-
bility.
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Figure 2: (Top) phase diagram for stability in the m
pole

t /m
pole

h
plane and closeup of the SM

region. Ellipses show the 68%, 95% and 99% contours based on the experimental uncertain-
ties on m

pole

t and m
pole

h
. The shaded bands on the phase boundaries, framed by the dashed

lines and centered on the solid lines, are combinations of the ↵s experimental uncertainty
and the theory uncertainty. (Bottom) phase diagram in the m

pole

t /↵s(mZ) plane, with un-
certainty on the boundaries given by combinations of uncertainty on m

pole

h
and theory. The

dotted line on the right plots is the naive absolute stability prediction using Eq. (6.14).
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(To rule out absolute stability: reduce top quark mass uncertainty below 250 MeV)

State of the art: [Andreassen, 
Frost, Schwartz ’17]
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αs, threshold corrections
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Figure 2: Upper: RG evolution of � (left) and of �� (right) varying Mt, ↵3(MZ), Mh by
±3�. Lower: Same as above, with more “physical” normalisations. The Higgs quartic coupling
is compared with the top Yukawa and weak gauge coupling through the ratios sign(�)

p
4|�|/yt

and sign(�)
p

8|�|/g2, which correspond to the ratios of running masses mh/mt and mh/mW ,
respectively (left). The Higgs quartic �-function is shown in units of its top contribution, ��(top
contribution) = �3y4

t
/8⇡2 (right). The grey shadings cover values of the RG scale above the

Planck mass MPl ⇡ 1.2⇥ 1019 GeV, and above the reduced Planck mass M̄Pl = MPl/
p
8⇡.
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SM Higgs quartic runs negative in UV, 
implying metastability/instability[Buttazzo et al. 1307.3536]
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Hung '79; Lindner 86; Sher '89; …]
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Top quark mass extractions from cross  sections rely on its strong sensitivity to mt  and on higher-
order perturbative predictions for top quark pair production cross section. From this observable 
alone, the top quark mass was measured to about 700 MeV.   
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To be certain that this works in the right way, we need to know  whether there are  linear non-
perturbative power corrections to the cross section; otherwise they may impact the extracted 
value of the top quark mass. 

The existing theory of hard hadron collisions does  
not allow us to say with confidence whether such 
corrections exist or not; without this, it is not 
possible to trust the ultra-precise value of the top 
quark mass. 
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One possibility to explore this problem is to connect perturbative and non-perturbative 
computations, by checking the sensitivity of the former to “non-perturbative” (soft)  momenta 
regions.  

It is certainly possible to understand the famous (Kinoshita-Lee-Naunberg) cancellation of soft 
and collinear singularities in this way; it becomes particularly instructive if the gluon is given a 
mass.
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Infra-red safety implies that the sensitivity to long-distance physics, parameterised by the mass of 
the gluon, is absent, i.e.   whatever this mass is, the result is the same, up to power corrections. 
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Power corrections                are also interesting if our goal is  high-precision predictions; these 
corrections basically tell us when perturbative predictions alone become insufficient. 

