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Evidence for Exotic States near thresholds
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Weinberg compositeness Weinberg 1963-65
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Physical coupling and ERE parameters via probability of a molecular component X

a < 0 — bound state

● Recent generalisations to virtual states,  coupled-channels, …    

● Extensions mostly for resonances  by  Jido, Kamai, Nieves, Oller, Oset, Sekihara,…
review 

Kamai and Hyodo 2017

Matuschek et al. EPJA 57 (2021) 
VB et al., PLB 833 (2022)
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VB et al. 2004

● Insights on range effects Albaladejo, Nieves 2022, Li et al. 2022, Song et al 2022,  Kinogawa, Hyodo 2022



Molecular bound st. 

Extensions beyond bound states

● Evolution of poles and analyticity → Extensions beyond bound states

Molecular pole: 
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Fig. 1 Naming convention for the poles in the k-plane. The thick red
line for positive real valued k marks the physical momenta in the scat-
tering regime

wherea (r ) denotes the scattering length (the effective range).
This yields

a = −2
1 − Z
2 − Z

1
γ

+O(1/β),

r = − Z
1 − Z

1
γ

+O(1/β) . (16)

To see how these equations work, consider the two extreme
cases of a pure molecule and a purely compact state. The
former implies Z = 0 and thus the absolute value of the scat-
tering length gets maximal, a = −1/γ , while r = O(1/β)
is of natural size and typically positive, although below we
will discuss an example of a predominantly molecular state
with a negative effective range. On the other hand, in case
of a purely compact bound state the scattering length takes
a natural value, a = −O(1/β), and the effective range gets
unnaturally large and negative. Solving Eq. (16) for Z , in
the zero-range approximation (neglecting theO(1/β) terms),
one finds

1 − Z =
√

a
a + 2r

=: X , (17)

where we introduced the compositeness X . It follows directly
from Eq. (16) that Eq. (17) holds only when both a and r are
negative. While the former condition is correct as soon as the
relevant pole is on the physical sheet, the latter signals that
in the derivation range corrections were neglected.

2.2 Possible extensions of compositeness beyond bound
states

Physical states are associated with poles of the T -matrix.
From Eq. (15) it follows that there are two poles located at

k = i
r

(

1 ±
√

1 + 2r
a
.

)

(18)

The leading pole is the pole closest to the physical axis. States
with their leading pole on the positive imaginary momentum

Fig. 2 Types of poles in the r–a plane. The dotted line, located at
r = −a, refers to those poles that have a vanishing real part in the E
plane and accordingly are located right at threshold

axis are called bound states, since by definition the sheet
with momenta that have positive imaginary parts refers to
the physical sheet. On the other hand, states on the nega-
tive imaginary momentum axis are called virtual states and
all other physically allowed states resonances (see Fig. 1).
Analyticity demands that resonance poles always appear in
pairs, as shown in this figure. All of these possibilities can
be related to different values of the effective range param-
eters, as indicated in Fig. 2. Note that resonance poles are
located above the corresponding threshold when studied in
the (energy) k2 plane (or the Mandelstam s plane) only if the
following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = −r is also shown as the dot-
ted line in Fig. 2. The region above the (r = −a/2)-line for
a < 0 in Fig. 2 is not carrying any name and is left white, for
it refers to poles in the complex plane of the physical sheet.
Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
from poles on the unphysical sheet are not normalizable and
the probabilistic interpretation is lost. Nevertheless, relying
formally on the definition of the field renormalization Z in
the nonrelativistic theory (Eqs. (7)–(10)), relations between
a, r, g2 and Z can be derived also for a virtual state with a
pole at k = −iγ = −i

√
2µEB and are similar to those of a

bound state (given above in Eqs. (13) and (16)): one simply
replaces γ in these equations by −γ to get the relations for
the virtual state with Z given in Eqs. (8) and (17).
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axis are called bound states, since by definition the sheet
with momenta that have positive imaginary parts refers to
the physical sheet. On the other hand, states on the nega-
tive imaginary momentum axis are called virtual states and
all other physically allowed states resonances (see Fig. 1).
Analyticity demands that resonance poles always appear in
pairs, as shown in this figure. All of these possibilities can
be related to different values of the effective range param-
eters, as indicated in Fig. 2. Note that resonance poles are
located above the corresponding threshold when studied in
the (energy) k2 plane (or the Mandelstam s plane) only if the
following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = −r is also shown as the dot-
ted line in Fig. 2. The region above the (r = −a/2)-line for
a < 0 in Fig. 2 is not carrying any name and is left white, for
it refers to poles in the complex plane of the physical sheet.
Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
from poles on the unphysical sheet are not normalizable and
the probabilistic interpretation is lost. Nevertheless, relying
formally on the definition of the field renormalization Z in
the nonrelativistic theory (Eqs. (7)–(10)), relations between
a, r, g2 and Z can be derived also for a virtual state with a
pole at k = −iγ = −i

√
2µEB and are similar to those of a

bound state (given above in Eqs. (13) and (16)): one simply
replaces γ in these equations by −γ to get the relations for
the virtual state with Z given in Eqs. (8) and (17).
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states

Physical states are associated with poles of the T -matrix.
From Eq. (15) it follows that there are two poles located at

k = i
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1 ±
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The leading pole is the pole closest to the physical axis. States
with their leading pole on the positive imaginary momentum

Fig. 2 Types of poles in the r–a plane. The dotted line, located at
r = −a, refers to those poles that have a vanishing real part in the E
plane and accordingly are located right at threshold

axis are called bound states, since by definition the sheet
with momenta that have positive imaginary parts refers to
the physical sheet. On the other hand, states on the nega-
tive imaginary momentum axis are called virtual states and
all other physically allowed states resonances (see Fig. 1).
Analyticity demands that resonance poles always appear in
pairs, as shown in this figure. All of these possibilities can
be related to different values of the effective range param-
eters, as indicated in Fig. 2. Note that resonance poles are
located above the corresponding threshold when studied in
the (energy) k2 plane (or the Mandelstam s plane) only if the
following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = −r is also shown as the dot-
ted line in Fig. 2. The region above the (r = −a/2)-line for
a < 0 in Fig. 2 is not carrying any name and is left white, for
it refers to poles in the complex plane of the physical sheet.
Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
from poles on the unphysical sheet are not normalizable and
the probabilistic interpretation is lost. Nevertheless, relying
formally on the definition of the field renormalization Z in
the nonrelativistic theory (Eqs. (7)–(10)), relations between
a, r, g2 and Z can be derived also for a virtual state with a
pole at k = −iγ = −i

√
2µEB and are similar to those of a

bound state (given above in Eqs. (13) and (16)): one simply
replaces γ in these equations by −γ to get the relations for
the virtual state with Z given in Eqs. (8) and (17).
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To see how these equations work, consider the two extreme
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former implies Z = 0 and thus the absolute value of the scat-
tering length gets maximal, a = −1/γ , while r = O(1/β)
is of natural size and typically positive, although below we
will discuss an example of a predominantly molecular state
with a negative effective range. On the other hand, in case
of a purely compact bound state the scattering length takes
a natural value, a = −O(1/β), and the effective range gets
unnaturally large and negative. Solving Eq. (16) for Z , in
the zero-range approximation (neglecting theO(1/β) terms),
one finds
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tive imaginary momentum axis are called virtual states and
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Analyticity demands that resonance poles always appear in
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following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = −r is also shown as the dot-
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a < 0 in Fig. 2 is not carrying any name and is left white, for
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Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
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the probabilistic interpretation is lost. Nevertheless, relying
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a, r, g2 and Z can be derived also for a virtual state with a
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the virtual state with Z given in Eqs. (8) and (17).
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Fig. 1 Naming convention for the poles in the k-plane. The thick red
line for positive real valued k marks the physical momenta in the scat-
tering regime

wherea (r ) denotes the scattering length (the effective range).
This yields
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To see how these equations work, consider the two extreme
cases of a pure molecule and a purely compact state. The
former implies Z = 0 and thus the absolute value of the scat-
tering length gets maximal, a = −1/γ , while r = O(1/β)
is of natural size and typically positive, although below we
will discuss an example of a predominantly molecular state
with a negative effective range. On the other hand, in case
of a purely compact bound state the scattering length takes
a natural value, a = −O(1/β), and the effective range gets
unnaturally large and negative. Solving Eq. (16) for Z , in
the zero-range approximation (neglecting theO(1/β) terms),
one finds

1 − Z =
√

a
a + 2r

=: X , (17)

where we introduced the compositeness X . It follows directly
from Eq. (16) that Eq. (17) holds only when both a and r are
negative. While the former condition is correct as soon as the
relevant pole is on the physical sheet, the latter signals that
in the derivation range corrections were neglected.

2.2 Possible extensions of compositeness beyond bound
states

Physical states are associated with poles of the T -matrix.
From Eq. (15) it follows that there are two poles located at

k = i
r

(

1 ±
√

1 + 2r
a
.

)

(18)

The leading pole is the pole closest to the physical axis. States
with their leading pole on the positive imaginary momentum

Fig. 2 Types of poles in the r–a plane. The dotted line, located at
r = −a, refers to those poles that have a vanishing real part in the E
plane and accordingly are located right at threshold

axis are called bound states, since by definition the sheet
with momenta that have positive imaginary parts refers to
the physical sheet. On the other hand, states on the nega-
tive imaginary momentum axis are called virtual states and
all other physically allowed states resonances (see Fig. 1).
Analyticity demands that resonance poles always appear in
pairs, as shown in this figure. All of these possibilities can
be related to different values of the effective range param-
eters, as indicated in Fig. 2. Note that resonance poles are
located above the corresponding threshold when studied in
the (energy) k2 plane (or the Mandelstam s plane) only if the
following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = −r is also shown as the dot-
ted line in Fig. 2. The region above the (r = −a/2)-line for
a < 0 in Fig. 2 is not carrying any name and is left white, for
it refers to poles in the complex plane of the physical sheet.
Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
from poles on the unphysical sheet are not normalizable and
the probabilistic interpretation is lost. Nevertheless, relying
formally on the definition of the field renormalization Z in
the nonrelativistic theory (Eqs. (7)–(10)), relations between
a, r, g2 and Z can be derived also for a virtual state with a
pole at k = −iγ = −i

√
2µEB and are similar to those of a

bound state (given above in Eqs. (13) and (16)): one simply
replaces γ in these equations by −γ to get the relations for
the virtual state with Z given in Eqs. (8) and (17).
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one finds

1 − Z =
√

a
a + 2r

=: X , (17)

where we introduced the compositeness X . It follows directly
from Eq. (16) that Eq. (17) holds only when both a and r are
negative. While the former condition is correct as soon as the
relevant pole is on the physical sheet, the latter signals that
in the derivation range corrections were neglected.
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axis are called bound states, since by definition the sheet
with momenta that have positive imaginary parts refers to
the physical sheet. On the other hand, states on the nega-
tive imaginary momentum axis are called virtual states and
all other physically allowed states resonances (see Fig. 1).
Analyticity demands that resonance poles always appear in
pairs, as shown in this figure. All of these possibilities can
be related to different values of the effective range param-
eters, as indicated in Fig. 2. Note that resonance poles are
located above the corresponding threshold when studied in
the (energy) k2 plane (or the Mandelstam s plane) only if the
following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = −r is also shown as the dot-
ted line in Fig. 2. The region above the (r = −a/2)-line for
a < 0 in Fig. 2 is not carrying any name and is left white, for
it refers to poles in the complex plane of the physical sheet.
Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
from poles on the unphysical sheet are not normalizable and
the probabilistic interpretation is lost. Nevertheless, relying
formally on the definition of the field renormalization Z in
the nonrelativistic theory (Eqs. (7)–(10)), relations between
a, r, g2 and Z can be derived also for a virtual state with a
pole at k = −iγ = −i
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2µEB and are similar to those of a

bound state (given above in Eqs. (13) and (16)): one simply
replaces γ in these equations by −γ to get the relations for
the virtual state with Z given in Eqs. (8) and (17).
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Is a resonance always a peak?

6

Not necessarily!
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reduced mass in channel 2; and the effective scattering
length in channel 2 coupled to channel 1, a22;eff , is given by

a−122;eff ¼ a−122 − a−212 ða−111 − ik1Þ−1: ð2Þ

Notice that here channel 1 is not required to be non-
relativistic though the amplitude T11ðEÞ takes the same
form as that obtained when both channels are nonrelativ-
istic [14].
The first term on the right-hand side in Eq. (1) can be

regarded as a background coming from channel 1 alone.
The channel coupling induces an interference, with the
relative phase completely fixed by unitarity, that ensures the
emergence of a dip in the line shape jT11j2 as long as ja22j is
large enough. To see it explicitly, we employ relation (2) to
bring the amplitude in Eq. (1) to the form

T11ðEÞ ¼
−8πEthr

2 ða−122 − i
ffiffiffiffiffiffiffiffiffiffi
2μ2E

p
Þ

ða−111 − ik1Þða−122;eff − i
ffiffiffiffiffiffiffiffiffiffi
2μ2E

p
Þ
; ð3Þ

where the numerator on the right-hand side vanishes at
E ¼ 0 for a22 → ∞, the so-called unitary limit, while the
denominator remains finite in this limit. The zero of T11 in
Eq. (3) is an example of a Castillejo-Dalitz-Dyson zero
[15]; see also Ref. [16]. In a more realistic situation, when
the interaction in the decoupled channel 2 approaches the
unitary limit (large ja22j), the scattering amplitude in
channel 1 must show a dip at the threshold of channel 2.
This universal picture allows one to interpret the well-

known fact that the f0ð980Þ appears as a dip in the ππ →
ππ scattering amplitude (see, for example, Ref. [17]), where
ππ and KK̄ act as channels 1 and 2, respectively, as a
necessary consequence of the strong S-wave KK̄ attraction.
Similarly, a dip at an energy around 1.67 GeV in the

K−p → K−p and K−p → K̄0n total cross sections (see the
data compiled in Ref. [18]) may indicate a strong S-wave
attraction in the Λη channel, whose threshold is at
1664 MeV. Further examples of near-threshold dip struc-
tures due to the same mechanism include a dip around the
K̄N threshold in the πΣ → πΣ scattering amplitude from
unitarized chiral perturbation theory (UChPT) [19,20] or
lattice quantum chromodynamics [21], a dip around the
D$

sK̄ threshold in the D$π → D$π scattering amplitude
from UChPT [22], and so on. Below, we show that the same

mechanism is at work in the direct production of the
Xð3872Þ in eþe− collisions [see also Ref. [23] for an
estimate of the Xð3872Þ dielectron width].
Recently, the cross section of the reaction eþe− →

J=ψπþπ− was measured by the BESIII Collaboration at
several energies [10], and contrary to naive expectations, no
enhancement around the Xð3872Þ mass was observed.
Instead, there is an indication of a dip, although the data
are admittedly also consistent with a flat distribution [10].
Below, we provide theoretical arguments supporting the
necessity for the appearance of this dip and emphasize the
importance of further detailed studies to understand its
manifestation in the data.
We denote J=ψρ and DD̄$ as channel 1 and channel 2,

respectively, and neglect the J=ψω channel for simplicity.
We note that the J=ψρ0 state with JPC ¼ 1þþ can be
produced in eþe− collisions at tree level through two virtual
photons [see Fig. 1(a)] while the state DD̄$ þ c:c: with the
same quantum numbers can only be produced at the loop
level [see Fig. 1(b)]; thus, the latter is expected to be
suppressed by the geometric factor 1=ð16π2Þ.2 Therefore,
we neglect the direct production through the DD̄$ þ c:c:
channel and write the eþe− → J=ψρ0 amplitude in the
vicinity of the DD̄$ threshold as

Að
ffiffiffi
s

p
Þ ¼ P0 þ P1T11ðEÞ; ð4Þ

where
ffiffiffi
s

p
¼ mD0 þmD$0 þ E is the eþe− center-of-mass

energy and the last term on the right-hand side describes
rescatterings. In particular, it contains the J=ψρ −DD̄$

coupled-channel dynamics discussed above. Then, the
J=ψρ → J=ψρ scattering amplitude T11 can be approxi-
mated by Eq. (3), and the corresponding cross section reads

σð
ffiffiffi
s

p
Þ ¼ N 0

Z
þ∞

−∞
dw

jAð
ffiffiffi
s

p
− wÞj2ffiffiffiffiffiffi

2π
p

δE
exp

"
−

w2

2δ2E

#
; ð5Þ

where N 0 is an overall normalization factor and the signal
is convolved with a Gaussian-distributed energy spread to
mimic the actual situation of the BESIII experiment, with

FIG. 1. The lowest-order diagrams for the eþe− → J=ψρ0 [diagram (a)] and eþe− → D0D̄$0 [diagram (b)] annihilation via two
photons.

2We also recall that the magnetic vertex γD0D̄$0 is proportional
to the D0 momentum that vanishes at the D0D̄$0 (channel-2)
threshold.

BARU, GUO, HANHART, and NEFEDIEV PHYS. REV. D 109, L111501 (2024)

L111501-2

two-body scattering:

Ex1: 𝜋𝜋  amplitude has a dip near KK thanks to f0(980) Kaminski et al. EPJ C4 (2002), VB et al. EPJ A23 (2005)  

Ex2: 𝜋𝛴  amplitude has a dip near KN thanks to 𝛬(1405) Bulava et al. PRL132 (2024) 
 Daniel Mohler Talk on Monday
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data compiled in Ref. [18]) may indicate a strong S-wave
attraction in the Λη channel, whose threshold is at
1664 MeV. Further examples of near-threshold dip struc-
tures due to the same mechanism include a dip around the
K̄N threshold in the πΣ → πΣ scattering amplitude from
unitarized chiral perturbation theory (UChPT) [19,20] or
lattice quantum chromodynamics [21], a dip around the
D$

sK̄ threshold in the D$π → D$π scattering amplitude
from UChPT [22], and so on. Below, we show that the same

mechanism is at work in the direct production of the
Xð3872Þ in eþe− collisions [see also Ref. [23] for an
estimate of the Xð3872Þ dielectron width].
Recently, the cross section of the reaction eþe− →

J=ψπþπ− was measured by the BESIII Collaboration at
several energies [10], and contrary to naive expectations, no
enhancement around the Xð3872Þ mass was observed.
Instead, there is an indication of a dip, although the data
are admittedly also consistent with a flat distribution [10].
Below, we provide theoretical arguments supporting the
necessity for the appearance of this dip and emphasize the
importance of further detailed studies to understand its
manifestation in the data.
We denote J=ψρ and DD̄$ as channel 1 and channel 2,

respectively, and neglect the J=ψω channel for simplicity.
We note that the J=ψρ0 state with JPC ¼ 1þþ can be
produced in eþe− collisions at tree level through two virtual
photons [see Fig. 1(a)] while the state DD̄$ þ c:c: with the
same quantum numbers can only be produced at the loop
level [see Fig. 1(b)]; thus, the latter is expected to be
suppressed by the geometric factor 1=ð16π2Þ.2 Therefore,
we neglect the direct production through the DD̄$ þ c:c:
channel and write the eþe− → J=ψρ0 amplitude in the
vicinity of the DD̄$ threshold as

Að
ffiffiffi
s

p
Þ ¼ P0 þ P1T11ðEÞ; ð4Þ

where
ffiffiffi
s

p
¼ mD0 þmD$0 þ E is the eþe− center-of-mass

energy and the last term on the right-hand side describes
rescatterings. In particular, it contains the J=ψρ −DD̄$

coupled-channel dynamics discussed above. Then, the
J=ψρ → J=ψρ scattering amplitude T11 can be approxi-
mated by Eq. (3), and the corresponding cross section reads

σð
ffiffiffi
s

p
Þ ¼ N 0

Z
þ∞

−∞
dw

jAð
ffiffiffi
s

p
− wÞj2ffiffiffiffiffiffi

2π
p

δE
exp

"
−

w2

2δ2E

#
; ð5Þ

where N 0 is an overall normalization factor and the signal
is convolved with a Gaussian-distributed energy spread to
mimic the actual situation of the BESIII experiment, with

FIG. 1. The lowest-order diagrams for the eþe− → J=ψρ0 [diagram (a)] and eþe− → D0D̄$0 [diagram (b)] annihilation via two
photons.

