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Quantum speed limit

An uncertainty relation for time!?

Heisenberg: AzAp > =

Mandelstam-Tamm: [t AH > — J

minimal time to reach an orthogonal state,
evolving under Hamiltonian H

Mandelstam & Tamm, ] Phys (USSR) X, 249 (1945)

Applications:

Deffner & Campbell,] Phys A 50,453001 (2017)

quantum control, information processing speed, quantum heat engines, many-body dynamics



Perturbations are everywhere

* Perturbation theory, linear
reésponse How fast can a system respond

to a given perturbation?

* Non-equilibrium dynamics,

quantum quenches
and what if it’s coupled to an

environment?

. environment
* Quantum info: metrology, channel

discrimination

fixed interaction

controlled
perturbation



Outline

standard speed limit

l

speed limit for
perturbations

weak coupling and
witnessing large quantum
Fisher Information

work fluctuations in driving
out of equilibrium



Uhlmann speed limit

Uhlmann, Phys Lett A 161,329 (1992)

Bures angle generator of Lindblad

cos 05 (po, pt) = F(po, pt) master equation
= tr[\/pov/pt| dp;

quantum Fisher
information

F(p. L) = 22 AL ‘ﬂ pﬂ (,o =S n \z’><z’\)

closest
purifications




Quantum Fisher information

1
* Infinitesimal “Bures metric” 0g(py, pt+5t)2 — Z}-(pt’ Et)5t2 + ...

Pt+ot
* Measure of squared “statistical speed”

measurement

* In metrology: lower-bounds the uncertainty b t P t+ ot
for estimating elapsed time

>

v
&

Quantum Crameér-Rao bound

Toth & Apellaniz, ] Phys A 47,424006 (2014)
Atest 2

1
VT

* Can be used to witness quantum properties: entanglement, optical non-classicality + more...



Uhlmann speed limit

1 t
05 (po.pe) < / ds /F(ps, H)
0

d .
g — Ht(Pt) — _z[Htapt]

Fixed Hamiltonian recovers Mandelstam-Tamm

Flp.H) < 4(AH)?

implies MT n
bound: 2

closest
purifications



Perturbation speed limit



Speed limit for perturbed open systems

dpy

1 = ﬁt(pt) unperturbed
dO’t

- Li(oy) + Pioy) perturbed
g0 = Po

1 t
Onpro) < 5 [ ds V/F (7P
0

main result

Proof ingredients:

- Triangle inequality

-  QFl as a metric

- contractivity under channels (“data processing”)



Speed limit with weak coupling

perturbation @

vV = —iv|V, -]

Characteristic time-scales:

bath correlation 7

bare system evolution g

system relaxation 7y

perturbation 7, ~ 1 /v

Interested in the speed of response to a perturbing
Hamiltonian V...

...but we:
- can’t switch off the noise

- want to assume as little about the noise as possible

weak coupling + secular
approximation: Tp > T, Tg

weak perturbation: 7, > 75, T



Speed limit with weak coupling

dpy “annoying perturbation”

dt = L(p1) from altered jump operators
& Bohr frequencies
dO’t

ke L+ vV + L] (04)

we take it to first order: £ = oL

perturbation @

vV = —iv|V, ]

Error in neglecting the annoying part is determined by ¢ := max Hﬁ(l)W)H
- can be calculated exactly given the model

) ) ) T, T
- otherwise estimated from timescales e¢=0 (—S> + O (—B>



Speed limit with weak coupling

perturbation @

vV = —iv|V, -]

€ is guaranteed to be small
by assumptions of weak-
coupling master equation

result:

[93(%%) < B fot ds \/}—(Us,’UV)] +5(t)}

{ 10(t)] < £||V\|¢52(fut) + evt J

error can be bounded

secular approximation Born-Markov approximation



Witnessing QFI



Witnessing large QFI

A common method to experimentally lower-bound QFI, assuming negligible decoherence:

e.g. in BECs: Strobel et al., Science 345, 424 (2014)

- evolve under vV for known time t
- collect measurement statistics for initial state and for time t

- compute a distance between the distributions

&

P

A

£ o
&

pO \\f:\f?j‘ff?fgﬁ;bB,measured eB,measured — arccos Z \/pill' (0)p$ (t)
xT

pr(O) Pz (t)

2‘9B,measured
vt

VF(p,V)

Vv




Witnessing large QFI
A different protocol allowing for decoherence:

- evolve under either unperturbed or perturbed dynamics for known time t
- collect measurement statistics in both cases at time t

- compute a distance between the distributions

O¢

o *‘ QB’measured HB,measured — arccos E \/p:r: (t)QCU (t)
x
A A
Pz (t) G (1) 20 20(t
unperturbed perturbed <\/f(0‘8’ V)> 2 B,measured — ( )
t vt vt
time-averaged speed error
L > T




Witnessing large QFI - example

2 qubits, each with H = hag,, dephasing with strength g

293 measured
> ’ _
<\/]:(087 V)>t — vt CHTOT perturbation: V' = (O’x RXI+1® U;z:)/2

error parameter bounded by ¢ < 4g/h

.............................

2.0
150 N
/\‘H .
% 0 To witness entanglement:
~ true value
...... measured statistical speed Toth, PRA (2012)
05! estimated error F(O-SJ V) >2= entanglement Hyllus et al., PRA (2012)
lower bound
------- separability limit .
0ol : startin  [00) + |11)

measure in Bell basis at time t



Quantum work fluctuations



Fluctuation-dissipation relation

* Starting with Einstein and Brownian motion:

near thermal equilibrium, fluctuations and dissipation must be related
(e.g. diffusion constant and friction)

* In classical stochastic thermodynamics (slow but finite driving):
AW? = 2kpTWaiss

variance of work

mean dissipated work:
done on system

Wdiss — <W> — AF

Jarzynski, PRL 78, 2690 (1997)



Quantum FDR

* System in contact with a thermal environment at temperature T

—BH
e
* Quench H —+ H' = H + vV at t = 0 to kick it out of the thermal state py = 7 = 7
e_BH’
* System approaches the new thermal state ~' = 7

modified fluctuation-dissipation relation:

AW? = 2kpTWaiss + AW,

Miller et al., PRL 123

230603 (2019) work W

quantum correction, vanishes when [H, V] =0



Quantum work fluctuations

modified FDR:

AW? = 2k gTWaies + AWC%

] work W

(related to QFI)

2

1
A awg =" / dk tr (¥, V][V, 7 74))
05y, pr) < V3tAW, + 6(t) ’

Quantum work fluctuations are needed for fast departure from equilibrium

20



Classical versus quantum driving

0B(7, pt) < V3tAWq + 6(t)

d(t) dominates in the classical case, when [H,V] = 0

Quantum driving regime: when the quantum term dominates

AWg
V| > max {\/ethVH, e}

work W

(fast “spiralling” path)

21



Summary

Quantum Fisher Information bounds
speed of response to perturbations

Versatile speed limit, holds approximately in
weak coupling

— error can be estimated from timescales

Relates quantum work fluctuations to
departure from equilibrium

QUANTUM
SPEED LIMIT
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