In addition, it turns out that for this discussion, it is important to 
understand  what is meant by the “top quark mass’’ that one tries 
to measure.
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We would like to know whether or not  there are linear correction to top quark pair production 
at a hadron collider  since, if it is there, it would have important implications for the extraction 
of the top quark mass with the highest precision.
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�
<latexit sha1_base64="CXPe39CK23Htg5EU5MysrrDGjjQ=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrs22ohBG8sI5gHJEu7OziZDZmeXmVkhLAF/wcZCEVv/xN7Ov3HyKDTxwIXDOedyH0EquDau++0UVlbX1jeKm6Wt7Z3dvfL+QVMnmaKsQRORqHaAmgkuWcNwI1g7VQzjQLBWMLyZ+K0HpjRP5L0ZpcyPsS95xCkaK7W6wkZD7JUrbtWdgiwTb04qV5+ly0cAqPfKX90woVnMpKECte54bmr8HJXhVLBxqZtpliIdYp91LJUYM+3n03XH5MQqIYkSZUsaMlV/d+QYaz2KA5uM0Qz0ojcR//M6mYku/JzLNDNM0tmgKBPEJGRyOwm5YtSIkSVIFbe7EjpAhdTYD5XsE7zFk5dJ86zquVXvzq3UrmGGIhzBMZyCB+dQg1uoQwMoDOEJXuDVSZ1n5815n0ULzrznEP7A+fgBqr2RRg==</latexit><latexit sha1_base64="HW/3wbdjPpbyHMidkY+4KEpXRbM=">AAAB7nicbVC7SgNBFL0bX3F9RS1tBoNgFXZtTCMGbSwjmAckS5idnU2GzM4OM7NCWPIRNhaKWNj4J/Y24t84eRSaeODC4ZxzuY9QcqaN5307hZXVtfWN4qa7tb2zu1faP2jqNFOENkjKU9UOsaacCdowzHDaloriJOS0FQ6vJ37rnirNUnFnRpIGCe4LFjOCjZVaXW6jEe6Vyl7FmwItE39Oypcf7oV8+3LrvdJnN0pJllBhCMdad3xPmiDHyjDC6djtZppKTIa4TzuWCpxQHeTTdcfoxCoRilNlSxg0VX935DjRepSENplgM9CL3kT8z+tkJq4GORMyM1SQ2aA448ikaHI7ipiixPCRJZgoZndFZIAVJsZ+yLVP8BdPXibNs4rvVfxbr1y7ghmKcATHcAo+nEMNbqAODSAwhAd4gmdHOo/Oi/M6ixacec8h/IHz/gOcTJK6</latexit><latexit sha1_base64="HW/3wbdjPpbyHMidkY+4KEpXRbM=">AAAB7nicbVC7SgNBFL0bX3F9RS1tBoNgFXZtTCMGbSwjmAckS5idnU2GzM4OM7NCWPIRNhaKWNj4J/Y24t84eRSaeODC4ZxzuY9QcqaN5307hZXVtfWN4qa7tb2zu1faP2jqNFOENkjKU9UOsaacCdowzHDaloriJOS0FQ6vJ37rnirNUnFnRpIGCe4LFjOCjZVaXW6jEe6Vyl7FmwItE39Oypcf7oV8+3LrvdJnN0pJllBhCMdad3xPmiDHyjDC6djtZppKTIa4TzuWCpxQHeTTdcfoxCoRilNlSxg0VX935DjRepSENplgM9CL3kT8z+tkJq4GORMyM1SQ2aA448ikaHI7ipiixPCRJZgoZndFZIAVJsZ+yLVP8BdPXibNs4rvVfxbr1y7ghmKcATHcAo+nEMNbqAODSAwhAd4gmdHOo/Oi/M6ixacec8h/IHz/gOcTJK6</latexit><latexit sha1_base64="4vYNKaIKy0wscKboQxD5MSFj0fw=">AAAB7nicbVBNS8NAFHypX7V+VT16WSyCp5J40WPRi8cKpi20oWw2L+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtg4sDDPz2PcmzATXxnW/ncrG5tb2TnW3trd/cHhUPz7p6DRXDH2WilT1QqpRcIm+4UZgL1NIk1BgN5zczf3uEyrNU/lophkGCR1JHnNGjZW6A2GjER3WG27TXYCsE68kDSjRHta/BlHK8gSlYYJq3ffczAQFVYYzgbPaINeYUTahI+xbKmmCOigW687IhVUiEqfKPmnIQv09UdBE62kS2mRCzVivenPxP6+fm/gmKLjMcoOSLT+Kc0FMSua3k4grZEZMLaFMcbsrYWOqKDO2oZotwVs9eZ10rpqe2/Qe3EbrtqyjCmdwDpfgwTW04B7a4AODCTzDK7w5mfPivDsfy2jFKWdO4Q+czx87hY95</latexit>

To answer this question, one needs to compute loop corrections and 
real-emission contributions to top quark pair production cross section 
with the massive gluon and then expand the result in the small gluon 
mass up to the linear terms. 



In quantum field theory , particle masses are inferred from poles of  propagators.  This cannot work for 
quarks  beyond fixed-order perturbation theory (confinement).   This issue is quite obscure for the top 
quark since it is very heavy and very unstable (top is the only quasi-free quark, as we often say). 

We  must think about the top quark mass as a parameter of the Lagrangian and define it according to a chosen  
renormalization ``scheme’’.  Depending on the choice of the scheme and  the renormalization scale, we get 
different mass parameters, that range from the MSbar to the low-scale short-distance masses (kinetic, 
potential-subtracted, 1S etc.).  On the other hand, these short-distance masses can be determined with a much 
higher precision than the pole mass, at least in theory. 