2We also recall that the magnetic vertex γD0D̄$0 is proportional
to the D0 momentum that vanishes at the D0D̄$0 (channel-2)
threshold.
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two-body scattering:

the energy spread δE ¼ 1.7 MeV [10]. Since the energy
range of interest is narrow (from 3.8 to 3.9 GeV), only the
leading energy dependence is retained in Eq. (5), while
the overall kinematical factor is treated as a constant for
simplicity.
Since P0 can be absorbed by the overall normalization,

N ≡ P2
0N 0, the resulting model depends on five real

parameters: fa11; a12; a22; R;N g, where R≡ P1=P0.
Using the results of Ref. [24] and the data in Ref. [25],
the DD̄" scattering length in the Xð3872Þ channel is
determined to be

a22;eff ¼ ð−6.39þ i11.74Þ fm: ð6Þ

Then, in the considered two-channel formalism, Eq. (2)
constrains two real parameters (we choose them to be a11
and a12) through the third one (a22). In particular, we use

a−111 ¼ k1
Reða−122;effÞ − a−122

Imða−122;effÞ
ð7Þ

in the amplitude T11 in Eq. (3), while the channel-coupling
parameter can be obtained as

a−112 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k1

Imða22;effÞ

s """"1 −
a22;eff
a22

"""": ð8Þ

To take into account a finite width of the ρ meson, we
evaluate the momentum k1 as [26,27]

k1 ¼ Re

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½s − ðmJ=ψ þmρÞ2'½s − ðmJ=ψ −mρÞ2'

4s

s

; ð9Þ

with mρ ¼ ð775 − i75Þ MeV, and it is evaluated at the
D0D̄"0 threshold in Eqs. (7) and (8). Notice that to fit to the
BESIII data over the energy range from about 3.81 to
3.9 GeV we keep the full expression for k1 in Eq. (9) and do
not expand it in powers of E.
Then, the BESIII data from Ref. [10] are fitted using

Eq. (5) with T11 from Eq. (3) and with the three free
parameters in the fit being fN ; R; a22g—their fitted values
are listed in Table I. The line shapes for the three best fits
are depicted in Fig. 2. A well-pronounced dip at the DD̄"

threshold is clearly seen in all three line shapes.

We conclude that themeasuredXð3872Þ line shape is well
describedby the J=ψρ0 −DD̄" coupled-channel rescattering
mechanism outlined above. Although the parameters of the
three fits differ substantially from each other, all fits provide
equally decent description of the data and possess common
gross features. In particular, the three line shapes are nearly
indistinguishable in the proximity of the DD̄" threshold
where they all showapronounced dip. The large absolute and
negative values of a22 found in all three fits imply a loosely
boundDD̄" state in the single-channel case. Additional data
in the vicinity of theDD̄" threshold would allow us to better
constrain the model and extract the interaction strengths in
different channelswith higher precision.Also,we emphasize
that, while particular details of the line shape in the eþe− →
J=ψπþπ− production reaction depend on a delicate interplay
of several parameters, the main mechanism driving the dip at
the DD̄" threshold is general and is controlled by the large
scattering length in this channel.
At leading order in heavy quark spin symmetry, the

DD̄" interaction with JPC ¼ 1þþ agrees with that of D"D̄"

with JPC ¼ 2þþ. Accordingly, if the former interaction
generates the Xð3872Þ, the latter is predicted to generate
its spin-2 partner state [28–30]. We therefore predict an

FIG. 2. The line shapes for the three best fits in Table I to the
BESIII data [10] for the eþe− → J=ψπþπ− annihilation after
convolution with the energy spread function—see Eq. (5). As an
example, the blue dashed line shows the line shape for fit 1
without the effect of the energy spread. The 1σ error bands
correspond to the uncertainty propagated from the data.

TABLE I. Parameters of the best fits to the BESIII data [10]. The uncertainties are propagated from the
experimental data only. Note that, while a22 was fitted to data, a11 and ja12j were then computed from a22 and the
value of a22;eff in Eq. (6).

N (pb) R × 102 a22 (fm) χ2=dof a11 (fm) ja12j (fm)

Fit 1 2.6þ1.4
−1.1 0.27þ0.34

−0.29 −6.6þ2.8
−2.0 0.02 −0.51þ0.25

−0.22 1.8þ0.5
−0.8

Fit 2 0.18þ0.09
−0.07 5.9þ3.2

−2.3 −10.8þ2.0
−6.6 0.18 −1.0þ0.3

−1.7 2.8þ0.7
−0.4

Fit 3 0.41þ0.23
−0.16 −2.6þ1.0

−1.5 −12.8þ3.2
−13.2 0.15 −1.4þ0.5

−19.8 3.1þ0.6
−0.5
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Production process:
<latexit sha1_base64="udBKxLSQAyYEyvkxFjuUT5+CAiA="></latexit>

A1(E) = P0 + P1T11(E) + P2T21(E)

If 
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P2 ⌧ P1  there will be a dip near thr 2
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P1 ⌧ P2  there will be a peak near thr 2
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1 = ⇢J/ 2 = DD̄⇤

the energy spread δE ¼ 1.7 MeV [10]. Since the energy
range of interest is narrow (from 3.8 to 3.9 GeV), only the
leading energy dependence is retained in Eq. (5), while
the overall kinematical factor is treated as a constant for
simplicity.
Since P0 can be absorbed by the overall normalization,

N ≡ P2
0N 0, the resulting model depends on five real

parameters: fa11; a12; a22; R;N g, where R≡ P1=P0.
Using the results of Ref. [24] and the data in Ref. [25],
the DD̄" scattering length in the Xð3872Þ channel is
determined to be

a22;eff ¼ ð−6.39þ i11.74Þ fm: ð6Þ

Then, in the considered two-channel formalism, Eq. (2)
constrains two real parameters (we choose them to be a11
and a12) through the third one (a22). In particular, we use

a−111 ¼ k1
Reða−122;effÞ − a−122

Imða−122;effÞ
ð7Þ

in the amplitude T11 in Eq. (3), while the channel-coupling
parameter can be obtained as

a−112 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k1

Imða22;effÞ

s """"1 −
a22;eff
a22

"""": ð8Þ

To take into account a finite width of the ρ meson, we
evaluate the momentum k1 as [26,27]

k1 ¼ Re

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½s − ðmJ=ψ þmρÞ2'½s − ðmJ=ψ −mρÞ2'
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with mρ ¼ ð775 − i75Þ MeV, and it is evaluated at the
D0D̄"0 threshold in Eqs. (7) and (8). Notice that to fit to the
BESIII data over the energy range from about 3.81 to
3.9 GeV we keep the full expression for k1 in Eq. (9) and do
not expand it in powers of E.
Then, the BESIII data from Ref. [10] are fitted using

Eq. (5) with T11 from Eq. (3) and with the three free
parameters in the fit being fN ; R; a22g—their fitted values
are listed in Table I. The line shapes for the three best fits
are depicted in Fig. 2. A well-pronounced dip at the DD̄"

threshold is clearly seen in all three line shapes.

We conclude that themeasuredXð3872Þ line shape is well
describedby the J=ψρ0 −DD̄" coupled-channel rescattering
mechanism outlined above. Although the parameters of the
three fits differ substantially from each other, all fits provide
equally decent description of the data and possess common
gross features. In particular, the three line shapes are nearly
indistinguishable in the proximity of the DD̄" threshold
where they all showapronounced dip. The large absolute and
negative values of a22 found in all three fits imply a loosely
boundDD̄" state in the single-channel case. Additional data
in the vicinity of theDD̄" threshold would allow us to better
constrain the model and extract the interaction strengths in
different channelswith higher precision.Also,we emphasize
that, while particular details of the line shape in the eþe− →
J=ψπþπ− production reaction depend on a delicate interplay
of several parameters, the main mechanism driving the dip at
the DD̄" threshold is general and is controlled by the large
scattering length in this channel.
At leading order in heavy quark spin symmetry, the

DD̄" interaction with JPC ¼ 1þþ agrees with that of D"D̄"

with JPC ¼ 2þþ. Accordingly, if the former interaction
generates the Xð3872Þ, the latter is predicted to generate
its spin-2 partner state [28–30]. We therefore predict an

FIG. 2. The line shapes for the three best fits in Table I to the
BESIII data [10] for the eþe− → J=ψπþπ− annihilation after
convolution with the energy spread function—see Eq. (5). As an
example, the blue dashed line shows the line shape for fit 1
without the effect of the energy spread. The 1σ error bands
correspond to the uncertainty propagated from the data.

TABLE I. Parameters of the best fits to the BESIII data [10]. The uncertainties are propagated from the
experimental data only. Note that, while a22 was fitted to data, a11 and ja12j were then computed from a22 and the
value of a22;eff in Eq. (6).

N (pb) R × 102 a22 (fm) χ2=dof a11 (fm) ja12j (fm)

Fit 1 2.6þ1.4
−1.1 0.27þ0.34

−0.29 −6.6þ2.8
−2.0 0.02 −0.51þ0.25

−0.22 1.8þ0.5
−0.8

Fit 2 0.18þ0.09
−0.07 5.9þ3.2

−2.3 −10.8þ2.0
−6.6 0.18 −1.0þ0.3

−1.7 2.8þ0.7
−0.4

Fit 3 0.41þ0.23
−0.16 −2.6þ1.0

−1.5 −12.8þ3.2
−13.2 0.15 −1.4þ0.5

−19.8 3.1þ0.6
−0.5
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reduced mass in channel 2; and the effective scattering
length in channel 2 coupled to channel 1, a22;eff , is given by

a−122;eff ¼ a−122 − a−212 ða−111 − ik1Þ−1: ð2Þ

Notice that here channel 1 is not required to be non-
relativistic though the amplitude T11ðEÞ takes the same
form as that obtained when both channels are nonrelativ-
istic [14].
The first term on the right-hand side in Eq. (1) can be

regarded as a background coming from channel 1 alone.
The channel coupling induces an interference, with the
relative phase completely fixed by unitarity, that ensures the
emergence of a dip in the line shape jT11j2 as long as ja22j is
large enough. To see it explicitly, we employ relation (2) to
bring the amplitude in Eq. (1) to the form

T11ðEÞ ¼
−8πEthr

2 ða−122 − i
ffiffiffiffiffiffiffiffiffiffi
2μ2E

p
Þ

ða−111 − ik1Þða−122;eff − i
ffiffiffiffiffiffiffiffiffiffi
2μ2E

p
Þ
; ð3Þ

where the numerator on the right-hand side vanishes at
E ¼ 0 for a22 → ∞, the so-called unitary limit, while the
denominator remains finite in this limit. The zero of T11 in
Eq. (3) is an example of a Castillejo-Dalitz-Dyson zero
[15]; see also Ref. [16]. In a more realistic situation, when
the interaction in the decoupled channel 2 approaches the
unitary limit (large ja22j), the scattering amplitude in
channel 1 must show a dip at the threshold of channel 2.
This universal picture allows one to interpret the well-

known fact that the f0ð980Þ appears as a dip in the ππ →
ππ scattering amplitude (see, for example, Ref. [17]), where
ππ and KK̄ act as channels 1 and 2, respectively, as a
necessary consequence of the strong S-wave KK̄ attraction.
Similarly, a dip at an energy around 1.67 GeV in the

K−p → K−p and K−p → K̄0n total cross sections (see the
data compiled in Ref. [18]) may indicate a strong S-wave
attraction in the Λη channel, whose threshold is at
1664 MeV. Further examples of near-threshold dip struc-
tures due to the same mechanism include a dip around the
K̄N threshold in the πΣ → πΣ scattering amplitude from
unitarized chiral perturbation theory (UChPT) [19,20] or
lattice quantum chromodynamics [21], a dip around the
D$

sK̄ threshold in the D$π → D$π scattering amplitude
from UChPT [22], and so on. Below, we show that the same

mechanism is at work in the direct production of the
Xð3872Þ in eþe− collisions [see also Ref. [23] for an
estimate of the Xð3872Þ dielectron width].
Recently, the cross section of the reaction eþe− →

J=ψπþπ− was measured by the BESIII Collaboration at
several energies [10], and contrary to naive expectations, no
enhancement around the Xð3872Þ mass was observed.
Instead, there is an indication of a dip, although the data
are admittedly also consistent with a flat distribution [10].
Below, we provide theoretical arguments supporting the
necessity for the appearance of this dip and emphasize the
importance of further detailed studies to understand its
manifestation in the data.
We denote J=ψρ and DD̄$ as channel 1 and channel 2,

respectively, and neglect the J=ψω channel for simplicity.
We note that the J=ψρ0 state with JPC ¼ 1þþ can be
produced in eþe− collisions at tree level through two virtual
photons [see Fig. 1(a)] while the state DD̄$ þ c:c: with the
same quantum numbers can only be produced at the loop
level [see Fig. 1(b)]; thus, the latter is expected to be
suppressed by the geometric factor 1=ð16π2Þ.2 Therefore,
we neglect the direct production through the DD̄$ þ c:c:
channel and write the eþe− → J=ψρ0 amplitude in the
vicinity of the DD̄$ threshold as

Að
ffiffiffi
s

p
Þ ¼ P0 þ P1T11ðEÞ; ð4Þ

where
ffiffiffi
s

p
¼ mD0 þmD$0 þ E is the eþe− center-of-mass

energy and the last term on the right-hand side describes
rescatterings. In particular, it contains the J=ψρ −DD̄$

coupled-channel dynamics discussed above. Then, the
J=ψρ → J=ψρ scattering amplitude T11 can be approxi-
mated by Eq. (3), and the corresponding cross section reads

σð
ffiffiffi
s

p
Þ ¼ N 0

Z
þ∞

−∞
dw

jAð
ffiffiffi
s

p
− wÞj2ffiffiffiffiffiffi

2π
p

δE
exp

"
−

w2

2δ2E

#
; ð5Þ

where N 0 is an overall normalization factor and the signal
is convolved with a Gaussian-distributed energy spread to
mimic the actual situation of the BESIII experiment, with

FIG. 1. The lowest-order diagrams for the eþe− → J=ψρ0 [diagram (a)] and eþe− → D0D̄$0 [diagram (b)] annihilation via two
photons.

2We also recall that the magnetic vertex γD0D̄$0 is proportional
to the D0 momentum that vanishes at the D0D̄$0 (channel-2)
threshold.
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reduced mass in channel 2; and the effective scattering
length in channel 2 coupled to channel 1, a22;eff , is given by

a−122;eff ¼ a−122 − a−212 ða−111 − ik1Þ−1: ð2Þ

Notice that here channel 1 is not required to be non-
relativistic though the amplitude T11ðEÞ takes the same
form as that obtained when both channels are nonrelativ-
istic [14].
The first term on the right-hand side in Eq. (1) can be

regarded as a background coming from channel 1 alone.
The channel coupling induces an interference, with the
relative phase completely fixed by unitarity, that ensures the
emergence of a dip in the line shape jT11j2 as long as ja22j is
large enough. To see it explicitly, we employ relation (2) to
bring the amplitude in Eq. (1) to the form

T11ðEÞ ¼
−8πEthr

2 ða−122 − i
ffiffiffiffiffiffiffiffiffiffi
2μ2E

p
Þ

ða−111 − ik1Þða−122;eff − i
ffiffiffiffiffiffiffiffiffiffi
2μ2E

p
Þ
; ð3Þ

where the numerator on the right-hand side vanishes at
E ¼ 0 for a22 → ∞, the so-called unitary limit, while the
denominator remains finite in this limit. The zero of T11 in
Eq. (3) is an example of a Castillejo-Dalitz-Dyson zero
[15]; see also Ref. [16]. In a more realistic situation, when
the interaction in the decoupled channel 2 approaches the
unitary limit (large ja22j), the scattering amplitude in
channel 1 must show a dip at the threshold of channel 2.
This universal picture allows one to interpret the well-

known fact that the f0ð980Þ appears as a dip in the ππ →
ππ scattering amplitude (see, for example, Ref. [17]), where
ππ and KK̄ act as channels 1 and 2, respectively, as a
necessary consequence of the strong S-wave KK̄ attraction.
Similarly, a dip at an energy around 1.67 GeV in the

K−p → K−p and K−p → K̄0n total cross sections (see the
data compiled in Ref. [18]) may indicate a strong S-wave
attraction in the Λη channel, whose threshold is at
1664 MeV. Further examples of near-threshold dip struc-
tures due to the same mechanism include a dip around the
K̄N threshold in the πΣ → πΣ scattering amplitude from
unitarized chiral perturbation theory (UChPT) [19,20] or
lattice quantum chromodynamics [21], a dip around the
D$

sK̄ threshold in the D$π → D$π scattering amplitude
from UChPT [22], and so on. Below, we show that the same

mechanism is at work in the direct production of the
Xð3872Þ in eþe− collisions [see also Ref. [23] for an
estimate of the Xð3872Þ dielectron width].
Recently, the cross section of the reaction eþe− →

J=ψπþπ− was measured by the BESIII Collaboration at
several energies [10], and contrary to naive expectations, no
enhancement around the Xð3872Þ mass was observed.
Instead, there is an indication of a dip, although the data
are admittedly also consistent with a flat distribution [10].
Below, we provide theoretical arguments supporting the
necessity for the appearance of this dip and emphasize the
importance of further detailed studies to understand its
manifestation in the data.
We denote J=ψρ and DD̄$ as channel 1 and channel 2,

respectively, and neglect the J=ψω channel for simplicity.
We note that the J=ψρ0 state with JPC ¼ 1þþ can be
produced in eþe− collisions at tree level through two virtual
photons [see Fig. 1(a)] while the state DD̄$ þ c:c: with the
same quantum numbers can only be produced at the loop
level [see Fig. 1(b)]; thus, the latter is expected to be
suppressed by the geometric factor 1=ð16π2Þ.2 Therefore,
we neglect the direct production through the DD̄$ þ c:c:
channel and write the eþe− → J=ψρ0 amplitude in the
vicinity of the DD̄$ threshold as
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ffiffiffi
s

p
Þ ¼ P0 þ P1T11ðEÞ; ð4Þ

where
ffiffiffi
s

p
¼ mD0 þmD$0 þ E is the eþe− center-of-mass

energy and the last term on the right-hand side describes
rescatterings. In particular, it contains the J=ψρ −DD̄$

coupled-channel dynamics discussed above. Then, the
J=ψρ → J=ψρ scattering amplitude T11 can be approxi-
mated by Eq. (3), and the corresponding cross section reads
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where N 0 is an overall normalization factor and the signal
is convolved with a Gaussian-distributed energy spread to
mimic the actual situation of the BESIII experiment, with

FIG. 1. The lowest-order diagrams for the eþe− → J=ψρ0 [diagram (a)] and eþe− → D0D̄$0 [diagram (b)] annihilation via two
photons.

2We also recall that the magnetic vertex γD0D̄$0 is proportional
to the D0 momentum that vanishes at the D0D̄$0 (channel-2)
threshold.
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 —  Tcc status:  Experiment and Lattice  

 —  Can we extract and understand Tcc properties from experiment and 
lattice systematically?

 — Applications of chiral EFT 

 ● Analysis of exp.data including three-body unitarity  

 ● Light-quark mass dependence of the Tcc pole trajectory

 ● Alternative to Lüscher method: from EFV  to infinite volume pcot(𝛿) with left-hand cuts

 M. Du,  VB,  X. Dong,  A. Filin,  F.-K. Guo, C. Hanhart,  A. Nefediev,  J. Nieves and Q. Wang  PRD 105, 014024(2022)

 L. Meng,  VB,  A. Filin,  E. Epelbaum and A. Gasparyan  PRD 109, L071506 (2024)  

M. Abolnikov, VB,   E. Epelbaum,  A. Filin,  C. Hanhart and L. Meng  2407.04649

 M. Du,  A. Filin,  VB,  X. Dong,  E. Epelbaum, F.-K. Guo, C. Hanhart,  A. Nefediev,  J. Nieves and Q. Wang  PRL 131, 131903 (2023)



: an ideal case for studying exotic properties  
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— No admixture of inelastic channels

—Expansion in 𝜒EFT : 
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Figure 1: Distribution of D0D0⇡+ mass. Distribution of D0D0⇡+ mass where the contribu-
tion of the non-D0 background has been statistically subtracted. The result of the fit described
in the text is overlaid.

The function is built under two assumptions. Firstly, that the newly observed state has
quantum numbers JP = 1+ and isospin I = 0 in accordance with the theoretical expecta-
tion for the T+

cc ground state. Secondly, that the T+
cc state is strongly coupled to the D⇤D

channel. The derivation of FU relies on the isospin symmetry for T+
cc! D⇤D decays

and explicitly accounts for the energy dependency of the T+
cc! D0D0⇡+, T+

cc! D0D+⇡0

and T+
cc! D0D+� decay widths as required by unitarity. Similarly to the FBW profile,

the FU function has two parameters: the peak locationmU, defined as the mass value where
the real part of the complex amplitude vanishes, and the absolute value of the coupling
constant g for the T+

cc! D⇤D decay.
The detector mass resolution, R, is modelled with the sum of two Gaussian functions

with a common mean, and parameters taken from simulation, see Methods. The widths
of the Gaussian functions are corrected by a factor of 1.05, that accounts for a small
residual di↵erence between simulation and data [39,104,105]. The root mean square of
the resolution function is around 400 keV/c2.

A study of the D0⇡+ mass distribution for selected D0D0⇡+ combinations in the region
above the D⇤0D+ mass threshold and below 3.9GeV/c2 shows that approximately 90% of all

3
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D⇤0D+ I =0, JP  = 1+

Aaij et al [LHCb] Nature Physics (2022)  
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-5.6

<latexit sha1_base64="VBOFqy4joDghm3pKkTt8pzJEuWk="></latexit>

T+
cc ! D0D⇤+ ! D0D0⇡+/D0D+⇡0

— Width: almost entirely from the only strong decay

Nature Comm.(2022)

— first exotic doubly charm state: 
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�mBW = �273± 61± 5+11
�14 keV

�BW = 410± 165± 43+18
�38 keV

—  D𝜋 spectra: ~ 90% of the D0D0𝜋+ events contain a genuine D*+ meson ⇒ JP  = 1+
S-wave

DD*  framework is justified



 on lattice
● HAL QCD Collaboration at mπ = 146 MeV:  

— calculate  the DD*  scattering potential ⇒  phase shifts above the two-body threshold 

● Lüscher method based analyses of FV energy levels 

Lyu et al, PRL 131  161901 (2023)

— DD∗ spectra at  mπ = 280 MeV  Padmanath and  Prelovsek, PRL 129,  032002 (2022)

orange stars in Fig. 1 and agree well with the observed
energies.
The pole in the DD! scattering amplitude and Tcc.—

Before focusing on Tcc, let us briefly review the relation
between hadrons and poles. The existence a hadron state
and its mass is inferred from the pole in the scattering
amplitude tðEcmÞ. The bound state and the virtual bound
state have a pole at a real energy below threshold, and
therefore p2 < 0. A bound state has a pole at p ¼ ijpBj and
is an asymptotic state, e.g., deuteron. A virtual bound state
has a pole at p ¼ −ijpBj and is less familiar; it appears, for
example, in an 1S0 nucleon-nucleon channel [32,37,38].
Finally, the most common poles with Ecm away from the
real axis correspond to decaying resonances, e.g., ρ meson.
We find a virtual bound state pole in the DD! scatte-

ring amplitude tðJ¼1Þ
l¼0 at energy Ep

cm ¼ ðm2
D − jpBj2Þ1=2þ

ðm2
D! − jpBj2Þ1=2. It corresponds to the binding momentum

indicated by the magenta octagon in Fig. 2. We therefore
find evidence for the doubly charmed tetraquark as a virtual
bound state with binding energy

mðhÞ
c ∶δmTcc

¼ Ep
cm −mD −mD! ¼ −9.9þ3.6

−7.1 MeV: ð5Þ

It is situated slightly below DD! threshold, close to the
mass of the doubly charmed tetraquark Tcc discovered by
LHCb [1,2]. The state found on the lattice is strongly stable,
and the pole appears at real energy since D! → Dπ is not

kinematically allowed for mπ ≃ 280 MeV. The Tcc dis-
covered by LHCb decays to D0D0πþ, and the pole is
slightly imaginary, as shown in Fig. 3. The Tcc found in
experiment would be a bound state in the limit of stable
D!þ since the measured að1Þ0 is negative [2].
The quark mass dependence of Tcc and the notion of a

virtual bound state can be most easily illustrated for s-wave
scattering in a purely attractive potential VðrÞ within
quantum mechanics. Explicit toy-model examples are
given in Refs. [32]. The bound state occurs at
p ¼ ijpBj; its wave function falls as eipr ¼ e−jpBjr outside
the potential and is an asymptotic state. As the potential
depth is weakened, the bound state energy approaches
threshold. As the potential is weakened even further so that
it is not attractive enough to form a bound state, the s-wave
bound state typically becomes a virtual bound state. It
occurs at p ¼ −ijpBj, and its wave function eipr ¼ ejpBjr

outside V is not normalizable; therefore, it is not an
asymptotic state. Even so, it gives rise to an abrupt
enhancement in the scattering cross section above the
threshold when the pole is close below threshold. This
enhancement is shown in Fig. 2 for DD! scattering and
appears due to the virtual bound state Tcc in our study.
We expect that the virtual bound state pole found in our

lattice simulation at unphysical u=d masses is related to the
Tcc discovered by LHCb, as detailed in Sec. IVof Ref. [32].
The would-be LHCb bound state is expected to become a
virtual bound state with increasing mu=d. This is sketched
in Fig. 4 for a tetraquark with a significant molecular
DD! component attracted by the Yukawa-like potential

FIG. 3. Pole in the scattering amplitude related to Tcc in the
complex energy plane: our lattice result at the heavier charm
quark mass (magenta) and the LHCb result (orange).

FIG. 2. Top: p cot δðJ¼1Þ
l¼0 for DD! scattering at the heavier

charm quark mass (red line) and ip ¼ þjpj (cyan line) versus p2,
all normalized to EDD! ≡mD þmD! . The virtual bound state
occurs at the momenta indicated by the magenta octagon, where
two curves intersect. Bottom: corresponding DD! scattering rate
N ∝ pjt0j2 above threshold along with the pole position.

FIG. 4. Sketch of the binding energy for the (virtual) bound
state dominated by the molecular component. It is based on a
purely attractive potential VðrÞ and partial wave l ¼ 0 within
quantum mechanics.
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— DD∗ phase shifts parameterised using the ERE: 
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Epole = �9.9+3.6
�7.2 MeV DD* virtual state

— DD∗-D*D∗ coupled channel parameterization  at  mπ = 391 MeV 
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orange stars in Fig. 1 and agree well with the observed
energies.
The pole in the DD! scattering amplitude and Tcc.—

Before focusing on Tcc, let us briefly review the relation
between hadrons and poles. The existence a hadron state
and its mass is inferred from the pole in the scattering
amplitude tðEcmÞ. The bound state and the virtual bound
state have a pole at a real energy below threshold, and
therefore p2 < 0. A bound state has a pole at p ¼ ijpBj and
is an asymptotic state, e.g., deuteron. A virtual bound state
has a pole at p ¼ −ijpBj and is less familiar; it appears, for
example, in an 1S0 nucleon-nucleon channel [32,37,38].
Finally, the most common poles with Ecm away from the
real axis correspond to decaying resonances, e.g., ρ meson.
We find a virtual bound state pole in the DD! scatte-

ring amplitude tðJ¼1Þ
l¼0 at energy Ep

cm ¼ ðm2
D − jpBj2Þ1=2þ

ðm2
D! − jpBj2Þ1=2. It corresponds to the binding momentum

indicated by the magenta octagon in Fig. 2. We therefore
find evidence for the doubly charmed tetraquark as a virtual
bound state with binding energy

mðhÞ
c ∶δmTcc

¼ Ep
cm −mD −mD! ¼ −9.9þ3.6

−7.1 MeV: ð5Þ

It is situated slightly below DD! threshold, close to the
mass of the doubly charmed tetraquark Tcc discovered by
LHCb [1,2]. The state found on the lattice is strongly stable,
and the pole appears at real energy since D! → Dπ is not

kinematically allowed for mπ ≃ 280 MeV. The Tcc dis-
covered by LHCb decays to D0D0πþ, and the pole is
slightly imaginary, as shown in Fig. 3. The Tcc found in
experiment would be a bound state in the limit of stable
D!þ since the measured að1Þ0 is negative [2].
The quark mass dependence of Tcc and the notion of a

virtual bound state can be most easily illustrated for s-wave
scattering in a purely attractive potential VðrÞ within
quantum mechanics. Explicit toy-model examples are
given in Refs. [32]. The bound state occurs at
p ¼ ijpBj; its wave function falls as eipr ¼ e−jpBjr outside
the potential and is an asymptotic state. As the potential
depth is weakened, the bound state energy approaches
threshold. As the potential is weakened even further so that
it is not attractive enough to form a bound state, the s-wave
bound state typically becomes a virtual bound state. It
occurs at p ¼ −ijpBj, and its wave function eipr ¼ ejpBjr

outside V is not normalizable; therefore, it is not an
asymptotic state. Even so, it gives rise to an abrupt
enhancement in the scattering cross section above the
threshold when the pole is close below threshold. This
enhancement is shown in Fig. 2 for DD! scattering and
appears due to the virtual bound state Tcc in our study.
We expect that the virtual bound state pole found in our

lattice simulation at unphysical u=d masses is related to the
Tcc discovered by LHCb, as detailed in Sec. IVof Ref. [32].
The would-be LHCb bound state is expected to become a
virtual bound state with increasing mu=d. This is sketched
in Fig. 4 for a tetraquark with a significant molecular
DD! component attracted by the Yukawa-like potential

FIG. 3. Pole in the scattering amplitude related to Tcc in the
complex energy plane: our lattice result at the heavier charm
quark mass (magenta) and the LHCb result (orange).

FIG. 2. Top: p cot δðJ¼1Þ
l¼0 for DD! scattering at the heavier

charm quark mass (red line) and ip ¼ þjpj (cyan line) versus p2,
all normalized to EDD! ≡mD þmD! . The virtual bound state
occurs at the momenta indicated by the magenta octagon, where
two curves intersect. Bottom: corresponding DD! scattering rate
N ∝ pjt0j2 above threshold along with the pole position.

FIG. 4. Sketch of the binding energy for the (virtual) bound
state dominated by the molecular component. It is based on a
purely attractive potential VðrÞ and partial wave l ¼ 0 within
quantum mechanics.
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— DD∗-D*D∗ coupled channel parameterization  at  mπ = 391 MeV 
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   see also Collins et al PRD 109 (2024) 9, 094509  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1⇡ lhc

Analytic structure of the DD* scattering amplitude

 
⇒ Prominent role for the Tcc width

Left-hand cuts

⇒ Invalidate Lüscher’s QC at least below lhc

⇒ Constraints on the ERE applicability range  

3-body DD𝜋 cut  

—  Cut structure depends on the (light-quark or) pion mass 

—  The leading nearby cut is always associated with the one-pion exchange (OPE)

 M. Du, VB et al,  PRL 131, 131903 (2023)

Green et al (2021), Raposo and Hansen (2023),

 M. Du, VB,  et al  PRD 105, 014024(2022)

⇒  Theoretical framework has to include it!
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Dawid et al. (2023),  L. Meng, VB et al (2023), …  



Modified effective range expansion (MERE)

V = VL + VS rL ⇠ M�1
L rS ⇠ M�1

S
ML ⌧ MS
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● All long-range quantities — 

● systematically parameterizes short-range physics:  1/MS expansion
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Landau, Smorodinsky ’44; Blatt, Jackson’49; Bethe’49

Generalization to the modified ERE by „subtracting“ effects due to the long-range force
Haeringen, Kok ’82
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Landau, Smorodinsky ’44; Blatt, Jackson’49; Bethe’49

Generalization to the modified ERE by „subtracting“ effects due to the long-range force
Haeringen, Kok ’82

Jost function for Jost solution for 

Per construction,       reduces to     for            and is a real meromorphic function for 

⇒        for  |k|< MS/2

<latexit sha1_base64="xl6Vs82nl2bDq3F0yd8f5QM5iZI="></latexit>

FM
l (k2)  is  meromorphic

�M2
L

4m
�M2

S

4m
�M2

S

4m

 Steele and Furnstahl NPA645 (1999), …v.Haeringen and Kok   PRA 26 (1982),  Cohen and Hansen PRC 59 (1999), 

Low-energy theorems for NN scattering:   VB,  Epelbaum,  Filin and Gegelia  PRC 92 (2015),  PRC94 (2016)

MEREERE

/2412



Example of MERE:  Coulomb + strong interaction
v.Haeringen and Kok   PRA 26 (1982) V = VC + VS

FM
0 (k2) = 2k ⌘ h(⌘) + C2

0 (⌘) k cot[�(k)� �C(k)]

 Coulomb phase

— left hand cut starts from threshold ⇒  zero range of convergence for ERE

VC =
↵

r
— repulsive Coulomb potential,  e.g.  proton-proton scattering

C2
0 (⌘) =

2⇡⌘

e2⇡⌘ � 1
h(⌘) = Re

h
 (i⌘)

i
� ln(⌘), ⌘ =

m

2k
↵,  (z) ⌘ �0(z)/�(z)

� 1

aM
= � 1

aCS
� 2

aB
log[µaB ]� �

⇒   relation between the Coulomb removed scattering length 𝑎M  and the full one 𝑎CS 

𝛾 - Euler constant
𝑎B - Bohr radius
µ -  mass scale

Example:  for proton-proton scattering     𝑎CS =-7.82 fm ⇒  𝑎M ≃ -19 fm
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MERE explicit vs implicit
●  OPE  is  singular at small r and requires  regularization  and renormalization  ⇒  QFT

● Implicit implementation :   MERE ≡ Chiral EFT for the given pion mass

— Systematic expansion with an error estimate

→ see also explicit realization of the MERE in the finite volume:  Bubna et al. JHEP 05 (2024)

Hierarchy of scales
M⇢

𝜒EFT
1/a

<latexit sha1_base64="r8RGj3AgUoWLK2/QB2jJeq4c5wc="></latexit>

µ =
q

m2
⇡ � (mD⇤ �mD)2

— Keep track of relevant scales

2

method that connects the infinite-volume scattering ma-
trix T (E) to the discrete energy levels EFV of a system
in a periodic box [28, 29]. The Lüscher formula, also
known as Lüscher’s quantization conditions (LQCs) can
be schematically expressed as [9, 13]

det[F�1(E,P, L)� 8⇡iT (E)] = 0, (1)

where F�1(E,P, L) is a known quantity that captures
the kinematics of the finite volume. It depends on the box
size L, the total momentum of the two-body system P
and the total energy E. Equation (1) determines a set of
lattice energy levels EFV if the infinite-volume scattering
amplitude T (E) is known. However, to extract T (E)
from EFV , a solution of the inverse problem is required.
By employing the partial-wave expansion

T (E) =
X

l

Tl(E)Pl(cos ✓) (2)

and expressing Tl(E) in terms of two-particle scatter-
ing phase shifts �l, the Lüscher method permits the
extraction of infinite-volume quantities �l from lattice
energy levels EFV . The method is applicable to two-
body scattering, including various partial waves and cou-
pled hadron-hadron channels below the lowest three-
body threshold. However, while this approach is gen-
erally model-independent, it is valid under certain condi-
tions. First, the box size L is required to be significantly
larger than the interaction range R, in order to justify the
neglect of exponentially suppressed corrections ⇠ e�L/R.
Yet, for not very large volumes, these exponentially sup-
pressed terms, governed by the longest-range OPE inter-
action, can be numerically significant [34]. Second, the
method does not account for the sub-threshold left-hand
cuts in the scattering amplitude, which also arise from
the longest-range interactions. While it is well under-
stood that if the branch point of the lhc is located close
to the threshold, it would invalidate the ERE of the scat-
tering amplitude [27], the actual impact of the lhc on ex-
tracting phase shifts from EFV has not been addressed
yet. Another complication stems from breaking the rota-
tional symmetry in cubic boxes, which results in energy
levels typically receiving contributions from multiple par-
tial waves [36]. This mixing is not expected to play a
substantial role at very low energies due to the threshold
suppression of higher partial waves, Tl ⇠ El. Therefore,
partial wave mixing is sometimes disregarded, ensuring a
one-to-one correspondence between the phase shifts and
the FV energy levels in Eq. (1). However, it may intro-
duce systematic corrections when analyzing data across
an extended energy range as compared with the typical
scale of the long-range interaction [35]. To mitigate this
issue and take into account partial wave mixing e↵ects
in the Lüscher method, the ERE can be employed to pa-
rameterize Tl(E) [37], which is, however, only valid in a
very narrow energy range limited by the lhc.