G(p,m) ⇠ 1

p2 �m2
<latexit sha1_base64="heIj0IOh3qW6nroBXIU4WuENwUo=">AAACCHicbVC7SgNBFL0bXzG+Vi0tHAxCBA27aUxhEbDQMoJ5QF7MTmaTwZndZWZWCEvAJo2/YmOhiK2lpZ1/4+RRaOKBC4dz7uXee7yIM6Ud59tKLS2vrK6l1zMbm1vbO/buXlWFsSS0QkIeyrqHFeUsoBXNNKf1SFIsPE5r3t3l2K/dU6lYGNzqQURbAvcC5jOCtZE69uFVLjoVJ6ipmEBNX2KSuMMkahfQGRLtwrBjZ528MwFaJO6MZEvFz9EDAJQ79lezG5JY0EATjpVquE6kWwmWmhFOh5lmrGiEyR3u0YahARZUtZLJI0N0bJQu8kNpKtBoov6eSLBQaiA80ymw7qt5byz+5zVi7RdbCQuiWNOATBf5MUc6RONUUJdJSjQfGIKJZOZWRPrYpKFNdhkTgjv/8iKpFvKuk3dvTBoXMEUaDuAIcuDCOZTgGspQAQIjeIIXeLUerWfrzXqftqas2cw+/IH18QPbb5on</latexit><latexit sha1_base64="Q2OqE/N3zDz23vHsTA62LFUX45A=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDgYhgobdNKawCFhoGcE8IJuE2clsMmRmd5mZFcKyZRBsbfwHGwtFbC0t7Sz8FyePQhMPXDiccy/33uOGjEplWV9GamFxaXklvZpZW9/Y3DK3d6oyiAQmFRywQNRdJAmjPqkoqhiph4Ig7jJSc/vnI792Q4SkgX+tBiFpctT1qUcxUlpqm/sXufCYH0FHUg4dTyAc20kctgrwBPJWIWmbWStvjQHniT0l2VLxY3h7//1QbpufTifAESe+wgxJ2bCtUDVjJBTFjCQZJ5IkRLiPuqShqY84kc14/EgCD7XSgV4gdPkKjtXfEzHiUg64qzs5Uj05643E/7xGpLxiM6Z+GCni48kiL2JQBXCUCuxQQbBiA00QFlTfCnEP6TSUzi6jQ7BnX54n1ULetvL2lU7jDEyQBnvgAOSADU5BCVyCMqgADIbgETyDF+POeDJejbdJa8qYzuyCPzDefwCbr5w2</latexit><latexit sha1_base64="Q2OqE/N3zDz23vHsTA62LFUX45A=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDgYhgobdNKawCFhoGcE8IJuE2clsMmRmd5mZFcKyZRBsbfwHGwtFbC0t7Sz8FyePQhMPXDiccy/33uOGjEplWV9GamFxaXklvZpZW9/Y3DK3d6oyiAQmFRywQNRdJAmjPqkoqhiph4Ig7jJSc/vnI792Q4SkgX+tBiFpctT1qUcxUlpqm/sXufCYH0FHUg4dTyAc20kctgrwBPJWIWmbWStvjQHniT0l2VLxY3h7//1QbpufTifAESe+wgxJ2bCtUDVjJBTFjCQZJ5IkRLiPuqShqY84kc14/EgCD7XSgV4gdPkKjtXfEzHiUg64qzs5Uj05643E/7xGpLxiM6Z+GCni48kiL2JQBXCUCuxQQbBiA00QFlTfCnEP6TSUzi6jQ7BnX54n1ULetvL2lU7jDEyQBnvgAOSADU5BCVyCMqgADIbgETyDF+POeDJejbdJa8qYzuyCPzDefwCbr5w2</latexit><latexit sha1_base64="++bqY/K9Ta9cokmoTkVWxLgHYhQ=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpakG124KLjQZQX7gCYtk+mkHZyZhJmJUEKWbvwVNy4UcesnuPNvnLZZaOuBC4dz7uXee4KYUaUd59sqLC2vrK4V10sbm1vbO/buXktFicSkiSMWyU6AFGFUkKammpFOLAniASPt4P5q4rcfiFQ0End6HBOfo6GgIcVIG6lvH15X4lN+Aj1FOfRCiXDqZmncq8EzyHu1rG+XnaozBVwkbk7KIEejb395gwgnnAiNGVKq6zqx9lMkNcWMZCUvUSRG+B4NSddQgThRfjp9JIPHRhnAMJKmhIZT9fdEirhSYx6YTo70SM17E/E/r5vo8MJPqYgTTQSeLQoTBnUEJ6nAAZUEazY2BGFJza0Qj5BJQ5vsSiYEd/7lRdKqVV2n6t465fplHkcRHIAjUAEuOAd1cAMaoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8AcgZl+A=</latexit>

mpole = mbare +
4

3

1Z

0

d3~k

4⇡2

↵s(|~k|)
~k2

w(|~k|,m)

<latexit sha1_base64="lel5iZZiMQkgVxi13CSa+vWhbDk="></latexit><latexit sha1_base64="yE+wPBUT38OYLFWbRRIni6tKBk4="></latexit><latexit sha1_base64="yE+wPBUT38OYLFWbRRIni6tKBk4="></latexit><latexit sha1_base64="rxWLmNAUfpcxmH+rx+yLK2Bl8ac="></latexit>

↵s(|~k|) ⇡
⇤2
QCD

~k2 � ⇤2
QCD

<latexit sha1_base64="lsjicd8SyNc9wMqoDtPLl4m5Oy4="></latexit><latexit sha1_base64="Ig/sclQSbOcSiLhHgDYEqnRv/mo="></latexit><latexit sha1_base64="Ig/sclQSbOcSiLhHgDYEqnRv/mo="></latexit><latexit sha1_base64="+UFgQTn0xZC3ux2jFY3krYGhqF0="></latexit>