In this work, we advocate an alternative approach [35],
which allows one to account for all e↵ects discussed

above, thereby avoiding the complexity of solving the
inverse problem, see Fig. 1 for a schematic illustration.
Specifically, we start from the e↵ective Hamiltonian,
which incorporates the long-range dynamics due to the
OPE and involves contact interactions in relevant partial
waves. We then calculate the FV energy spectrum using
the plane wave basis with discrete momentum modes and
adjust the low-energy constants (LECs), accompanying
the contact terms, to achieve the best description of the
FV energy levels EFV . The resulting e↵ective Hamil-
tonian, with all the LECs being fixed to EFV , is then
used to calculate the scattering amplitude in the infinite
volume.
Application to Tcc— In Ref. [23], the FV energy lev-

els of isospin-0 DD⇤ scattering were extracted in lattice
QCD using the lattice spacing of a ⇡ 0.08636 fm at
m⇡ ⇡ 280 MeV, corresponding to the D and D⇤ meson
masses of MD = 1927 MeV and MD⇤ = 2049 MeV, re-
spectively, and two spatial lattice sizes L = 2.07 and 2.76
fm, as shown in Fig 2. Following Ref. [23], we consider
the nine lowest-lying energy levels in the irreducible rep-
resentations (irreps) T+

1
(0), A�

1
(0) and A2(1) of the point

groups as input in our calculations. The integer numbers
d in the parentheses are related to the total momentum
of two particles P = 2⇡

L d with d 2 Z3.
Starting from the Lippmann-Schwinger-type inte-

gral equations (LSE) in the FV, T(E) = V(E) +
V(E)G(E)T(E), the FV energy levels are obtained by
solving the determinant equation

det
⇥
G�1(E)� V(E)

⇤
= 0. (3)

The matrix in the argument of the determinant can be
block-diagonalized according to the lattice irreps. Here,
the discretized propagator G is defined as

Gn,n0 = J
1

L3
G(p̃n, E)�n0,n, (4)

where J is the Jacobi determinant arising from the
transformation between the box and the center-of-mass
frames, see [38] for details, while p̃n are the discretized
momenta. Further, the Green function G reads

G(p̃, E) =
1

4!1!2

✓
1

E � !1 � !2

�
1

E + !1 + !2

◆
,(5)

where !i =
p

m2

i + p̃2 with m1 = MD and m2 = MD⇤ .
To solve Eq. (3) in a finite volume, we use the plane
wave basis instead of expanding it in partial waves. This
allows us to naturally account for all partial wave mixing
e↵ects arising from rotational symmetry breaking in a
cubic box [35].
The e↵ective potential V is constructed in chiral EFT

up to O(Q2), with Q ⇠ m⇡ being the soft scale of the
expansion, and reads

V = V (0)

OPE
+ V (0)

cont
+ V (2)

cont
+ ..., (6)

where the two-pion exchange contributions at the consid- Long range: OPE

+ ⇡
<latexit sha1_base64="MMfoOZUbGzRkaB76umvTEWj+CN8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBRC43R</latexit>= +
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C(0)
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C(2)(p2 + p02) +D(2)(⇠2 � 1)

+…
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⇠ =
m⇡

mph
⇡

— Incorporate the relevant cuts: 3-body cuts, left-hand cuts 

●   Amplitudes are solutions of the integral equations
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⌥(10860)

B(⇤)
+

B(⇤)
�

B(⇤)
+

B(⇤)
� B(⇤)

�

B(⇤)
+

⌥(10860)

⌥(10860)

B(⇤)
+

B(⇤)
�

⌥(10860)

B(⇤)
+

B(⇤)
�

⌥(10860)

B(⇤)
+

B(⇤)
�

⌥(10860)

B(⇤)
+

B(⇤)
�

⌥(10860)

B(⇤)
�

B(⇤)
+

�

�

B(⇤)
+

B(⇤)
�

(a) (b1) (b2)

(c1) (c2)

(d) (e)

FIG. 4. Diagrams contributing to the ⌥(10860) ! �B(⇤)B̄(⇤)

decay amplitude: diagrams (a), (b1) and (b2) (in the first
line) form a gauge invariant subset of tree level contribu-
tions, while diagrams (c1), (c2), (d) and (e) correspond to a
gauge invariant subset of contributions at the one-loop level.
The vertex in diagrams (a) and (d) comes from gauging the
⌥(10860) ! B(⇤)B̄(⇤) vertex; the photon vertices in (b1),
(b2), (c1) and (c2) are from gauging the kinetic terms of the
heavy mesons. The diagram (d) is needed to account for
gauging the regulator used in the loops and for a nonpoint-
like character of the amplitude in the final state.

TABLE II. Ratios of the coupling constants, �(J++
)

↵ , respon-
sible for the production of the WbJ states in the radiative
decays ⌥(10860) ! �WbJ .

BB̄(1S0) B⇤B̄⇤(1S0) BB̄⇤(3S1,+) B⇤B̄⇤(5S2)

1 1/
p
3 2

p
20/3

(a coupled-channel version of this relation is provided in
Ref. [? ]). In the heavy quark limit the functions A

and B do not depend on the channel. Moreover, since
the momentum dependence of the functions A(p↵) and
B
↵(p↵) is controlled by the left-hand cuts of the produc-

tion operator and the scattering amplitude, respectively,
we expect that near thresholds both are well approxi-
mated by constants, which are also independent of the
channel in the heavy quark limit. Based on this one can
predict the ratios of the partial widths for di↵erent de-
cay channels of the WbJ ’s, up to spin symmetry violating
corrections.

It is proposed in Ref. [? ] that the most prominent
production mechanism for the Zb states in the ⌥(10860)
and ⌥(11020) decays involves B0

1B̄ or B0B̄ intermediate

states, with B0 and B0
1 being the broad members of the

quadruplet of the positive P -parity B mesons. If this
proposal is correct, the decay mechanism through the
B(⇤)B̄(⇤) pairs considered above will give only a small
contribution. However, it should be stressed that the
mechanism proposed in Ref. [? ] should not change the
line shapes but only the total rate of the production cross
sections, which is not a subject of the current study.

B. Coupled-channel system

The set of the allowed quantum numbers for the
B(⇤)B̄(⇤) system is encoded in the basis vectors quoted
in Eq. (??). Inclusion of the OPE interaction enables
transitions to the D and even G waves [? ].

For a given set JPC the system of the partial-wave-
decomposed coupled-channel Lippmann-Schwinger-type
equations reads

T↵� = V e↵
↵�

�

X

�

ˆ
d3q

(2⇡)3
V e↵
↵�

G�T��

T↵�(M, p, p0) = V e↵
↵�

(p, p0) (62)

�

X

�

ˆ
d3q

(2⇡)3
V e↵
↵�

(p, q)G�(M, q)T��(M, q, p0),

where ↵, �, and � label the basis vectors defined in
Eq. (??), the e↵ective potential is defined by Eq. (??),
and the scattering amplitude T↵� is related with the in-
variant amplitude M↵� as

T↵� = �
M↵�p

(2m1,↵)(2m2,↵)(2m1,�)(2m2,�)
, (63)

with m1,↵ and m2,↵ (m1,� and m2,�) being the masses
of the B(⇤) mesons in the channel ↵ (�). The two-body
propagator for the given set JPC takes the form

G� =
�
q2/(2µ�) + m1,� + m2,� � M � i✏

��1
, (64)

where the reduced mass is

µ� =
m1,�m2,�

m1,� + m2,�
. (65)

It is convenient to define the energy Ei relative to a par-
ticular threshold, namely,

M = 2m + E1 ⌘ m + m⇤ + E2 ⌘ 2m⇤ + E3. (66)

Finally, to render the loop integrals well defined we
introduce a sharp ultraviolet cuto↵ ⇤ which needs to
be larger than all typical three-momenta related to the
coupled-channel dynamics. For the results presented be-
low we choose ⇤ = 1 GeV but we also address the prob-
lem of the renormalisability of the resulting EFT and es-
timate and discuss the theoretical uncertainty from the
cuto↵ variation.

G - Green functions
Unitarity, analyticity
Consistent with

and renormalizability

— Applicable both in the infinite and finite volumes

— Regularize VOPE and make sure that amplitudes are cutoff independent
14



Applications
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TABLE II. The pole position of the T+
cc relative to the D⇤+D0 threshold and the Riemann sheet (RS) where

the pole is located in each scheme (see the text for details).

Scheme I II III

Description No 3-body e↵ects: Incomplete 3-body e↵ects: full 3-body e↵ects:

No OPE, static D⇤ width No OPE, dynamical D⇤ width OPE + dynamical D⇤ width

Pole [keV] �368+43
�42 � i(37± 0) �333+41

�36 � i(18± 1) �356+39
�38 � i(28± 1)

�2 0.79 0.74 0.71

TABLE III. The pole position of the T+
cc relative to the D⇤+D0 threshold and the Riemann sheet (RS) where

the pole is located in each scheme (see the text for details).

Scheme I II III

Description 2-body unitarity: Incomplete 3-body unitarity: full 3-body unitarity:

No OPE, static D⇤ width No OPE, dynamical D⇤ width OPE + dynamical D⇤ width

Pole [keV] �368+43
�42 � i(37± 0) �333+41

�36 � i(18± 1) �356+39
�38 � i(28± 1)

�2 0.79 0.74 0.71

TABLE IV. E↵ective couplings extracted as indicated in Eq. (30). Note that in Schemes II and III, the
couplings are complex, with non-zero imaginary parts, although much smaller than the corresponding real
parts.

Scheme I II III

gD⇤+D0(S) 1.03± 0.03 (1.00± 0.03)� i(0.01± 0.00) (1.03± 0.02)� i(0.01± 0.01)

gD⇤0D+(S) �1.03± 0.03 (�1.00± 0.03) + i(0.01± 0.00) (�0.99± 0.02) + i(0.01± 0.01)

g(I=0)
D⇤D (S) �1.45± 0.04 (�1.42± 0.03) + i(0.01± 0.00) (�1.43± 0.03) + i(0.02± 0.00)

g(I=1)
D⇤D (S) 0.00± 0.00 (0.00± 0.00) + i(0.00± 0.00) (�0.03± 0.00) + i(0.00± 0.00)

g(I=0)
D⇤D (D) — — (0.02± 0.00) + i(0.00± 0.00)

g(I=1)
D⇤D (D) — — (�0.00± 0.00) + i(0.00± 0.00)

its position can be accessed through the analytic continuation of the self-energy [? ],

⌃ijk(M,p, µ) !

8
<

:
�⌃ijk(M,p, µ), ImM < 0 & Re

⇣
M �mi �mj �mk �

p
2

2µ

⌘
> 0,

⌃ijk(M,p, µ), ImM < 0 & Re
⇣
M �mi �mj �mk �

p
2

2µ

⌘
< 0,

(32)

with ⌃ijk defined in Eq. (26). Then, in the energy range near the T+
cc pole, the D0D0⇡+ and

D+D0⇡0 channels are on their unphysical RSs while the D+D+⇡� is on its physical RS.

A comment on the role played by the three-body dynamics in the T+
cc is in order here. As

mentioned above, the imaginary part of the pole can be treated as half of the T+
cc width. It is,

therefore, instructive to notice that neglecting the three-body dynamics due to the finite life time

of the D⇤ one overestimates the T+
cc width by up to a factor of 2 (compare the imaginary parts of

the pole positions for Schemes I and II quoted in Table III). This shift is partially overcome once

also the three-body cut is included in the scattering potential. If after neglecting the three-body

e↵ects, one employs the static approximation for the OPE, together with a constant width of the

D⇤, the half width of the T+
cc would turn out to be around 70 keV thus overestimating the full

App I:  LO 𝜒EFT analysis of D0D0𝜋+  data by LHCb 
with resolution

Im part of the Tcc  pole:   Controlled by  3-body effects

/2416

Re part of the Tcc  pole:   Inconclusive about the role of 3-body effects with current exp. precision
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�3�body
Tcc

=
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56± 2 keV

The pole
LHCb

—1 parameter + overal normalization

— Coupled 
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D0D⇤+ �D+D⇤0 scattering

 M. Du,  VB,  X. Dong,  A. Filin,  F.-K. Guo, C. Hanhart,  A. Nefediev,  J. Nieves and Q. Wang  PRD 105, 014024(2022)
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r00 ⌧ |a0|

Tcc   is consistent with an 
isoscalar molecule!

Low-energy parameters
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r00 = r0 ��r
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�2 = mthr2 �mthr1Eff. range in the 
1st  channel

Scattering amplitude in the 1st
(close to the pole) channel :

Tcc   is consistent with a pure isoscalar molecule!

/1710

VB et al., PLB 833 (2022)

Low-energy parameters and Compositeness
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D+D*0

1.4
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first Riemann sheet with the binding energy (the real part relative to the D⇤D⇤ threshold)

Scheme I: �⇤+cc = �1444(61) keV,

Scheme II: �⇤+cc = �1138(50) keV, (34)

Scheme III: �⇤+cc = �503(40) keV

where �⇤+cc = m
T

⇤+
cc

� m⇤
c � m⇤

0
. A large spread in the predictions for the mass of the T+

cc spin

partner in the three schemes employed implies a possibly significant role of the OPE interaction.

Further considerations, which might be relevant for hypothetical SU(3) siblings of the T+
cc and

T ⇤+
cc containing s̄ antiquark(s) can be found at the end of Appendix A.

IV. LOW-ENERGY EXPANSION OF THE AMPLITUDE

In this section we discuss the low-energy expansion of the scattering amplitude D⇤D ! D⇤D

and extract the corresponding parameters. The absolute value of the D⇤D scattering amplitude

in the isospin basis is depicted in Fig. 7. The low-energy S-wave scattering parameters such as

the scattering length a0 and the e↵ective range r0 can be determined by scrutinizing the behavior

of the scattering amplitude in the vicinity of the D⇤+D0 threshold. These parameters are defined

using the e↵ective range expansion of the scattering amplitude as

TD⇤+D0!D⇤+D0(k) = �
2⇡

µc0

✓
1

a0
+

1

2
r0k

2
� ik +O(k4)

◆�1

. (35)

It is important to notice that the finite width of the D⇤ drives the three-momentum k ill-defined

in the vicinity of the two-body D⇤D threshold (a detailed discussion of this and related issues can

be found in Refs. [? ? ], the problem is revisited in a recent work [? ]). In order to get a deeper

insight into this problem, let us start from a single-channel study with a constant contact potential

VCT. This corresponds to a single-channel version of our Scheme I. Then it is easy to find that the

inverse scattering amplitude is simply

T�1(M) = V �1

CT
+ J(M), J(M) =

Z
d3p

(2⇡)3
G(M,p), (36)

where G(M,p) is the Green’s functions of the form as defined in Eq. (23). Therefore, in this trivial

example, the e↵ective range is just r0 / �RedJ(M)

dM

����
M=Mthr+0+

with Mthr for the corresponding

two-body threshold6. However, a finite width of the D⇤ significantly modifies the behavior of

J(M) near the two-body threshold, since the sharp cusp is smeared by the D⇤ width (see Fig. 8).

Therefore, the e↵ective range expansion in the vicinity of the D⇤D threshold has a very small

radius of convergence set by the nearby complex D⇤D branch point, namely, k 6 p
µc0�D⇤+ ⇡ 9

MeV [? ]—see also Appendix B.

A way to bypass this problem is to use a complex D⇤ mass in the relation between the energy

inclusion of constant widths of the D⇤
’s does not a↵ect the mass of the T ⇤+

cc in Schemes I and II. For Scheme III,

the e↵ect of the D⇤
width on the mass of the T ⇤+

cc is around 30 keV, that is, well within the uncertainty quoted in

Eq. (34).
6
Note that the limit M ! Mthr has to be taken from above the threshold, as indicated by 0

+
, since below the

threshold the analytic continuation of the momentum k also contributes to J(M). This conclusion survives in

the presence of three-body unitarity, as shown in Appendix B, where it is demonstrated that the e↵ective range

calculated naively from below the two-body threshold diverges in the limit of an infinitely small width.

 Parameter-free predictions 

with resolution
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D0D0  and D0D+ spectra

Heavy quark spin partners

<latexit sha1_base64="SukhySwXuT350oEZw1OPGVQgtJo="></latexit>

�⇤+cc = mT⇤+
cc

�m⇤
c �m⇤

0

⇒  (quasi)bound  D*D*  state ~ 0.5 MeV  below the threshold 

<latexit sha1_base64="a2ozREmJb1O9bwSsieZ5Qs7c6KQ="></latexit>

V I=0(D⇤D⇤ ! D⇤D⇤, 1+) = V I=0(D⇤D ! D⇤D, 1+)

see also  Albaladejo PLB 829 (2022) in contact EFT

 M. Du,  VB,  X. Dong,  A. Filin,  F.-K. Guo, C. Hanhart,  A. Nefediev,  J. Nieves and Q. Wang  PRD 105, 014024(2022)
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App II:   𝜒EFT  as an alternative to Lüscher
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V = V (0)

OPE
+ V (0)

cont
+ V (2)

cont
+ ...