w(|~k|,m) ⇡ 1, |~k|  m
<latexit sha1_base64="QTsjaBwKUgsskejuCPJykH8J2W0=">AAACF3icbVDLSgNBEOz1GeMr6lEPg0FQkLDrRUEPAS8eI5gHZEOYnXR0yMzuMjMbDavf4MWLv+LFgyJe9ebfOJtE8FVNQ1HVzUxXEAuujet+OBOTU9Mzs7m5/PzC4tJyYWW1pqNEMayySESqEVCNgodYNdwIbMQKqQwE1oPecebX+6g0j8IzM4ixJel5yLucUWOldqF0uX3t95GR3vWu3CE+jWMVXRFvl/iHWZEvl/gCiWwXim7JHYL8Jd6YFMsbtz4BgEq78O53IpZIDA0TVOum58amlVJlOBN4k/cTjTFlPXqOTUtDKlG30uFdN2TLKh3SjZTt0JCh+n0jpVLrgQzspKTmQv/2MvE/r5mY7kEr5WGcGAzZ6KFuIoiJSBYS6XCFzIiBJZQpbv9K2AVVlBkbZd6G4P0++S+p7ZU8t+Sd2jSOYIQcrMMmbIMH+1CGE6hAFRjcwQM8wbNz7zw6L87raHTCGe+swQ84b587rp7h</latexit><latexit sha1_base64="lDo7jlxZxk1RU9It+SI4wtW6s68=">AAACF3icbVDLSgMxFM3UV62vqktdBItQoZQZNwq6KLhxWcE+oFNKJr1tQ5OZIclUS9tv6MaNv+JGUBG3uvND3Js+BG09lwuHc+4luccLOVPatj+t2MLi0vJKfDWxtr6xuZXc3imqIJIUCjTggSx7RAFnPhQ00xzKoQQiPA4lr30x8ksdkIoF/rXuhlAVpOmzBqNEG6mWzN6k+24HKG73M+IIuyQMZXCLnQx2z0aFf1zscsCilkzZWXsMPE+cKUnl9odu+utpmK8lP9x6QCMBvqacKFVx7FBXe0RqRjkMEm6kICS0TZpQMdQnAlS1N75rgA+NUseNQJr2NR6rvzd6RCjVFZ6ZFES31Kw3Ev/zKpFunFZ7zA8jDT6dPNSIONYBHoWE60wC1bxrCKGSmb9i2iKSUG2iTJgQnNmT50nxOOvYWefKpHGOJoijPXSA0shBJyiHLlEeFRBFd+gBPaMX6956tF6tt8lozJru7KI/sN6/AVCFoS8=</latexit><latexit sha1_base64="lDo7jlxZxk1RU9It+SI4wtW6s68=">AAACF3icbVDLSgMxFM3UV62vqktdBItQoZQZNwq6KLhxWcE+oFNKJr1tQ5OZIclUS9tv6MaNv+JGUBG3uvND3Js+BG09lwuHc+4luccLOVPatj+t2MLi0vJKfDWxtr6xuZXc3imqIJIUCjTggSx7RAFnPhQ00xzKoQQiPA4lr30x8ksdkIoF/rXuhlAVpOmzBqNEG6mWzN6k+24HKG73M+IIuyQMZXCLnQx2z0aFf1zscsCilkzZWXsMPE+cKUnl9odu+utpmK8lP9x6QCMBvqacKFVx7FBXe0RqRjkMEm6kICS0TZpQMdQnAlS1N75rgA+NUseNQJr2NR6rvzd6RCjVFZ6ZFES31Kw3Ev/zKpFunFZ7zA8jDT6dPNSIONYBHoWE60wC1bxrCKGSmb9i2iKSUG2iTJgQnNmT50nxOOvYWefKpHGOJoijPXSA0shBJyiHLlEeFRBFd+gBPaMX6956tF6tt8lozJru7KI/sN6/AVCFoS8=</latexit><latexit sha1_base64="XnNTGQwnI3QtUyLGDKUP7oHkf+o=">AAACF3icbVDLSgMxFM34rPU16tJNsAgVSplxo6CLghuXFewDOqVk0ts2NJkZkky1tP0LN/6KGxeKuNWdf2OmHUFbz+XC4Zx7Se7xI86Udpwva2l5ZXVtPbOR3dza3tm19/arKowlhQoNeSjrPlHAWQAVzTSHeiSBCJ9Dze9fJX5tAFKxMLjVwwiagnQD1mGUaCO17OJdfuwNgOL+uCBOsEeiSIb32C1g7yIp/ONijwMWLTvnFJ0p8CJxU5JDKcot+9NrhzQWEGjKiVIN14l0c0SkZpTDJOvFCiJC+6QLDUMDIkA1R9O7JvjYKG3cCaXpQOOp+ntjRIRSQ+GbSUF0T817ifif14h157w5YkEUawjo7KFOzLEOcRISbjMJVPOhIYRKZv6KaY9IQrWJMmtCcOdPXiTV06LrFN0bJ1e6TOPIoEN0hPLIRWeohK5RGVUQRQ/oCb2gV+vRerberPfZ6JKV7hygP7A+vgFWWp16</latexit>