—  Calculate

—  Adjust LEC’s  C’s  from best fits to EFV :  C’s are independent of the volume size L

—  Employ the EFT potential to calculate infinite volume amplitudes using LSE
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V (0)+(2)
cont [3S1] =

⇣
C(0)

3S1
+ C(2)

3S1
(p2 + p02)

⌘
(~✏ · ~✏ 0⇤)
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V (2)
cont[

3P0] = C(2)
3P0

(~p 0 · ~✏ 0⇤)(~p · ~✏)
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det
⇥
G�1(E)� V(E)

⇤
= 0
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Gn,n0 = J �n0,n

L3

1

4ED(p̃n)ED⇤(p̃n)

1

E � ED(p̃n)� ED⇤(p̃n)
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EFV in each irrep as a solution of the eigenvalue problem 

—  Construct regularized effective potential truncated to a given order   

 Meng,  VB,   Filin,   Epelbaum and Gasparyan  PRD letter 109, L071506 (2024)  
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DD* Finite Volume Energy Levels at mπ = 280 MeV   
3

2.07 2.76
0.99

1.00

1.01

1.02

1.03

1.04

1.05

2.07 2.76 2.07 2.76 2.07 2.76

FIG. 2. Fit results for the center-of-mass energy Ecm =p
E2 �P2 of the DD⇤ system normalized by EDD⇤ = MD +

MD⇤ , for the heavier charm quark mass and two di↵erent vol-
umes from Ref. [23] in various FV irreps. The lattice energy
levels are shown by open circles, squares and triangles: the
blue and green points in the irreps T+

1 (0), A�
1 (0) and A2(1)

are used as input in this analysis as well as in the scattering
analysis of Ref. [23]. The orange symbols, slightly shifted to
the right for transparency, represent the results of our full cal-
culation (Fit 2), including pions. For each irrep, we indicate
the lowest partial waves, which contribute to it. Our results
in the irrep A2(4) are predictions. The solid and dot-dashed
lines correspond to the noninteracting DD⇤ and D⇤D⇤ ener-
gies, respectively.

ered value of m⇡ are assumed to be saturated by the con-
tact terms. Truncating the partial waves basis to l = 2,
the most relevant contact potentials contributing to the
irreps T+

1
(0), A�

1
(0) and A2(1) read

V (0)+(2)

cont
[3S1] =

⇣
C(0)

3S1
+ C(2)

3S1
(p2 + p02)

⌘
(✏ · ✏0⇤)

V (2)

cont
[3P0] = C(2)

3P0
(p0

· ✏0⇤)(p · ✏) , (7)

where p (p0) and ✏ (✏0) denote the cms momentum and
polarization of the initial (final) D⇤ meson, respectively.
While the irreps T+

1
(0) and A2(1) can also receive con-

tributions from the S-to-D-wave short-range interactions
as well as from the 3P2 partial waves, in what follows,
we consider fits with 3-parameters from Eq. (7) as our
main results and use the additional contributions from
other partial waves to estimate systematic uncertainties
in [38]. The longest-range interaction between the D and
D⇤ mesons is driven by the OPE, which in the static ap-
proximation reads

V (0)

OPE
= �3

MDMD⇤g2

f2
⇡

(k · ✏)(k · ✏0⇤)

k2 + µ2
, (8)

where µ2 = m2
⇡ � �M2, �M = MD⇤ � MD and k =

p0 + p. The pion mass dependence of the pion decay
constant f⇡ is considered along the lines of Ref. [27, 39],
which gives f⇡ = 105.3 MeV for m⇡ = 280 MeV. The
value of the coupling constant g is extracted from the fits
to its physical value and the lattice data of Ref. [39]. For
the given lattice spacing of a ⇡ 0.086 fm and m⇡ = 280
MeV, we found g = 0.517± 0.015 [38]. When both p and

p0 are on shell, p = p0 = �(E2,M2
D,M2

D⇤ )
1/2

2E (� is the Källén
function), the OPE and, consequently, the on-shell DD⇤

partial wave amplitudes, exhibit the lhc with the closest
to the threshold branch point given by [27]

(p1⇡
lhc

)2 = �
µ2

4
= �(126 MeV)2 )

✓
p1⇡
lhc

EDD⇤

◆2

⇡ �0.001,

(9)
where EDD⇤ = MD +MD⇤ . In principle, the OPE may
also have the three-body right-hand cut, corresponding
to the on shell DD⇡ state. However, for m⇡ = 280 MeV,
it starts at momenta far away from the threshold, p2

rhc3
=

(552 MeV)2 [27], which makes it irrelevant for the current
analysis.

The contact interactions in the LSE are supplemented

with the exponential regulators of the form e
�(pn+p0n)

⇤n

with n = 6. The regularization of the operators with the
single pion propagator preserving long-range dynamics is
worked out in Ref. [40] and can be implemented by a
substitution:

1

k2 + µ2
!

1

k2 + µ2
e

�(k2+µ2)

⇤2 . (10)

In what follows, we present the results for the cuto↵ ⇤ =
0.9 GeV and consider the cuto↵ variation from 0.7 to 1.2
GeV to estimate systematic uncertainties in [38].

To see the impact of the OPE on the results, we per-
form two calculations: In Fit 1, we start from a pure
contact potential without the OPE and adjust the LECs

C(0)

3S1
, C(2)

3S1
and C(2)

3P0
to obtain the best �2 fit to EFV .

In Fit 2, we include, in addition to the contact inter-
actions, also the OPE; the corresponding results for the
energy levels are shown in Fig. 2. For both fits partial
wave mixing is included when calculating EFV in di↵er-
ent lattice irreps. The OPE, however, induces additional
mixing between S and D waves due to the long-range
tensor interactions. Furthermore, the OPE introduces a
new momentum scale related with the branch point of the
lhc in Eq. (9), which has several important consequences
on the observables: (i) It modifies the analytic structure
of the scattering amplitude, making, in particular, the
phase shifts complex when analytically continued below
the lhc; (ii) It controls the energy dependence of the scat-
tering amplitude in the near-threshold region and (iii) It
governs the leading exponentially suppressed corrections
⇠ e�µL, neglected in the Lüscher approach.

With the LECs fixed from the best fits to EFV , we are
in the position to calculate the infinite volume observ-

Lattice

Lattice

Our Results

Our Results

3 Param’s:

2 in
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at NLО 𝜒EFT 

—All PW’s in OPE
are included

—mπ dependence of   

is included
gD*Dπ, mD(*) and fπ  
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Predict infinite volume phase shifts and  Tcc pole4
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FIG. 3. Phase shifts in the 3S1 (left panel) and 3P0 (right panel) partial waves extracted from the FV energy levels EFV

calculated in lattice QCD. Red bands represent the results of our 3-parameter fits to EFV without the OPE (Fit 1, upper
panel) and with the OPE (Fit 2, lower panel), including the 1� uncertainty. Green dots in the left panel are the phase shifts
extracted from EFV using the single-channel Lüscher quantization conditions in Ref. [23]. Green dots in the right panel are
extracted in this study using the same method. Blue bands are the results of the 4-parameter fits of EFV using the ERE in
Ref. [23]. Orange lines in the left panel correspond to ip = ±|p| from unitarity, normalized to EDD⇤ . The gray vertical dashed
line denotes the position of the branch point of the left-hand cut nearest to the threshold.

a3S1
[fm] r3S1

[fm] �mTcc [MeV] a3P0
[fm3] r3P0

[fm�1] �2/dof

LQCs+ERE fit [23] 1.04± 0.29 0.96+0.18
�0.20 �9.9+3.6

�7.2 0.076+0.008
�0.009 6.9± 2.1 3.7/5

Fit 1: cont. 1.09± 0.35 0.75± 0.14 �10.6± 4.4 0.028± 0.004 �4.3± 0.05 5.52/6

Fit 2: cont.+OPE 1.46± 0.57 0.096± 0.53 �6.6(±1.5)� i4.0(±3.7) 0.497± 0.007 5.63± 0.19 2.95/6

TABLE I. Results for the Tcc pole position �mTcc , defined relative to the DD⇤ threshold, and the DD⇤ ERE parameters.
The results obtained via the Lüscher QCs plus ERE in Ref. [23] are present in the second row. Our results from Fits 1 and 2
are given in the third and forth rows, respectively. The Tcc pole position in Fit 2 corresponds to a resonance state with 85%
probability within the 1� uncertainty. The residual 15% probability corresponds to a scenario with two virtual poles–see the
intersection area of the red band with the orange curve in Fig. 3.

ables and confront them with the results of the Lüscher
analysis of Ref. [23]. In Fig. 3, the results are shown
for the phase shifts in the 3S1 and 3P0 partial waves.
In the vicinity of the threshold, the phase shifts can be
expanded employing the ERE

p2l+1 cot �(l,J) =
1

a(l,J)
+

1

2
r(l,J)p2 + . . . . (11)

The predictions of Fit 1 for �3S1
(upper left panel) are

consistent with the analysis of Ref. [23] using the ERE
(11) and also yield very similar values for the ERE pa-
rameters and the pole position of the Tcc state, as summa-
rized in Table I. This is not surprising since both analyses
involve two parameters in this partial wave, which can be
matched to the scattering length and e↵ective range. On
the other hand, the contact fit results for the �3P0

are un-
able to describe all the data points since the low-energy
behavior of the phase shifts can not be captured with
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analysis of Ref. [23]. In Fig. 3, the results are shown
for the phase shifts in the 3S1 and 3P0 partial waves.
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The predictions of Fit 1 for �3S1
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consistent with the analysis of Ref. [23] using the ERE
(11) and also yield very similar values for the ERE pa-
rameters and the pole position of the Tcc state, as summa-
rized in Table I. This is not surprising since both analyses
involve two parameters in this partial wave, which can be
matched to the scattering length and e↵ective range. On
the other hand, the contact fit results for the �3P0

are un-
able to describe all the data points since the low-energy
behavior of the phase shifts can not be captured with

No OPE

With OPE

Tcc  at mπ = 280 MeV is a resonance state with 85% probability
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App III: Pion-mass dependence of the Tcc pole

● Tcc pole transitions:   quasi-bound → bound → virtual → resonance
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App III: Pion-mass dependence of the Tcc pole

● Tcc pole transitions:   quasi-bound → bound → virtual → resonance

● NLO is qualitatively consistent to LO; 

⇒ Trajectory consistent with hadronic molecule Matuschek, VB,  Guo, Hanhart, EPJA 57, 101 (2021) 
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Figure 7: Theoretical uncertainty for the Tcc pole position. The bands represent the truncation uncertainty of the chiral expansion for the
Tcc pole position at ⇤ = 700 MeV when the O(Q4) terms in Eq. (14) are included. The green band corresponds to the variation of the
dimensionless constant ↵4 in the range [�1, 1], while the blue band corresponds to the variation of the dimensionless constant ↵̃4 in the same
range. Red solid and dashed lines represent the best fits for ⇤ = 700 MeV and ⇤ = 500 MeV, respectively.

well within the truncation error.

4.1. Comparison to other works

Here, we comment briefly on other lattice calculations
available in the literature and compare them with our re-
sults. In Ref. [18], elastic DD⇤ scattering in S-wave was
investigated. However, the study was limited by using only
a single lattice volume and having only one data point in
the near-threshold region. As a result, no pole position
was extracted. In Ref. [20], the HAL QCD method was
utilized to extract the DD⇤ scattering potential at the
pion mass m⇡ = 146.4 MeV, which was then employed
to calculate the phase shifts above the DD⇤ threshold.
No visible signature from the OPE was observed. Em-
ploying the ERE, the Tcc pole was reported to be a vir-
tual state with k = (�8 ± 8+3

�5
)i MeV corresponding to

Epole = �59
+53+2

�99�67
keV, where the errors represent statis-

tical and systematic uncertainties, respectively. Extrap-
olation of the HAL QCD potential to the physical pion
mass, neglecting three-body and isospin violating e↵ects,
led to a bound state but with a binding energy substan-
tially smaller than in the experiment.

The pion mass m⇡ = 146.4 MeV corresponds to ⇠ ⇡

1.07, with the DD⇡ threshold above the DD⇤ threshold.
Thus the three-body decay is already closed but the system
experiences the left-hand cut from the OPE. The pole in
our approach corresponds to a bound state with: k = (19±

1)i MeV and Epole = �179 ± 25 keV. While our pole is
di↵erent to that of HAL QCD quantitatively, one may still
conclude that the results are conceptually consistent, as a
small modification in the potential is typically su�cient to
shift the pole from a bound to a virtual state.

To summarize, the existence of the OPE is supported by
experimental data at the physical pion mass, particularly
by the width of the Tcc. This width is primarily due to
the hadronic decay of the Tcc to DD⇡, with the strength
of the OPE controlled by the observable D⇤

! D⇡ decay.

A small increase in the pion mass by about 7% does not
change the pion coupling significantly, so the strength of
the OPE at m⇡ = 146.4 MeV remains comparable to that
at the physical point. On the other hand, the e↵ect of the
OPE on the real part of the pole is not so dramatic for pion
masses close to the physical point. Indeed, it follows from
Fig. 6 that for pion masses m⇡ . 230 MeV (⇠ . 1.7), very
precise lattice simulations are required to quantitatively
discriminate between the pure contact and pionful results.
However, the presence of the OPE for m⇡ & 230 MeV
is very clear since the repulsion generated by the OPE
shifts the pole into the complex plane, creating substantial
di↵erences from contact results.

Very recently, a lattice investigation of coupled DD⇤
�

D⇤D⇤ scattering at m⇡ = 391 MeV was presented in
Ref. [19], reporting a sizable coupled-channel e↵ect. Using
the Lüscher method and parameterizations of the coupled-
channel amplitudes while ignoring the OPE, two virtual
states were found: one about 62 MeV below the DD⇤

threshold and the other about 49 MeV below the D⇤D⇤

threshold. By employing a contact theory, we can indeed
obtain a virtual state around 80 MeV below the DD⇤

threshold. However, this state transforms into a resonance
with a substantially di↵erent pole position when the lhc ef-
fect from the OPE is included. Further investigations are
needed to investigate the impact of the lhc on the coupled-
channel transitions and the pole below the D⇤D⇤ thresh-
old.

5. Summary and Conclusions

A chiral EFT approach is utilized to establish a contin-
uous connection between the Tcc pole position at unphys-
ical pion masses from lattice simulations and the physical
world. The e↵ective potential, extended up to next-to-
leading order (O(Q2)), includes three contact terms and

8

Truncation uncertainty of chiral expansion
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● Our pionless trajectory is consistent with new lattice data  at

T. Whyte, D. Wilson,  and C. Thomas arXiv:2405.15741v1  

● But due to repulsion from the OPE, NLO 𝜒EFT yields a resonance for
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— Virtual state extracted using Lüscher + amplitude parameterization without pions

 ⇒ Long-range physics significantly changes the pole trajectory
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● 𝜒EFT  is well suited for analysing data in the  infinite and finite volume: 

—Statistical errors using bootstrap

—Control of systematics: truncation of the chiral EFT

—Plain wave basis in the finite volume: partial wave mixing

● Other finite-volume methods developed
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—All based on MERE:  explicit long-range + low-energy parameterization of short range effects

Summary and Conclusions

—Incorporates long range dynamics with relevant cuts

Fernando Romero-López talk on Wednesday

consistent with a molecule
● All Tcc properties:   

quasi-bound → bound → virtual → resonance
ERE parameters, Compositeness, and the pole trajectory

● Properties of exotic state: Line-shape analyses preserving unitarity

● 1𝜋 exchange: Important role in low-energy DD* scattering
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—Control of systematics: truncation of the chiral EFT

—Plain wave basis in the finite volume: partial wave mixing

● Other finite-volume methods developed
Dawid, Romero-Lopez, Sharpe 2409.17059;   Raposo, Hansen JHEP 08 (2024);  Bubna et al. JHEP 05 (2024);  Hansen et al. JHEP 06 (2024)

—All based on MERE:  explicit long-range + low-energy parameterization of short range effects

Summary and Conclusions

—Incorporates long range dynamics with relevant cuts

Fernando Romero-López talk on Wednesday

consistent with a molecule
● All Tcc properties:   

quasi-bound → bound → virtual → resonance
ERE parameters, Compositeness, and the pole trajectory

● Properties of exotic state: Line-shape analyses preserving unitarity

● 1𝜋 exchange: Important role in low-energy DD* scattering

Many applications and interesting physics still to come… Thank you!

Meng, Epelbaum JHEP 10 (2021)



Backup



5

II. FRAMEWORK

A. Interactions

1. Contact potentials

L =
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, (5)

where u = �r�/f⇡ with

� =
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p
2⇡+

p
2⇡�

�⇡0

!
. (6)

The leading-order (LO) D(⇤)D(⇤) interaction in the chiral e↵ective field theory follows from

the e↵ective Lagrangian which contains only O(p0) contact potentials, with p denoting a small

momentum scale [92],
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where the subscripts a(0), b(0) denote flavor indices, ⌧A=1,2,3 are the isospin Pauli matrices, and the

D00,10,01,11 are four low-energy constants (LECs) describing the contact interactions between the

heavy-light mesons grouped into the superfield,

Ha = Pa + Va · �, (8)

with Pa and Va annihilating the ground-state pseudoscalar and vector charmed mesons, respec-

tively, which in the flavor space are written explicitly as

Pa =

 
D0

D+

!

a

, Va =

 
D⇤0

D⇤+

!

a

. (9)

The proximity of the T+
cc to the D⇤D thresholds suggests that the dominating component of its

wave function consists of a D and D⇤ meson pair in a relative S-wave. The quantum numbers of

such a system, JP = 1+, perfectly match the findings of the LHCb Collaboration [12, 13]. Then

we build the D⇤D isoscalar (I = 0) and isovector (I = 1) combinations as

|D⇤D, I = 0i = �
1
p
2
(D⇤+D0

�D⇤0D+),
(10)

|D⇤D, I = 1i = �
1
p
2
(D⇤+D0 +D⇤0D+),
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3S1 3S1+
OPE

3S1
3D1

3S1
3D1

VLO  =

● LO coupled-channel isoscalar potential in the particle basis

● LO effective Lag consistent with chiral and heavy-quark spin symmetries (HQSS)

𝜒EFT for Tcc

6

FIG. 1. The two TOPT contributions (V1 and V2, respectively) to the OPE potential between D (single
solid line) and D⇤ (double solid line) mesons. The dashed line stands for the pion and the vertical thin line
shows the relevant intermediate state.

and employ the Lagrangian of Eq. (7) to find the corresponding S-wave contact potentials,

V I=0

CT (D⇤D ! D⇤D; 1+) = �2(D01 � 3D11) ⌘ v0, (11)

V I=1

CT (D⇤D ! D⇤D; 1+) = D00 +D01 +D10 +D11 ⌘ v1, (12)

where 1+ stands for the spin and parity JP . Then, in the particle basis {D⇤+D0, D⇤0D+
}, the

contact potential reads

VCT(D
⇤D ! D⇤D; 1+) =

 
c d

d c

!
, (13)

where the diagonal and o↵-diagonal matrix elements are

c =
1

2
(v1 + v0), d =

1

2
(v1 � v0). (14)

According to the claim by LHCb [13], the T+
cc is an isoscalar state, so in what follows we stick

to the potential of Eq. (11) and set to zero the contact isovector interaction, that is, v1 = 0 in

Eq. (12), or equivalently d = �c, to reduce the number of free parameters. The contact potentials

in the complementary spin-parity D(⇤)D(⇤) channels, as well as their generalization to the light

quark flavor SU(3) group can be found in Appendix A.