) p2 = m2
<latexit sha1_base64="Euu5AWqUpHAWIczB8Qjkm4GQIQw=">AAACCXicbVDLSgMxFM34rPU16tJNsAiuykwRFESouHFZxT6gMy2ZNG1D8xiSjFKGbt34K25cKOLWP3Dn35i2I2jruVw4nHMvyT1RzKg2nvflLCwuLa+s5tby6xubW9vuzm5Ny0RhUsWSSdWIkCaMClI11DDSiBVBPGKkHg0ux379jihNpbg1w5iEHPUE7VKMjJXaLgxuaK9vkFLyHgZnPwXjVgmeQ94qtd2CV/QmgPPEz0gBZKi03c+gI3HCiTCYIa2bvhebMEXKUMzIKB8kmsQID1CPNC0ViBMdppNLRvDQKh3Ylcq2MHCi/t5IEdd6yCM7yZHp61lvLP7nNRPTPQ1TKuLEEIGnD3UTBo2E41hghyqCDRtagrCi9q8Q95FC2Njw8jYEf/bkeVIrFX2v6F8fF8oXWRw5sA8OwBHwwQkogytQAVWAwQN4Ai/g1Xl0np035306uuBkO3vgD5yPb0eOmBw=</latexit><latexit sha1_base64="Euu5AWqUpHAWIczB8Qjkm4GQIQw=">AAACCXicbVDLSgMxFM34rPU16tJNsAiuykwRFESouHFZxT6gMy2ZNG1D8xiSjFKGbt34K25cKOLWP3Dn35i2I2jruVw4nHMvyT1RzKg2nvflLCwuLa+s5tby6xubW9vuzm5Ny0RhUsWSSdWIkCaMClI11DDSiBVBPGKkHg0ux379jihNpbg1w5iEHPUE7VKMjJXaLgxuaK9vkFLyHgZnPwXjVgmeQ94qtd2CV/QmgPPEz0gBZKi03c+gI3HCiTCYIa2bvhebMEXKUMzIKB8kmsQID1CPNC0ViBMdppNLRvDQKh3Ylcq2MHCi/t5IEdd6yCM7yZHp61lvLP7nNRPTPQ1TKuLEEIGnD3UTBo2E41hghyqCDRtagrCi9q8Q95FC2Njw8jYEf/bkeVIrFX2v6F8fF8oXWRw5sA8OwBHwwQkogytQAVWAwQN4Ai/g1Xl0np035306uuBkO3vgD5yPb0eOmBw=</latexit><latexit sha1_base64="Euu5AWqUpHAWIczB8Qjkm4GQIQw=">AAACCXicbVDLSgMxFM34rPU16tJNsAiuykwRFESouHFZxT6gMy2ZNG1D8xiSjFKGbt34K25cKOLWP3Dn35i2I2jruVw4nHMvyT1RzKg2nvflLCwuLa+s5tby6xubW9vuzm5Ny0RhUsWSSdWIkCaMClI11DDSiBVBPGKkHg0ux379jihNpbg1w5iEHPUE7VKMjJXaLgxuaK9vkFLyHgZnPwXjVgmeQ94qtd2CV/QmgPPEz0gBZKi03c+gI3HCiTCYIa2bvhebMEXKUMzIKB8kmsQID1CPNC0ViBMdppNLRvDQKh3Ylcq2MHCi/t5IEdd6yCM7yZHp61lvLP7nNRPTPQ1TKuLEEIGnD3UTBo2E41hghyqCDRtagrCi9q8Q95FC2Njw8jYEf/bkeVIrFX2v6F8fF8oXWRw5sA8OwBHwwQkogytQAVWAwQN4Ai/g1Xl0np035306uuBkO3vgD5yPb0eOmBw=</latexit><latexit sha1_base64="Euu5AWqUpHAWIczB8Qjkm4GQIQw=">AAACCXicbVDLSgMxFM34rPU16tJNsAiuykwRFESouHFZxT6gMy2ZNG1D8xiSjFKGbt34K25cKOLWP3Dn35i2I2jruVw4nHMvyT1RzKg2nvflLCwuLa+s5tby6xubW9vuzm5Ny0RhUsWSSdWIkCaMClI11DDSiBVBPGKkHg0ux379jihNpbg1w5iEHPUE7VKMjJXaLgxuaK9vkFLyHgZnPwXjVgmeQ94qtd2CV/QmgPPEz0gBZKi03c+gI3HCiTCYIa2bvhebMEXKUMzIKB8kmsQID1CPNC0ViBMdppNLRvDQKh3Ylcq2MHCi/t5IEdd6yCM7yZHp61lvLP7nNRPTPQ1TKuLEEIGnD3UTBo2E41hghyqCDRtagrCi9q8Q95FC2Njw8jYEf/bkeVIrFX2v6F8fF8oXWRw5sA8OwBHwwQkogytQAVWAwQN4Ai/g1Xl0np035306uuBkO3vgD5yPb0eOmBw=</latexit>

pole at

m(µ) = mbare +
4

3

1Z

µ

d3~k

4⇡2

↵s(|~k|)
~k2

w(|~k|,m)

<latexit sha1_base64="Sby2//9gPiS6F8l13ztbBAotuuc="></latexit><latexit sha1_base64="5frAHs1gU7Pditkuxx5haAsG50M="></latexit><latexit sha1_base64="5frAHs1gU7Pditkuxx5haAsG50M="></latexit><latexit sha1_base64="fwP4bsbWf55DToM2Qs58Fwg8XzA="></latexit>

mpole = m(µ) +
4

3

µZ

0

d3~k

4⇡2

↵s(|~k|)
~k2

<latexit sha1_base64="+y9nus76vyW3UmVQUO7TzGxU8zw="></latexit><latexit sha1_base64="XsWLpV/k8g8J2brgfi1MMK9K4iQ="></latexit><latexit sha1_base64="XsWLpV/k8g8J2brgfi1MMK9K4iQ="></latexit><latexit sha1_base64="wKaaB4dcOPaLbAPVpNVK/smQe6k="></latexit>

mpole = m(µ) +
4

3
↵s(µ) µ

<latexit sha1_base64="WLPApjvLACmZNf7Ms+56Rlouw/A="></latexit><latexit sha1_base64="x8FQAG6x6exSav0ioxj43qdywe8="></latexit><latexit sha1_base64="x8FQAG6x6exSav0ioxj43qdywe8="></latexit><latexit sha1_base64="G6O5r3tTdkv/487JkYYAJNWnhpg=">AAACIHicbVDLSgMxFM3UV62vUZdugkWoCGVGhQoqFNy4rGAf0ClDJs20oclMSDJCGeZT3Pgrblwoojv9GtN2Ftp6IORwzr3ce08gGFXacb6swtLyyupacb20sbm1vWPv7rVUnEhMmjhmsewESBFGI9LUVDPSEZIgHjDSDkY3E7/9QKSicXSvx4L0OBpENKQYaSP5do37qSc5FDEjGbyGvOLx5BieQC+UCKfnWXqWQQ8xMUS+mnnepfl8u+xUnSngInFzUgY5Gr796fVjnHASacyQUl3XEbqXIqkpNqNLXqKIQHiEBqRraIQ4Ub10emAGj4zSh2EszYs0nKq/O1LElRrzwFRypIdq3puI/3ndRIcXvZRGItEkwrNBYcKgjuEkLdinkmDNxoYgLKnZFeIhMslok2nJhODOn7xIWqdV16m6d065fpXHUQQH4BBUgAtqoA5uQQM0AQaP4Bm8gjfryXqx3q2PWWnBynv2wR9Y3z8RW6Gh</latexit>