In this paper, we work in the strict isospin limit for the contact potentials and take the isospin

breaking e↵ects into account through the mass di↵erence of the charged and neutral D(⇤) mesons

as well as that of the pions.

2. OPE potential

The most important portion of the experimental signal is localized within just 1 MeV below

the D⇤+D0 threshold, while the splitting between the D⇤+D0 and D⇤0D+ thresholds is around

1.41 MeV, which implies that the isospin breaking e↵ects can be significant. We stick to the

notations m(⇤)
0

and m(⇤)
c for the masses of the neutral and charged D(⇤) mesons, respectively, and

take their values to be [1]

m0 = 1864.84 MeV, mc = 1869.66 MeV, m⇤
0 = 2006.85 MeV, m⇤

c = 2010.26 MeV. (15)
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wave function consists of a D and D⇤ meson pair in a relative S-wave. The quantum numbers of

such a system, JP = 1+, perfectly match the findings of the LHCb Collaboration [12, 13]. Then

we build the D⇤D isoscalar (I = 0) and isovector (I = 1) combinations as

|D⇤D, I = 0i = �
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p
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,

— HQSS and isospin constrain the # of param’s to just one:
— g is known from D* → D𝜋

AlFiky et al., PLB640,238(2006)
Mehen and Powell,  PRD 84,114013(2011)
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According to the claim by LHCb [13], the T+
cc is an isoscalar state, so in what follows we stick

to the potential of Eq. (11) and set to zero the contact isovector interaction, that is, v1 = 0 in

Eq. (12), or equivalently d = �c, to reduce the number of free parameters. The contact potentials

in the complementary spin-parity D(⇤)D(⇤) channels, as well as their generalization to the light

quark flavor SU(3) group can be found in Appendix A.

In this paper, we work in the strict isospin limit for the contact potentials and take the isospin

breaking e↵ects into account through the mass di↵erence of the charged and neutral D(⇤) mesons

as well as that of the pions.

2. OPE potential

The most important portion of the experimental signal is localized within just 1 MeV below

the D⇤+D0 threshold, while the splitting between the D⇤+D0 and D⇤0D+ thresholds is around

1.41 MeV, which implies that the isospin breaking e↵ects can be significant. We stick to the

notations m(⇤)
0

and m(⇤)
c for the masses of the neutral and charged D(⇤) mesons, respectively, and

take their values to be [1]
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FIG. 1. The two TOPT contributions (V1 and V2, respectively) to the OPE potential between D (single
solid line) and D⇤ (double solid line) mesons. The dashed line stands for the pion and the vertical thin line
shows the relevant intermediate state.

and employ the Lagrangian of Eq. (7) to find the corresponding S-wave contact potentials,

V I=0

CT (D⇤D ! D⇤D; 1+) = �2(D01 � 3D11) ⌘ v0, (11)

V I=1

CT (D⇤D ! D⇤D; 1+) = D00 +D01 +D10 +D11 ⌘ v1, (12)

where 1+ stands for the spin and parity JP . Then, in the particle basis {D⇤+D0, D⇤0D+
}, the

contact potential reads

VCT(D
⇤D ! D⇤D; 1+) =

 
c d

d c

!
, (13)

where the diagonal and o↵-diagonal matrix elements are

c =
1

2
(v1 + v0), d =

1

2
(v1 � v0). (14)

According to the claim by LHCb [13], the T+
cc is an isoscalar state, so in what follows we stick

to the potential of Eq. (11) and set to zero the contact isovector interaction, that is, v1 = 0 in

Eq. (12), or equivalently d = �c, to reduce the number of free parameters. The contact potentials

in the complementary spin-parity D(⇤)D(⇤) channels, as well as their generalization to the light

quark flavor SU(3) group can be found in Appendix A.

In this paper, we work in the strict isospin limit for the contact potentials and take the isospin

breaking e↵ects into account through the mass di↵erence of the charged and neutral D(⇤) mesons

as well as that of the pions.

2. OPE potential

The most important portion of the experimental signal is localized within just 1 MeV below

the D⇤+D0 threshold, while the splitting between the D⇤+D0 and D⇤0D+ thresholds is around

1.41 MeV, which implies that the isospin breaking e↵ects can be significant. We stick to the

notations m(⇤)
0

and m(⇤)
c for the masses of the neutral and charged D(⇤) mesons, respectively, and

take their values to be [1]

m0 = 1864.84 MeV, mc = 1869.66 MeV, m⇤
0 = 2006.85 MeV, m⇤

c = 2010.26 MeV. (15)
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in the complementary spin-parity D(⇤)D(⇤) channels, as well as their generalization to the light
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In this paper, we work in the strict isospin limit for the contact potentials and take the isospin

breaking e↵ects into account through the mass di↵erence of the charged and neutral D(⇤) mesons

as well as that of the pions.

2. OPE potential

The most important portion of the experimental signal is localized within just 1 MeV below

the D⇤+D0 threshold, while the splitting between the D⇤+D0 and D⇤0D+ thresholds is around

1.41 MeV, which implies that the isospin breaking e↵ects can be significant. We stick to the

notations m(⇤)
0

and m(⇤)
c for the masses of the neutral and charged D(⇤) mesons, respectively, and

take their values to be [1]

m0 = 1864.84 MeV, mc = 1869.66 MeV, m⇤
0 = 2006.85 MeV, m⇤
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where the subscripts a(0), b(0) denote flavor indices, ⌧A=1,2,3 are the isospin Pauli matrices, and the

D00,10,01,11 are four low-energy constants (LECs) describing the contact interactions between the

heavy-light mesons grouped into the superfield,

Ha = Pa + Va · �, (8)

with Pa and Va annihilating the ground-state pseudoscalar and vector charmed mesons, respec-

tively, which in the flavor space are written explicitly as
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The proximity of the T+
cc to the D⇤D thresholds suggests that the dominating component of its

wave function consists of a D and D⇤ meson pair in a relative S-wave. The quantum numbers of

such a system, JP = 1+, perfectly match the findings of the LHCb Collaboration [12, 13]. Then

we build the D⇤D isoscalar (I = 0) and isovector (I = 1) combinations as
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FIG. 1. The two TOPT contributions (V1 and V2, respectively) to the OPE potential between D (single
solid line) and D⇤ (double solid line) mesons. The dashed line stands for the pion and the vertical thin line
shows the relevant intermediate state.
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where the subscripts a(0), b(0) denote flavor indices, ⌧A=1,2,3 are the isospin Pauli matrices, and the

D00,10,01,11 are four low-energy constants (LECs) describing the contact interactions between the

heavy-light mesons grouped into the superfield,

Ha = Pa + Va · �, (8)

with Pa and Va annihilating the ground-state pseudoscalar and vector charmed mesons, respec-
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The proximity of the T+
cc to the D⇤D thresholds suggests that the dominating component of its

wave function consists of a D and D⇤ meson pair in a relative S-wave. The quantum numbers of

such a system, JP = 1+, perfectly match the findings of the LHCb Collaboration [12, 13]. Then

we build the D⇤D isoscalar (I = 0) and isovector (I = 1) combinations as
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and employ the Lagrangian of Eq. (7) to find the corresponding S-wave contact potentials,
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}, the

contact potential reads
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v0 ⌘ �2(D01 � 3D11) (16)

According to the claim by LHCb [13], the T+
cc is an isoscalar state, so in what follows we stick

to the potential of Eq. (11) and set to zero the contact isovector interaction, that is, v1 = 0 in

Eq. (12), or equivalently d = �c, to reduce the number of free parameters. The contact potentials

in the complementary spin-parity D(⇤)D(⇤) channels, as well as their generalization to the light

quark flavor SU(3) group can be found in Appendix A.

In this paper, we work in the strict isospin limit for the contact potentials and take the isospin

breaking e↵ects into account through the mass di↵erence of the charged and neutral D(⇤) mesons

as well as that of the pions.

2. OPE potential

The most important portion of the experimental signal is localized within just 1 MeV below

the D⇤+D0 threshold, while the splitting between the D⇤+D0 and D⇤0D+ thresholds is around

1.41 MeV, which implies that the isospin breaking e↵ects can be significant. We stick to the

notations m(⇤)
0

and m(⇤)
c for the masses of the neutral and charged D(⇤) mesons, respectively, and

take their values to be [1]

m0 = 1864.84 MeV, mc = 1869.66 MeV, m⇤
0 = 2006.85 MeV, m⇤

c = 2010.26 MeV. (17)

26



5

II. FRAMEWORK

A. Interactions

1. Contact potentials

L =
1

4
gTr

⇣
� · uabHbH

†
a

⌘
, (5)

where u = �r�/f⇡ with

� =

 
⇡0

p
2⇡+

p
2⇡�

�⇡0

!
. (6)

The leading-order (LO) D(⇤)D(⇤) interaction in the chiral e↵ective field theory follows from

the e↵ective Lagrangian which contains only O(p0) contact potentials, with p denoting a small

momentum scale [92],

LLO =�
D10

8
Tr
⇣
⌧Aaa0H

†
a0Hb⌧

A
bb0H

†
b0Ha

⌘
�

D11

8
Tr
⇣
⌧Aaa0�

iH†
a0Hb⌧

A
bb0�

iH†
b0Ha

⌘

�
D00

8
Tr
⇣
H†

aHbH
†
bHa

⌘
�

D01

8
Tr
⇣
�iH†

aHb�
iH†

bHa

⌘
+

1

4
gTr

⇣
� · uabHbH

†
a

⌘
,

(7)
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● LO coupled-channel isoscalar potential in the particle basis
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FIG. 1. The two TOPT contributions (V1 and V2, respectively) to the OPE potential between D (single
solid line) and D⇤ (double solid line) mesons. The dashed line stands for the pion and the vertical thin line
shows the relevant intermediate state.

and employ the Lagrangian of Eq. (7) to find the corresponding S-wave contact potentials,

V I=0

CT (D⇤D ! D⇤D; 1+) = �2(D01 � 3D11) ⌘ v0, (11)

V I=1

CT (D⇤D ! D⇤D; 1+) = D00 +D01 +D10 +D11 ⌘ v1, (12)

where 1+ stands for the spin and parity JP . Then, in the particle basis {D⇤+D0, D⇤0D+
}, the

contact potential reads

VCT(D
⇤D ! D⇤D; 1+) =

 
c d

d c

!
, (13)

where the diagonal and o↵-diagonal matrix elements are

c =
1

2
(v1 + v0), d =

1

2
(v1 � v0). (14)

According to the claim by LHCb [13], the T+
cc is an isoscalar state, so in what follows we stick

to the potential of Eq. (11) and set to zero the contact isovector interaction, that is, v1 = 0 in

Eq. (12), or equivalently d = �c, to reduce the number of free parameters. The contact potentials

in the complementary spin-parity D(⇤)D(⇤) channels, as well as their generalization to the light

quark flavor SU(3) group can be found in Appendix A.

In this paper, we work in the strict isospin limit for the contact potentials and take the isospin

breaking e↵ects into account through the mass di↵erence of the charged and neutral D(⇤) mesons

as well as that of the pions.

2. OPE potential

The most important portion of the experimental signal is localized within just 1 MeV below

the D⇤+D0 threshold, while the splitting between the D⇤+D0 and D⇤0D+ thresholds is around

1.41 MeV, which implies that the isospin breaking e↵ects can be significant. We stick to the

notations m(⇤)
0

and m(⇤)
c for the masses of the neutral and charged D(⇤) mesons, respectively, and

take their values to be [1]

m0 = 1864.84 MeV, mc = 1869.66 MeV, m⇤
0 = 2006.85 MeV, m⇤

c = 2010.26 MeV. (15)
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FIG. 4. Diagrams contributing to the ⌥(10860) ! �B(⇤)B̄(⇤)

decay amplitude: diagrams (a), (b1) and (b2) (in the first
line) form a gauge invariant subset of tree level contribu-
tions, while diagrams (c1), (c2), (d) and (e) correspond to a
gauge invariant subset of contributions at the one-loop level.
The vertex in diagrams (a) and (d) comes from gauging the
⌥(10860) ! B(⇤)B̄(⇤) vertex; the photon vertices in (b1),
(b2), (c1) and (c2) are from gauging the kinetic terms of the
heavy mesons. The diagram (d) is needed to account for
gauging the regulator used in the loops and for a nonpoint-
like character of the amplitude in the final state.

TABLE II. Ratios of the coupling constants, �(J++
)

↵ , respon-
sible for the production of the WbJ states in the radiative
decays ⌥(10860) ! �WbJ .

BB̄(1S0) B⇤B̄⇤(1S0) BB̄⇤(3S1,+) B⇤B̄⇤(5S2)

1 1/
p
3 2

p
20/3

(a coupled-channel version of this relation is provided in
Ref. [? ]). In the heavy quark limit the functions A

and B do not depend on the channel. Moreover, since
the momentum dependence of the functions A(p↵) and
B
↵(p↵) is controlled by the left-hand cuts of the produc-

tion operator and the scattering amplitude, respectively,
we expect that near thresholds both are well approxi-
mated by constants, which are also independent of the
channel in the heavy quark limit. Based on this one can
predict the ratios of the partial widths for di↵erent de-
cay channels of the WbJ ’s, up to spin symmetry violating
corrections.

It is proposed in Ref. [? ] that the most prominent
production mechanism for the Zb states in the ⌥(10860)
and ⌥(11020) decays involves B0

1B̄ or B0B̄ intermediate

states, with B0 and B0
1 being the broad members of the

quadruplet of the positive P -parity B mesons. If this
proposal is correct, the decay mechanism through the
B(⇤)B̄(⇤) pairs considered above will give only a small
contribution. However, it should be stressed that the
mechanism proposed in Ref. [? ] should not change the
line shapes but only the total rate of the production cross
sections, which is not a subject of the current study.

B. Coupled-channel system

The set of the allowed quantum numbers for the
B(⇤)B̄(⇤) system is encoded in the basis vectors quoted
in Eq. (??). Inclusion of the OPE interaction enables
transitions to the D and even G waves [? ].

For a given set JPC the system of the partial-wave-
decomposed coupled-channel Lippmann-Schwinger-type
equations reads
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(p, q)G�(M, q)T��(M, q, p0),

where ↵, �, and � label the basis vectors defined in
Eq. (??), the e↵ective potential is defined by Eq. (??),
and the scattering amplitude T↵� is related with the in-
variant amplitude M↵� as

T↵� = �
M↵�p

(2m1,↵)(2m2,↵)(2m1,�)(2m2,�)
, (63)

with m1,↵ and m2,↵ (m1,� and m2,�) being the masses
of the B(⇤) mesons in the channel ↵ (�). The two-body
propagator for the given set JPC takes the form

G� =
�
q2/(2µ�) + m1,� + m2,� � M � i✏

��1
, (64)

where the reduced mass is

µ� =
m1,�m2,�

m1,� + m2,�
. (65)

It is convenient to define the energy Ei relative to a par-
ticular threshold, namely,

M = 2m + E1 ⌘ m + m⇤ + E2 ⌘ 2m⇤ + E3. (66)

Finally, to render the loop integrals well defined we
introduce a sharp ultraviolet cuto↵ ⇤ which needs to
be larger than all typical three-momenta related to the
coupled-channel dynamics. For the results presented be-
low we choose ⇤ = 1 GeV but we also address the prob-
lem of the renormalisability of the resulting EFT and es-
timate and discuss the theoretical uncertainty from the
cuto↵ variation.

nonperturbative

6

and employ the Lagrangian of Eq. (7) to find the corresponding S-wave contact potentials,

V I=0

CT (D⇤D ! D⇤D; 1+) = �2(D01 � 3D11) ⌘ v0, (11)

V I=1

CT (D⇤D ! D⇤D; 1+) = D00 +D01 +D10 +D11 ⌘ v1, (12)

where 1+ stands for the spin and parity JP . Then, in the particle basis {D⇤+D0, D⇤0D+
}, the

contact potential reads

VCT(D
⇤D ! D⇤D; 1+) =

 
c d

d c

!
, (13)

where the diagonal and o↵-diagonal matrix elements are

c =
1

2
(v1 + v0), d =

1

2
(v1 � v0). (14)

VCT(D
⇤D ! D⇤D; 1+) =

1

2

 
v0 �v0
�v0 v0

!
(15)

v0 ⌘ �2(D01 � 3D11) (16)

According to the claim by LHCb [13], the T+
cc is an isoscalar state, so in what follows we stick

to the potential of Eq. (11) and set to zero the contact isovector interaction, that is, v1 = 0 in

Eq. (12), or equivalently d = �c, to reduce the number of free parameters. The contact potentials

in the complementary spin-parity D(⇤)D(⇤) channels, as well as their generalization to the light

quark flavor SU(3) group can be found in Appendix A.

In this paper, we work in the strict isospin limit for the contact potentials and take the isospin

breaking e↵ects into account through the mass di↵erence of the charged and neutral D(⇤) mesons

as well as that of the pions.

2. OPE potential

The most important portion of the experimental signal is localized within just 1 MeV below

the D⇤+D0 threshold, while the splitting between the D⇤+D0 and D⇤0D+ thresholds is around

1.41 MeV, which implies that the isospin breaking e↵ects can be significant. We stick to the

notations m(⇤)
0

and m(⇤)
c for the masses of the neutral and charged D(⇤) mesons, respectively, and

take their values to be [1]

m0 = 1864.84 MeV, mc = 1869.66 MeV, m⇤
0 = 2006.85 MeV, m⇤

c = 2010.26 MeV. (17)

26



Pointlike production source

3S1 3S1+

OPE

3S1
3D1

3S1
3D1

VLO  = →  
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T↵�

D⇤+
D0, p̄(p)

⇡+

D0, p(p̄)

=
D⇤+

D0, p̄(p)

⇡+

D0, p(p̄)

⇥ �

D⇤+

D0

D⇤+
D0, p̄(p)

⇡+

D0, p(p̄)

⇥ �

D⇤0

D+

D⇤+
D0, p̄(p)

⇡+

D0, p(p̄)

⇥
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T21

● Production amplitude:

● Only two parameters to be fitted  to the D0D0𝜋+  spectrum:   

● LO isoscalar potential:
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and employ the Lagrangian of Eq. (5) to find the corre-
sponding S-wave contact potentials,

VI¼0
CT ðD#D → D#D; 1þÞ ¼ −2ðD01 − 3D11Þ≡ v0; ð9Þ

VI¼1
CT ðD#D → D#D; 1þÞ ¼ D00 þD01 þD10 þD11 ≡ v1;

ð10Þ

where 1þ stands for the spin and parity JP. Then, in the
particle basis fD#þD0; D#0Dþg, the contact potential reads

VCTðD#D → D#D; 1þÞ ¼
!
c d

d c

"
; ð11Þ

where the diagonal and off-diagonal matrix elements are

c ¼ 1

2
ðv1 þ v0Þ; d ¼ 1

2
ðv1 − v0Þ: ð12Þ

According to the claim by LHCb [13], the Tþ
cc is an

isoscalar state, so in what follows we stick to the potential
of Eq. (9) and set to zero the contact isovector interaction,
that is, v1 ¼ 0 in Eq. (10), or equivalently d ¼ −c, to
reduce the number of free parameters. The contact poten-
tials in the complementary spin-parity Dð#ÞDð#Þ channels,
as well as their generalization to the light quark flavor
SU(3) group, can be found in Appendix A.
In this paper, we work in the strict isospin limit for the

contact potentials and take the isospin breaking effects into
account through the mass difference of the charged and
neutral Dð#Þ mesons as well as that of the pions.