⇤QCD ⌧ µ
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The pole mass of a top quark cannot be determined with the precision better than                                           .              
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One  can show that                              power corrections to top quark pair production cross section  
cancel  provided that it  is expressed through one of the short distance masses;  however, such 
corrections are present if the cross section is written in terms of the pole mass.  Below the way 
the cancellation works in case of single-top production at the LHC is shown. 
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We note that the above expression should also include an upper bound on the integration

over the momentum k which depends on the other momenta. However, such a bound

plays no role for the extraction of O(�) contributions which arise exclusively from the low

integration boundary for the momentum k.

The rest of the calculation is straightforward. We use eq. (2.28) for the phase space

together with the expression for the matrix element squared given in eq. (2.23). We then

use the momenta mapping of eq. (2.24) in eq. (2.23), expand the matrix element squared

through the first sub-leading terms in k and integrate over k to extract the O(�) terms.

Although the above procedure is straightforward, we point out that care is required

when expanding the inverse top propagator dt = 2qtk+�
2 since it also has to be expressed

through pt, expanded in k ⇠ � and then integrated. For dt we obtain

dt = 2qtk + k
2 = 2ptk � k

2 + 2
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ptpd
, (2.29)
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On the contrary, the expansion of 1/db is simple since the momentum pb is not subject to

momentum mapping.

Upon combining the approximate expressions for the matrix element squared and the

phase space, the dependence on the gluon momentum becomes explicit through the required

order in the soft expansion. The corresponding integrals over k are given in Appendix A.

Finally, putting everything together, we find the following result for the O(�) correction

to the real-emission contribution to the di↵erential cross section6
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As we will see later, we do not need to compute the derivatives of the leading order ampli-

tude squared explicitly because, as it turns out, all such terms get cancelled once the virtual

corrections and the renormalisation terms are added to the real emission contribution.

3 Virtual corrections

Similar to the case of the real emission corrections discussed in the previous section, the

O(�) contributions to the virtual corrections can only arise from the region of soft k ⇠ �

loop momenta. Our goal, therefore, is to construct the soft expansion of the one-loop virtual

corrections to the generic single top production processes u(pu)+b(pb) ! d(pd)+ t(pt)+X.

We focus on the corrections to the “heavy” quark line and we remind the reader that, thanks

to colour conservation, one-loop diagrams where gluons are exchanged between “light” and

“heavy” quark lines do not contribute to the cross section at this perturbative order.

6
The operator T� which appears in eq. (2.31) extracts the O(�) contribution from a quantity it acts

upon.

– 8 –
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use the momenta mapping of eq. (2.24) in eq. (2.23), expand the matrix element squared

through the first sub-leading terms in k and integrate over k to extract the O(�) terms.

Although the above procedure is straightforward, we point out that care is required

when expanding the inverse top propagator dt = 2qtk+�
2 since it also has to be expressed

through pt, expanded in k ⇠ � and then integrated. For dt we obtain

dt = 2qtk + k
2 = 2ptk � k

2 + 2
(ptk)(pdk)

ptpd
, (2.29)

and
1

dt
=

1

2ptk
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1 +

k
2

2ptk
�

pdk

ptpd
+O(k2)

◆
. (2.30)

On the contrary, the expansion of 1/db is simple since the momentum pb is not subject to

momentum mapping.

Upon combining the approximate expressions for the matrix element squared and the

phase space, the dependence on the gluon momentum becomes explicit through the required

order in the soft expansion. The corresponding integrals over k are given in Appendix A.

Finally, putting everything together, we find the following result for the O(�) correction

to the real-emission contribution to the di↵erential cross section6
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(2.31)

As we will see later, we do not need to compute the derivatives of the leading order ampli-

tude squared explicitly because, as it turns out, all such terms get cancelled once the virtual

corrections and the renormalisation terms are added to the real emission contribution.

3 Virtual corrections

Similar to the case of the real emission corrections discussed in the previous section, the

O(�) contributions to the virtual corrections can only arise from the region of soft k ⇠ �

loop momenta. Our goal, therefore, is to construct the soft expansion of the one-loop virtual

corrections to the generic single top production processes u(pu)+b(pb) ! d(pd)+ t(pt)+X.

We focus on the corrections to the “heavy” quark line and we remind the reader that, thanks

to colour conservation, one-loop diagrams where gluons are exchanged between “light” and

“heavy” quark lines do not contribute to the cross section at this perturbative order.

6
The operator T� which appears in eq. (2.31) extracts the O(�) contribution from a quantity it acts

upon.
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needed integrals are given in Appendix A. Finally, putting everything together, we obtain
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where we have introduced the notation dLipsLO = dLips(pu, pb; pd, pt, pX).

4 Renormalisation contributions

The above result for the virtual corrections has to be supplemented with the renormalisation

contributions. Two of them (the wave function renormalisation of the external top quark

and the top quark mass counter-term in the pole-mass scheme) provide O(�) corrections

to the cross section.

The two renormalisation constants can be computed using standard methods and read

Zm = 1 +
CF g

2
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�2✏
t �(1 + ✏)

(4⇡)d/2
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(4.1)

For the purpose of our discussion only the O(�) contributions to Z2 and Zm are relevant.

It is straightforward to add the wave function renormalisation contribution to the

virtual corrections. The mass counter-term, on the other hand, is only relevant for the

internal top quark lines. Since the relation between the bare mass m0 and the pole mass

mt is given by m0 = Zmmt, we find

1

/pt
�m0

=
1

/pt
�mt � (Zm � 1)mt

⇡
1

/pt
�mt

+ (Zm � 1)mt
@

@mt

1
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�mt

(4.2)

where

T� [(Zm � 1)]mt =
CF↵s

2⇡
⇡�. (4.3)

Putting everything together, we find the following result for the renormalisation con-

tributions to the cross section

T� [�ren] =
↵sCF
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(4.4)

5 Redefining the mass

It is well known that the use of the pole quark mass in physical predictions is one of the

sources of linear power corrections. Such corrections are artificial and can be removed by
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It follows that
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Putting everything together, we finally find the change of the cross section due to the

mass shift
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6 The final result for the cross section

We now collect all the relevant formulae. We begin with the NLO cross section expressed

through the pole mass and write it in terms of the short-distance mass

� = �LO(mt) + �R + �V + �ren = �LO(m̃t) + ��NLO, (6.1)

where
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The individual contributions read
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Using the above results for the individual contributions, we obtain
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This result implies that O(⇤QCD) corrections to processes where single top quarks are

produced by virtue of weak flavor-changing interactions vanish provided that the cross

section is expressed in terms of the short-distance top quark mass. In Appendix B we

explain how our method can be used to re-derive the known result that there are no

O(⇤QCD) corrections to semileptonic decays of a heavy quark [3, 16].

7 Alternative treatment of the self-energy corrections

The previous computation was first carried out in the pole-mass scheme, and then a scheme

change was performed to get the result in an arbitrary short distance scheme. Alternatively,

it is possible to perform the calculation directly in a short distance scheme. In order to

do that, we consider the squared amplitude directly and recall that the external top quark

line is represented by
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One then deals with this external line in the same way as one deals with internal lines in

Feynman diagrams, namely one inserts the self-energy correction and the mass counter-

term into the argument of the Disc function, but the wave function renormalisation does

not need to be included. If the mass is renormalised in any short-distance scheme, we do

not need to include the mass counter-term either, since it does not contain terms linear in

�. For the same reason, mass counter-terms in the internal top quark lines are not needed.

Thus, we can simply compute the self-energy insertion without including any counter-term.

The self-energy correction is given by

i
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We need to evaluate ⌃ up to terms that are suppressed by more than one power of /pt�mt,

since higher powers do not contribute to the discontinuity. Making use of the virtual

integrals given in Appendix A, a straightforward calculation yields
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Linear power corrections do exist in kinematic distributions independent of the mass parameter 
use.  In general, shifts are not large but they become enhanced and reach a few percent  close to 
edges of the allowed kinematic regions.   Linear power corrections are not universal and exhibit 
non-trivial dependencies on the kinematic variables.  
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Figure 8: Non-perturbative shifts in top quark transverse momentum, lab-frame rapidity

and tt̄ invariant mass distributions at the Tevatron for the qq̄ ! tt̄ process. The center-of-

mass energy is set to
p

s = 1.8 TeV. The upper pane shows the leading order distribution.

The lower pane shows the ratio ��NP/d�LO = [d�LO(v + �vNP) � d�LO(v)]/d�LO for an

observable v a↵ected by a non-perturbative shift �vNP. See text for details.

7 Conclusions

In this paper we computed linear non-perturbative O(⇤QCD) corrections to top quark pair

production in hadron collisions under the assumption that qq̄ ! tt̄ is the dominant par-

tonic channel. Our starting point is the renormalon model. Traditionally, the renormalon

calculus is used to compute linear power corrections to processes without gluons at the tree

level, which is clearly not the case for the tt̄ production in hadron collisions. However, we

have argued that, for quark initiated partonic processes, i.e. for qq̄ ! tt̄, the renormalon

calculus is still applicable, because of the large virtuality of the gluon in the Born diagram.

We have shown how to compute the linear power corrections e�ciently using a gener-

alisation of the Low-Burnett-Kroll theorem to processes with colour charges. In this case,

the first subleading soft corrections can be written in terms of colour-correlated matrix
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Figure 8: Non-perturbative shifts in top quark transverse momentum, lab-frame rapidity

and tt̄ invariant mass distributions at the Tevatron for the qq̄ ! tt̄ process. The center-of-

mass energy is set to
p

s = 1.8 TeV. The upper pane shows the leading order distribution.

The lower pane shows the ratio ��NP/d�LO = [d�LO(v + �vNP) � d�LO(v)]/d�LO for an

observable v a↵ected by a non-perturbative shift �vNP. See text for details.
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Figure 5: Plot of �NP [pt?] /pt? as function of ⌧ . The global factor of ↵s/(2⇡) ⇡�/mt has

been set to one.

6 Applications to simple kinematic distributions

In this section we compute the linear power corrections to three simple observables – the top

quark transverse momentum, the top quark rapidity and the tt̄ invariant mass – focusing on

the process qq̄ ! tt̄ with no additional colour-neutral particles in the final state. Complete

formulas for other processes e.g. qq̄ ! tt̄ + X and e+e� ! tt̄ + X are given in Appendix

B.