2. OPE potential

The most important portion of the experimental signal is
localized within just 1 MeV below the D#þD0 threshold,
while the splitting between the D#þD0 and D#0Dþ thresh-
olds is around 1.41 MeV, which implies that the isospin
breaking effects can be significant. We stick to the notations

mð#Þ
0 andmð#Þ

c for the masses of the neutral and chargedDð#Þ

mesons, respectively, and take their values to be [1]

m0 ¼ 1864.84 MeV; mc ¼ 1869.66 MeV;

m#
0 ¼ 2006.85 MeV; m#

c ¼ 2010.26 MeV: ð13Þ

The LO Lagrangian for the D#Dπ interaction reads
[38,93–95]

L ¼ 1

4
gTrðσ · uabHbH

†
aÞ; ð14Þ

where u ¼ −∇Φ=fπ with

Φ ¼
!

π0
ffiffiffi
2

p
πþ

ffiffiffi
2

p
π− −π0

"
: ð15Þ

Here fπ ¼ 92.1 MeV is the pion decay constant and the
coupling g ¼ 0.57 is determined from the experimentally
measured D#þ → D0πþ decay width.
The OPE potential can be naturally decomposed into two

contributions which correspond to the two different order-
ings in the frameworkof the time-orderedperturbation theory
(TOPT)—see Fig. 1. It should also be noticed that, given the
very limited energy and momentum ranges covered by the
theory, it is sufficient to employ a nonrelativistic approach
for all particles involved, including the pion. Thus, for the
propagator of the pion of mass mπ , we use

DπðM;p; p0; zÞ ¼ −
1

2mπ
½Dπ

1ðM;p; p0; zÞ þDπ
2ðM;p; p0; zÞ';

Dπ
1ðM;p; p0; zÞ ¼

!
mi þmj þmπ þ

p2

2mi
þ p02

2mj
þ p2 þ p02 − 2pp0z

2mπ
−M − iϵ

"−1
;

Dπ
2ðM;p; p0; zÞ ¼

!
m#

i þm#
j þmπ þ

p2

2m#
i
þ p02

2m#
j
þ p2 þ p02 − 2pp0z

2mπ
−M − iϵ

"−1
; ð16Þ

whereM is the total energy, p and p0 stand for the incoming
and outgoing three-momenta, respectively, with pð0Þ their
magnitudes, z ¼ ðp · p0Þ=ðpp0Þ andmð#Þ

i denotes themass of
theDð#Þ in the ith channel. To guarantee a proper treatment of
the three-body effects, all recoil terms need to be kept in

Eq. (16), as discussed in detail in Refs. [96–98] in the context
of the πNN and KNN intermediate states. This is especially
relevant in the double-charm system at hand given that, near
the D#þD0 threshold, 2mD0 þmπþ −M ≈mD0 þmπþ −
mD#þ ≈ −6 MeV, and hence the effective parameter which

FIG. 1. The two TOPT contributions (V1 and V2, respectively)
to the OPE potential betweenD (single solid line) andD# (double
solid line) mesons. The dashed line stands for the pion and the
vertical thin line shows the relevant intermediate state.
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goes on shell!
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E � Ethr ⌘ 2m+m⇡,  there are real values of k and k′ such that
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3-body cut condition

3-body branch point is (k=k′=0): 

3-body cut
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and employ the Lagrangian of Eq. (5) to find the corre-
sponding S-wave contact potentials,

VI¼0
CT ðD#D → D#D; 1þÞ ¼ −2ðD01 − 3D11Þ≡ v0; ð9Þ

VI¼1
CT ðD#D → D#D; 1þÞ ¼ D00 þD01 þD10 þD11 ≡ v1;

ð10Þ

where 1þ stands for the spin and parity JP. Then, in the
particle basis fD#þD0; D#0Dþg, the contact potential reads

VCTðD#D → D#D; 1þÞ ¼
!
c d

d c

"
; ð11Þ

where the diagonal and off-diagonal matrix elements are

c ¼ 1

2
ðv1 þ v0Þ; d ¼ 1

2
ðv1 − v0Þ: ð12Þ

According to the claim by LHCb [13], the Tþ
cc is an

isoscalar state, so in what follows we stick to the potential
of Eq. (9) and set to zero the contact isovector interaction,
that is, v1 ¼ 0 in Eq. (10), or equivalently d ¼ −c, to
reduce the number of free parameters. The contact poten-
tials in the complementary spin-parity Dð#ÞDð#Þ channels,
as well as their generalization to the light quark flavor
SU(3) group, can be found in Appendix A.
In this paper, we work in the strict isospin limit for the

contact potentials and take the isospin breaking effects into
account through the mass difference of the charged and
neutral Dð#Þ mesons as well as that of the pions.

2. OPE potential

The most important portion of the experimental signal is
localized within just 1 MeV below the D#þD0 threshold,
while the splitting between the D#þD0 and D#0Dþ thresh-
olds is around 1.41 MeV, which implies that the isospin
breaking effects can be significant. We stick to the notations

mð#Þ
0 andmð#Þ

c for the masses of the neutral and chargedDð#Þ

mesons, respectively, and take their values to be [1]

m0 ¼ 1864.84 MeV; mc ¼ 1869.66 MeV;

m#
0 ¼ 2006.85 MeV; m#

c ¼ 2010.26 MeV: ð13Þ

The LO Lagrangian for the D#Dπ interaction reads
[38,93–95]

L ¼ 1

4
gTrðσ · uabHbH

†
aÞ; ð14Þ

where u ¼ −∇Φ=fπ with

Φ ¼
!

π0
ffiffiffi
2

p
πþ

ffiffiffi
2

p
π− −π0

"
: ð15Þ

Here fπ ¼ 92.1 MeV is the pion decay constant and the
coupling g ¼ 0.57 is determined from the experimentally
measured D#þ → D0πþ decay width.
The OPE potential can be naturally decomposed into two

contributions which correspond to the two different order-
ings in the frameworkof the time-orderedperturbation theory
(TOPT)—see Fig. 1. It should also be noticed that, given the
very limited energy and momentum ranges covered by the
theory, it is sufficient to employ a nonrelativistic approach
for all particles involved, including the pion. Thus, for the
propagator of the pion of mass mπ , we use

DπðM;p; p0; zÞ ¼ −
1

2mπ
½Dπ

1ðM;p; p0; zÞ þDπ
2ðM;p; p0; zÞ';

Dπ
1ðM;p; p0; zÞ ¼

!
mi þmj þmπ þ

p2

2mi
þ p02

2mj
þ p2 þ p02 − 2pp0z

2mπ
−M − iϵ

"−1
;

Dπ
2ðM;p; p0; zÞ ¼

!
m#

i þm#
j þmπ þ

p2

2m#
i
þ p02

2m#
j
þ p2 þ p02 − 2pp0z

2mπ
−M − iϵ

"−1
; ð16Þ

whereM is the total energy, p and p0 stand for the incoming
and outgoing three-momenta, respectively, with pð0Þ their
magnitudes, z ¼ ðp · p0Þ=ðpp0Þ andmð#Þ

i denotes themass of
theDð#Þ in the ith channel. To guarantee a proper treatment of
the three-body effects, all recoil terms need to be kept in

Eq. (16), as discussed in detail in Refs. [96–98] in the context
of the πNN and KNN intermediate states. This is especially
relevant in the double-charm system at hand given that, near
the D#þD0 threshold, 2mD0 þmπþ −M ≈mD0 þmπþ −
mD#þ ≈ −6 MeV, and hence the effective parameter which

FIG. 1. The two TOPT contributions (V1 and V2, respectively)
to the OPE potential betweenD (single solid line) andD# (double
solid line) mesons. The dashed line stands for the pion and the
vertical thin line shows the relevant intermediate state.
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FIG. 4. Diagrams contributing to the ⌥(10860) ! �B(⇤)B̄(⇤)

decay amplitude: diagrams (a), (b1) and (b2) (in the first
line) form a gauge invariant subset of tree level contribu-
tions, while diagrams (c1), (c2), (d) and (e) correspond to a
gauge invariant subset of contributions at the one-loop level.
The vertex in diagrams (a) and (d) comes from gauging the
⌥(10860) ! B(⇤)B̄(⇤) vertex; the photon vertices in (b1),
(b2), (c1) and (c2) are from gauging the kinetic terms of the
heavy mesons. The diagram (d) is needed to account for
gauging the regulator used in the loops and for a nonpoint-
like character of the amplitude in the final state.

TABLE II. Ratios of the coupling constants, �(J++
)

↵ , respon-
sible for the production of the WbJ states in the radiative
decays ⌥(10860) ! �WbJ .

BB̄(1S0) B⇤B̄⇤(1S0) BB̄⇤(3S1,+) B⇤B̄⇤(5S2)

1 1/
p
3 2

p
20/3

(a coupled-channel version of this relation is provided in
Ref. [? ]). In the heavy quark limit the functions A

and B do not depend on the channel. Moreover, since
the momentum dependence of the functions A(p↵) and
B
↵(p↵) is controlled by the left-hand cuts of the produc-

tion operator and the scattering amplitude, respectively,
we expect that near thresholds both are well approxi-
mated by constants, which are also independent of the
channel in the heavy quark limit. Based on this one can
predict the ratios of the partial widths for di↵erent de-
cay channels of the WbJ ’s, up to spin symmetry violating
corrections.

It is proposed in Ref. [? ] that the most prominent
production mechanism for the Zb states in the ⌥(10860)
and ⌥(11020) decays involves B0

1B̄ or B0B̄ intermediate

states, with B0 and B0
1 being the broad members of the

quadruplet of the positive P -parity B mesons. If this
proposal is correct, the decay mechanism through the
B(⇤)B̄(⇤) pairs considered above will give only a small
contribution. However, it should be stressed that the
mechanism proposed in Ref. [? ] should not change the
line shapes but only the total rate of the production cross
sections, which is not a subject of the current study.

B. Coupled-channel system

The set of the allowed quantum numbers for the
B(⇤)B̄(⇤) system is encoded in the basis vectors quoted
in Eq. (??). Inclusion of the OPE interaction enables
transitions to the D and even G waves [? ].

For a given set JPC the system of the partial-wave-
decomposed coupled-channel Lippmann-Schwinger-type
equations reads

T↵� = V e↵
↵�

�

X

�

ˆ
d3q

(2⇡)3
V e↵
↵�

G�T��

T↵�(M, p, p0) = V e↵
↵�

(p, p0) (62)

�

X

�

ˆ
d3q

(2⇡)3
V e↵
↵�

(p, q)G�(M, q)T��(M, q, p0),

where ↵, �, and � label the basis vectors defined in
Eq. (??), the e↵ective potential is defined by Eq. (??),
and the scattering amplitude T↵� is related with the in-
variant amplitude M↵� as

T↵� = �
M↵�p

(2m1,↵)(2m2,↵)(2m1,�)(2m2,�)
, (63)

with m1,↵ and m2,↵ (m1,� and m2,�) being the masses
of the B(⇤) mesons in the channel ↵ (�). The two-body
propagator for the given set JPC takes the form

G� =
�
q2/(2µ�) + m1,� + m2,� � M � i✏

��1
, (64)

where the reduced mass is

µ� =
m1,�m2,�

m1,� + m2,�
. (65)

It is convenient to define the energy Ei relative to a par-
ticular threshold, namely,

M = 2m + E1 ⌘ m + m⇤ + E2 ⌘ 2m⇤ + E3. (66)

Finally, to render the loop integrals well defined we
introduce a sharp ultraviolet cuto↵ ⇤ which needs to
be larger than all typical three-momenta related to the
coupled-channel dynamics. For the results presented be-
low we choose ⇤ = 1 GeV but we also address the prob-
lem of the renormalisability of the resulting EFT and es-
timate and discuss the theoretical uncertainty from the
cuto↵ variation.

𝜋DD is on shell 

VB et al. PRD84 (2011)

Full analogy to the X(3872)
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—  Leading singularity is from the on shell one-pion exchange
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⇒ Lüscher’s method breaks down
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below), while the function F�1(L,P , E) is not, Lüscher’s
quantization conditions can not be used at least below
the lhc.

In order to illustrate the left-hand cut problem, we
write the long-range potential in the form

V (p,p0) =
f(p,p0)

(p+ p0)2 +m2
=

f(p,p0)

(p2 + p02 + 2pp0z) +m2
,

(26)

where m represents the mass of the exchanged parti-
cle, p and p0 are the o↵ shell momenta and z = p̂ · p̂0.
We also introduce the on shell momentum pon, which
in the non-relativistic kinematics is related to the en-
ergy as p2

on
= 2µE with µ being the reduced mass of the

two-body system. (Please note also that in Eq. (11) of
the main text, the on shell momentum is defined as p.)
Since the function f(p,p0) in the numerator is smooth
and analytic, to tackle the left-hand cut problem, it can
be safely ignored. Therefore, without losing generality,
in what follows, we set f(p,p0) = 1.

When E > 0, there is no singularity arising from the
potential in Eq. (26). Indeed, both the on-shell poten-
tial V (ponn, ponn0) ⌘ V (pon, pon, z) and the half-o↵-shell
potential V (pon, q, z), entering the Lippmann-Schwinger-
type equations (2), are analytic in the domain E > 0 and
z 2 [�1, 1]. However, when E < 0, which corresponds to
imaginary pon, a singularity arises in the on-shell poten-
tial V (pon, pon, z), since the denominator of the potential
can be equal to zero

2p2
on
(1 + z) +m2 = 0 ) z = �

m2

2p2
on

� 1 , (27)

provided that

p2
on

 �
m2

4
when� 1  z  1. (28)

Thus, the on-shell potential in the plane wave basis has
a pole in line with Eqs. (27)-(28). If the partial wave
decomposition is performed, one finds, e.g., for the S-
wave potential

Vl=0(p, p
0) =

Z
1

�1

dz
1

p2 + p02 + 2pp0z +m2

=
1

2pp0
log

✓
(p+ p0)2 +m2

(p� p0)2 +m2

◆
. (29)

Instead of a pole in V (pon, pon, z), the on-shell poten-
tial Vl=0(pon, pon) in the partial wave basis develops the

left-hand cut for p2
on

 �
m2

4
, see Fig. 8 for illustration.

The same is also true for the corresponding on shell T -
matrix Tl=0(pon, pon). Consequently, because of the lhc,
the original Lüscher formula cannot be straightforwardly
extended to accommodate long-range interactions.

However, it appears crucial to emphasize that, con-
trary to the on-shell potential, the half o↵-shell potential

Re

Im
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-1

0

1

2

3

4

5

FIG. 8. The S-wave on-shell potential, as defined in Eq. (29)

with m = m⇡. The red vertical dashed line denotes the posi-

tion of the branch point of the left-hand cut at p2on/m
2
= � 1

4 .

Below this point, the potential, so as the corresponding T -
matrix, become complex. The real and imaginary parts of the

potential are shown by blue and orange lines, respectively.

V (pon, q, z) in Eq. (26), so as the partial-wave projected
potential Vl=0(pon, q) in Eq. (29), with real positive q, as
used in the LSE, are free of the pole and the lhc, respec-
tively, when E < 0. The same is of course also true for
the fully o↵ shell potential. This is the reason why no
problems occur when solving the eigenvalue problem for
E < 0 within our method.
Our procedure can be formulated as a two-step process.

In step 1, we utilize our e↵ective potential, consisting of
the OPE and a series of contact interactions, to calculate
the FV energy levels both below and above the lhc from
the condition that the determinant in the LSE vanishes.
Technically, in our case, this amounts to solving the stan-
dard eigenvalue problem in the Hamiltonian approach,
see Eq. (13), which is completely straightforward, since
the o↵-shell t-channel potential entering Eq. (13) only
needs to be evaluated for real positive momenta. In this
regime, the potential is completely analytic and free of
t-channel poles in the plane wave basis (or the t-channel
lhc in the partial-wave basis). Then, we adjust the
low-energy constants to achieve the best fit to the FV
energy levels. In step 2, we use the fully determined ef-
fective potential, with all low-energy constants fixed at
step 1, to calculate the infinite volume amplitude T (E)
from the LSE. How to deal with the last step technically
is well known from phenomenology of two-body scatter-
ing at low-energies, e.g., from NN scattering, where the
e↵ects from the lhc are included at the level of multi-
pion exchanges, see, e.g., [20] for a recent review and
[21, 22] for a related discussion. The technique of solving
the LSE in the infinite volume can be found, e.g. in the
textbook [23].

/1629
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PWD of the static potential:

Sc. amplitude is complex for E  below the lhc 
⇒ Lüscher’s method breaks down
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below), while the function F�1(L,P , E) is not, Lüscher’s
quantization conditions can not be used at least below
the lhc.

In order to illustrate the left-hand cut problem, we
write the long-range potential in the form

V (p,p0) =
f(p,p0)

(p+ p0)2 +m2
=

f(p,p0)

(p2 + p02 + 2pp0z) +m2
,

(26)

where m represents the mass of the exchanged parti-
cle, p and p0 are the o↵ shell momenta and z = p̂ · p̂0.
We also introduce the on shell momentum pon, which
in the non-relativistic kinematics is related to the en-
ergy as p2

on
= 2µE with µ being the reduced mass of the

two-body system. (Please note also that in Eq. (11) of
the main text, the on shell momentum is defined as p.)
Since the function f(p,p0) in the numerator is smooth
and analytic, to tackle the left-hand cut problem, it can
be safely ignored. Therefore, without losing generality,
in what follows, we set f(p,p0) = 1.