The well-known expressions for the top quark transverse momentum, its rapidity in

the partonic center-of-mass frame and the tt̄ invariant mass read

pt? =
q

pµt g?,µ⌫p⌫t , yt =
1

2
ln

pq̄pt
pqpt

, stt̄ = (pt + pt̄)
2, (6.1)

where

gµ⌫? =
pµq p⌫q̄ + pµq̄ p⌫q

pqpq̄
� gµ⌫ . (6.2)

Applying the formalism of Section 5 and defining ⌧ = 4m2
t /stt̄, we find

�NP [pt?]

pt?
=

↵s

2⇡

⇡�

mt

(2CF � CA⌧)

2(1 � ⌧)
, (6.3)

�NP [yt] =
↵s

2⇡

⇡�

mt


(3CA � 8CF ) ⌧ cosh2 yt � (CA � 2CF )

⌧(2 � ⌧)

4(1 � ⌧)
sinh (2yt)

�
, (6.4)

�NP [stt̄]

stt̄
=

↵s

2⇡

⇡�

mt


2CF (1 � ⌧) � CA ⌧ cosh (2yt) + (3CA � 8CF ) ⌧ sinh (2yt)

�
. (6.5)

Interestingly, these shifts exhibit non-trivial dependencies on the QCD colour factors

and on the kinematics of the underlying qq̄ ! tt̄ process. To visualise them, we display the

shifts in Figs. 5 - 7. We observe that the transverse momentum shift is large and negative

around the partonic threshold and that the sign is driven by the non-Abelian Casimir CA.
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Hence, to visualise the shifts in yt and stt̄, we use two-dimensional plots in ⌧ and cos ✓, see

Figs. 6 - 7.

A peculiar feature of these shifts is that they induce forward-backward asymmetry

in tt̄ production. This is obvious from the presence of sinh(2yt) terms in eqs. (6.4, 6.5).

Moreover, these yt-odd shifts are again enhanced in the threshold region. To see this, we

expand eq. (6.4) around threshold, ⌧ = 1, and find

lim
⌧!1

�NP[yt] = �
↵s

2⇡

⇡�

mt

(CA � 2CF )

2(1 � ⌧)
yt. (6.8)

Comparing this shift with the shift of pt? in the threshold region, we observe that the

relative shifts are, in fact, identical and determined by the same colour factors involving

both CF and CA,

lim
⌧!1

�NP[yt]

yt
= lim

⌧!1

�NP [pt?]

pt?
. (6.9)

In contrast to this, the relative shift for the tt̄ invariant mass in the threshold region is

constant and involves only the non-Abelian colour factor,

lim
⌧!1

�NP [stt̄]

stt̄
= �

↵sCA

2⇡

⇡�

mt
. (6.10)

In the opposite ⌧ = 0 limit which correspond to the high-energy regime, we note that,

while the shift in yt vanishes, the relative shifts of pt? and stt̄ are purely “Abelian” and

can be related to the shift in the mass redefinition as follows

�NP [mt]

mt
= lim

⌧!0

�NP [pt?]

pt?
=

1

2
lim
⌧!0

�NP [stt̄]

stt̄
=

↵sCF

2⇡

⇡�

mt
. (6.11)

We have also computed the non-perturbative shifts for basic top-quark kinematic dis-

tributions in the pp̄ ! tt̄ process at the Tevatron; the results are shown in Fig. 8. To

assign a numerical value to the product of ↵s and the gluon mass �, we assume that the

non-perturbative shift in the value of the top quark pole mass is 200 MeV [41–43]. Then,

using eq. (4.29) we obtain

↵s� =
0.4 GeV

CF
= 0.3 GeV. (6.12)

Furthermore, we employ the central value of the NNPDF31 lo as 0118 parton distribution

function [44], take mt = 172.5 GeV and set the factorisation and the renormalisation scales

to µF = µR = mt.8

We observe (c.f. Fig. 8) that non-perturbative corrections in pt? and stt̄ distributions

can be significant in the corresponding threshold regions. Although in pt? distribution

large e↵ects are confined to a region which ends about 5 GeV above the pt?-threshold,

for the tt̄ invariant mass distribution O(1%) e↵ects appear in a broader interval of the

invariant masses that extends to about 450 GeV. Non-perturbative corrections to the

rapidity distribution are small at central rapidities but become larger at |yt| > 1.5 where

the leading order rapidity distribution starts to decrease rapidly.
8
The numerical value of the top quark mass is chosen for the illustration purposes only. In principle,

as we mentioned several times in the text, we must use a short-distance top quark mass to ensure that

O(⇤QCD) corrections to the total cross section vanish.
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Conclusions

The Standard “Model” of particle physics, supplemented with general theory of relativity, is the 
current version of the “ultimate theory of everything”.  The SM is not a model where you have 
enough knobs to turn to  achieve an agreement with the observation.  

Treating it as such, we would like to find how far we should  push it before it starts breaking, 
ideally in the controllable environment (colliders, low-energy experiments etc.).    

We do this in the most natural way — by comparing the best measurements of various quantities 
and elementary particle’s reactions with the best theoretical predictions that we have for them.  
This is called precision SM physics.  

In principle, since the SM is a renormalizable theory, we just need a few parameters to describe 
(or fail to describe) every single measurement that it out there.  

In practice, we start seeing limits of what we can do with perturbative physics and that non-
perturbative physics starts playing more and more important role in the deliberations about the 
validity of the SM. 