When E > 0, there is no singularity arising from the
potential in Eq. (26). Indeed, both the on-shell poten-
tial V (ponn, ponn0) ⌘ V (pon, pon, z) and the half-o↵-shell
potential V (pon, q, z), entering the Lippmann-Schwinger-
type equations (2), are analytic in the domain E > 0 and
z 2 [�1, 1]. However, when E < 0, which corresponds to
imaginary pon, a singularity arises in the on-shell poten-
tial V (pon, pon, z), since the denominator of the potential
can be equal to zero

2p2
on
(1 + z) +m2 = 0 ) z = �

m2

2p2
on

� 1 , (27)

provided that

p2
on

 �
m2

4
when� 1  z  1. (28)

Thus, the on-shell potential in the plane wave basis has
a pole in line with Eqs. (27)-(28). If the partial wave
decomposition is performed, one finds, e.g., for the S-
wave potential

Vl=0(p, p
0) =

Z
1

�1

dz
1

p2 + p02 + 2pp0z +m2

=
1

2pp0
log

✓
(p+ p0)2 +m2

(p� p0)2 +m2

◆
. (29)

Instead of a pole in V (pon, pon, z), the on-shell poten-
tial Vl=0(pon, pon) in the partial wave basis develops the

left-hand cut for p2
on

 �
m2

4
, see Fig. 8 for illustration.

The same is also true for the corresponding on shell T -
matrix Tl=0(pon, pon). Consequently, because of the lhc,
the original Lüscher formula cannot be straightforwardly
extended to accommodate long-range interactions.

However, it appears crucial to emphasize that, con-
trary to the on-shell potential, the half o↵-shell potential

Re

Im

-1.0 -0.5 0.0 0.5 1.0
-1

0

1

2

3

4

5

FIG. 8. The S-wave on-shell potential, as defined in Eq. (29)

with m = m⇡. The red vertical dashed line denotes the posi-

tion of the branch point of the left-hand cut at p2on/m
2
= � 1

4 .

Below this point, the potential, so as the corresponding T -
matrix, become complex. The real and imaginary parts of the

potential are shown by blue and orange lines, respectively.

V (pon, q, z) in Eq. (26), so as the partial-wave projected
potential Vl=0(pon, q) in Eq. (29), with real positive q, as
used in the LSE, are free of the pole and the lhc, respec-
tively, when E < 0. The same is of course also true for
the fully o↵ shell potential. This is the reason why no
problems occur when solving the eigenvalue problem for
E < 0 within our method.
Our procedure can be formulated as a two-step process.

In step 1, we utilize our e↵ective potential, consisting of
the OPE and a series of contact interactions, to calculate
the FV energy levels both below and above the lhc from
the condition that the determinant in the LSE vanishes.
Technically, in our case, this amounts to solving the stan-
dard eigenvalue problem in the Hamiltonian approach,
see Eq. (13), which is completely straightforward, since
the o↵-shell t-channel potential entering Eq. (13) only
needs to be evaluated for real positive momenta. In this
regime, the potential is completely analytic and free of
t-channel poles in the plane wave basis (or the t-channel
lhc in the partial-wave basis). Then, we adjust the
low-energy constants to achieve the best fit to the FV
energy levels. In step 2, we use the fully determined ef-
fective potential, with all low-energy constants fixed at
step 1, to calculate the infinite volume amplitude T (E)
from the LSE. How to deal with the last step technically
is well known from phenomenology of two-body scatter-
ing at low-energies, e.g., from NN scattering, where the
e↵ects from the lhc are included at the level of multi-
pion exchanges, see, e.g., [20] for a recent review and
[21, 22] for a related discussion. The technique of solving
the LSE in the infinite volume can be found, e.g. in the
textbook [23].

⇒ 
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E1⇡
lhc sets the range of convergence of the ERE: 
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DD*

0-8
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⇒ ERE is not applicable 

Tcc+
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 M. Du et al,  PRL 131, 131903 (2023)

At mπ = 280 MeV
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TABLE II. The pole position of the T+
cc relative to the D⇤+D0 threshold and the Riemann sheet (RS) where

the pole is located in each scheme (see the text for details).

Scheme I II III

Description No 3-body e↵ects: Incomplete 3-body e↵ects: full 3-body e↵ects:

No OPE, static D⇤ width No OPE, dynamical D⇤ width OPE + dynamical D⇤ width

Pole [keV] �368+43
�42 � i(37± 0) �333+41

�36 � i(18± 1) �356+39
�38 � i(28± 1)

�2 0.79 0.74 0.71

TABLE III. The pole position of the T+
cc relative to the D⇤+D0 threshold and the Riemann sheet (RS) where

the pole is located in each scheme (see the text for details).

Scheme I II III

Description 2-body unitarity: Incomplete 3-body unitarity: full 3-body unitarity:

No OPE, static D⇤ width No OPE, dynamical D⇤ width OPE + dynamical D⇤ width

Pole [keV] �368+43
�42 � i(37± 0) �333+41

�36 � i(18± 1) �356+39
�38 � i(28± 1)

�2 0.79 0.74 0.71

TABLE IV. E↵ective couplings extracted as indicated in Eq. (30). Note that in Schemes II and III, the
couplings are complex, with non-zero imaginary parts, although much smaller than the corresponding real
parts.

Scheme I II III

gD⇤+D0(S) 1.03± 0.03 (1.00± 0.03)� i(0.01± 0.00) (1.03± 0.02)� i(0.01± 0.01)

gD⇤0D+(S) �1.03± 0.03 (�1.00± 0.03) + i(0.01± 0.00) (�0.99± 0.02) + i(0.01± 0.01)

g(I=0)
D⇤D (S) �1.45± 0.04 (�1.42± 0.03) + i(0.01± 0.00) (�1.43± 0.03) + i(0.02± 0.00)

g(I=1)
D⇤D (S) 0.00± 0.00 (0.00± 0.00) + i(0.00± 0.00) (�0.03± 0.00) + i(0.00± 0.00)

g(I=0)
D⇤D (D) — — (0.02± 0.00) + i(0.00± 0.00)

g(I=1)
D⇤D (D) — — (�0.00± 0.00) + i(0.00± 0.00)

its position can be accessed through the analytic continuation of the self-energy [? ],

⌃ijk(M,p, µ) !

8
<

:
�⌃ijk(M,p, µ), ImM < 0 & Re

⇣
M �mi �mj �mk �

p
2

2µ

⌘
> 0,

⌃ijk(M,p, µ), ImM < 0 & Re
⇣
M �mi �mj �mk �

p
2

2µ

⌘
< 0,

(32)

with ⌃ijk defined in Eq. (26). Then, in the energy range near the T+
cc pole, the D0D0⇡+ and

D+D0⇡0 channels are on their unphysical RSs while the D+D+⇡� is on its physical RS.

A comment on the role played by the three-body dynamics in the T+
cc is in order here. As

mentioned above, the imaginary part of the pole can be treated as half of the T+
cc width. It is,

therefore, instructive to notice that neglecting the three-body dynamics due to the finite life time

of the D⇤ one overestimates the T+
cc width by up to a factor of 2 (compare the imaginary parts of

the pole positions for Schemes I and II quoted in Table III). This shift is partially overcome once

also the three-body cut is included in the scattering potential. If after neglecting the three-body

e↵ects, one employs the static approximation for the OPE, together with a constant width of the

D⇤, the half width of the T+
cc would turn out to be around 70 keV thus overestimating the full

Width  of   Tcc+  :      Accuracy requires  3-body effects
remove

OPE
36 keV

remove

dynam.width 74 keV
30

Real part of the pole:  all Fits are consistent within 1𝜎 —more precise data are needed
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Scattering amplitude in the 1st
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a0 [fm] r0 [fm] r00 [fm] X̄A
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in the 1st channel:
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solely on identical LO contact potentials in di↵erent channels. Nonetheless, as an estimation, we

could simply neglect the DD⇤-D⇤D⇤ coupled-channel e↵ects and try to test the significance played

by the OPE potential based on Eq. (35). Once the coupled channels are neglected, the OPE

potentials for the D⇤D⇤
! D⇤D⇤ transitions have no three-body cut since there is no D⇤

! D⇡

vertex. It should be noted that the D⇤D⇤ propagator contains a four-body cut due to the self-

energies of two D⇤ that is, however, a higher-order e↵ect lying beyond the scope of this work.

Therefore, as long as only the mass of the spin partner of the T+
cc is concerned, it is safe to neglect

the D⇤ width.5 We find that the isoscalar D⇤D⇤ amplitude with JP = 1+ possesses a pole on the

first Riemann sheet with the binding energy (the real part relative to the D⇤D⇤ threshold)

Scheme I: �⇤+cc = �1444(61) keV,

Scheme II: �⇤+cc = �1138(50) keV, (36)

Scheme III: �⇤+cc = �503(40) keV,

where �⇤+cc = m
T

⇤+
cc

� m⇤
c � m⇤

0
. A large spread in the predictions for the mass of the T+

cc spin

partner in the three schemes employed implies a possibly significant role of the OPE interaction.

Further considerations, which might be relevant for hypothetical SU(3) siblings of the T+
cc and

T ⇤+
cc containing s̄ antiquark(s) can be found at the end of Appendix A.

IV. LOW-ENERGY EXPANSION OF THE AMPLITUDE

In this section we discuss the low-energy expansion of the scattering amplitude D⇤D ! D⇤D

and extract the corresponding parameters. The absolute value of the D⇤D scattering amplitude

in the isospin basis is depicted in Fig. 7. The low-energy S-wave scattering parameters such as

the scattering length a0 and the e↵ective range r0 can be determined by scrutinizing the behavior

of the scattering amplitude in the vicinity of the D⇤+D0 threshold. These parameters are defined

using the e↵ective range expansion of the scattering amplitude as

TD⇤+D0!D⇤+D0(k) = �
2⇡

µc0

✓
1

a0
+

1

2
r0k

2
� ik +O(k4)

◆�1

. (37)

It is important to notice that the finite width of the D⇤ drives the three-momentum k ill-defined

in the vicinity of the two-body D⇤D threshold (a detailed discussion of this and related issues can

be found in Refs. [112, 113], the problem is revisited in a recent work [114]). In order to get a

deeper insight into this problem, let us start from a single-channel study with a constant contact

potential VCT. This corresponds to a single-channel version of our Scheme I. Then it is easy to

find that the inverse scattering amplitude is simply

T�1(M) = V �1

CT
+ J(M), J(M) =

Z
d3p

(2⇡)3
G(M,p), (38)

where G(M,p) is the Green’s functions of the form as defined in Eq. (24). Therefore, in this trivial

example, the e↵ective range is just r0 / �RedJ(M)

dM

����
M=Mthr+0+

withMthr for the corresponding two-

5
One can also use a complex D⇤

mass to include its width, as in Scheme I. We have explicitly checked that the

inclusion of constant widths of the D⇤
’s does not a↵ect the mass of the T ⇤+

cc in Schemes I and II. For Scheme III,

the e↵ect of the D⇤
width on the mass of the T ⇤+

cc is around 30 keV, that is, well within the uncertainty quoted in

Eq. (36).
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FIG. 8. Real part of the single-channel loop function J(M) introduced in Eq. (38) for a zero (blue solid
line) or finite (red dashed line) constant D⇤+ width. The vertical dotted line marks the D⇤+D0 threshold.

TABLE IV. The S-wave scattering length a0 and e↵ective range r0 parameters defined in Eq. (37) extracted
as explained in the text (see the discussion around Eq. (39)). The compositeness X̄A is obtained using
Eq. (41) and the compositeness X1 and X2 are calculated using Eq. (42). Because of the finite widths of the
D⇤s, the results for theXi’s become complex, though their imaginary parts are negligible and, therefore, only
the real parts are given in the Table. For each value, the error in the first line is statistical propagated from
fitting to the LHCb data; the error in the second line is systematic from model uncertainty. It is estimated
by varying the cuto↵ parameter ⇤ in the interval of [0.3, 1.2] GeV and taken as the largest deviation from
the central value. The central value is evaluated for ⇤ = 0.5 GeV.

�µc0

2⇡
Tthr [fm] a0 [fm] r0 [fm] X̄A X1 X2

I
✓
�7.38+0.46

�0.57

±0.36

◆
+i

✓
1.96+0.34

�0.57

±0.18

◆ ✓
�6.31+0.36

�0.45

±0.27

◆
+i

✓
0.05+0.01

�0.01

±0.00

◆
�2.78± 0.01

± 0.66
0.87± 0.01

± 0.07
0.71± 0.01

± 0.02
0.29± 0.01

± 0.02

II
✓
�8.00+0.49

�0.68

±0.35

◆
+ i

✓
1.88+0.36

�0.24

±0.18

◆ ✓
�6.64+0.36

�0.50

±0.27

◆
�i

✓
0.10+0.01

�0.02

±0.01

◆
�2.80± 0.01

± 0.59
0.88± 0.01

± 0.06
0.71± 0.01

± 0.02
0.29± 0.01

± 0.02

III
✓
�7.76+0.45

�0.53

±0.32

◆
+ i

✓
2.44+0.38

�0.29

±0.18

◆ ✓
�6.72+0.36

�0.45

±0.27

◆
�i

✓
0.10+0.03

�0.03

±0.03

◆
�2.40± 0.01

± 0.85
0.84± 0.01

± 0.06
0.73± 0.01

± 0.11
0.27± 0.01

± 0.02

D⇤0D+ channel. This gives

�rIB = �

r
µc0

2µ2
0c
(m⇤

0
+mc �m⇤

c �m0)
⇡ �3.78 fm. (40)

By comparing this result with the e↵ective range for Schemes I and II in Table IV, one finds, in line

with Ref. [114], that the residual finite range correction is ' 1 fm for the cuto↵ ⇤ = 0.5 GeV, and

it may be reduced to 0.5 fm if the cuto↵ is increased to 1 GeV. On the other hand, the comparison

of the e↵ective range for Schemes III and I/II shows the di↵erence ' 0.4 fm, which is the e↵ect

from the OPE.

We note that the finite range corrections to the e↵ective range r0 are proportional to ⇤�1 [114],

where ⇤ can be regarded as a scale corresponding to heavier-meson exchange contributions not
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solely on identical LO contact potentials in di↵erent channels. Nonetheless, as an estimation, we

could simply neglect the DD⇤-D⇤D⇤ coupled-channel e↵ects and try to test the significance played

by the OPE potential based on Eq. (35). Once the coupled channels are neglected, the OPE

potentials for the D⇤D⇤
! D⇤D⇤ transitions have no three-body cut since there is no D⇤

! D⇡

vertex. It should be noted that the D⇤D⇤ propagator contains a four-body cut due to the self-

energies of two D⇤ that is, however, a higher-order e↵ect lying beyond the scope of this work.

Therefore, as long as only the mass of the spin partner of the T+
cc is concerned, it is safe to neglect

the D⇤ width.5 We find that the isoscalar D⇤D⇤ amplitude with JP = 1+ possesses a pole on the

first Riemann sheet with the binding energy (the real part relative to the D⇤D⇤ threshold)

Scheme I: �⇤+cc = �1444(61) keV,

Scheme II: �⇤+cc = �1138(50) keV, (36)

Scheme III: �⇤+cc = �503(40) keV,

where �⇤+cc = m
T

⇤+
cc

� m⇤
c � m⇤

0
. A large spread in the predictions for the mass of the T+

cc spin

partner in the three schemes employed implies a possibly significant role of the OPE interaction.

Further considerations, which might be relevant for hypothetical SU(3) siblings of the T+
cc and

T ⇤+
cc containing s̄ antiquark(s) can be found at the end of Appendix A.

IV. LOW-ENERGY EXPANSION OF THE AMPLITUDE

In this section we discuss the low-energy expansion of the scattering amplitude D⇤D ! D⇤D

and extract the corresponding parameters. The absolute value of the D⇤D scattering amplitude

in the isospin basis is depicted in Fig. 7. The low-energy S-wave scattering parameters such as

the scattering length a0 and the e↵ective range r0 can be determined by scrutinizing the behavior

of the scattering amplitude in the vicinity of the D⇤+D0 threshold. These parameters are defined

using the e↵ective range expansion of the scattering amplitude as

TD⇤+D0!D⇤+D0(k) = �
2⇡
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It is important to notice that the finite width of the D⇤ drives the three-momentum k ill-defined

in the vicinity of the two-body D⇤D threshold (a detailed discussion of this and related issues can

be found in Refs. [112, 113], the problem is revisited in a recent work [114]). In order to get a

deeper insight into this problem, let us start from a single-channel study with a constant contact

potential VCT. This corresponds to a single-channel version of our Scheme I. Then it is easy to

find that the inverse scattering amplitude is simply

T�1(M) = V �1

CT
+ J(M), J(M) =

Z
d3p

(2⇡)3
G(M,p), (38)

where G(M,p) is the Green’s functions of the form as defined in Eq. (24). Therefore, in this trivial

example, the e↵ective range is just r0 / �RedJ(M)

dM

����
M=Mthr+0+

withMthr for the corresponding two-

5
One can also use a complex D⇤

mass to include its width, as in Scheme I. We have explicitly checked that the

inclusion of constant widths of the D⇤
’s does not a↵ect the mass of the T ⇤+

cc in Schemes I and II. For Scheme III,

the e↵ect of the D⇤
width on the mass of the T ⇤+

cc is around 30 keV, that is, well within the uncertainty quoted in

Eq. (36).

no width:

finite width:  ERE has a small radius of convergence
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FIG. 7. The absolute value of the D⇤D ! D⇤D scattering amplitudes for the parameters of Scheme III (see
Table I).

body threshold6. However, a finite width of the D⇤ significantly modifies the behavior of J(M) near

the two-body threshold, since the sharp cusp is smeared by the D⇤ width (see Fig. 8). Therefore,

the e↵ective range expansion in the vicinity of the D⇤D threshold has a very small radius of

convergence set by the nearby complex D⇤D branch point, namely, k 6 p
µc0�D⇤+ ⇡ 9 MeV [114];

see also Appendix B.

A way to bypass this problem is to use a complex D⇤ mass in the relation between the energy

M and momentum k,

M = m⇤
c � i�c/2 +m0 +

k2

2µc0

. (39)

Then the expansion point k ! 0 is now equivalent to M = m⇤
c � i�c/2+m0 in the complex energy

plane, which is nothing but the branch point for the two-body unitarity cut on the unphysical

Riemann sheet [112]. In other words, the e↵ective range expansion is defined around the pole of

the Green’s function G(M,p). That this holds true approximately also in the presence of three-

body unitarity was demonstrated in Ref. [113] (see Figs. 2 and 3 in the cited work). Formulated

in this way, the suggested approach is straightforwardly generalized to Schemes II and III.7 Then,

the e↵ective range expansion with the scattering parameters extracted in this way and collected

in Table IV matches very well the exact amplitude in the low-energy region of interest, especially

in the vicinity of the D⇤D threshold, as naturally expected for a properly defined low-energy

expansion. It is instructive to note that the scattering length extracted at the complex threshold

slightly deviates from the value of the amplitude at the nominalD⇤+D0 threshold, �(µc0/(2⇡))Tthr,

where the threshold mthr = m⇤
c +m0 is real by definition (see Table IV).

As shown in Ref. [114], in the approach involving D⇤+D0 and D⇤0D+ coupled channels, the

largest contribution to the e↵ective range for the T+
cc originates from isospin breaking (IB) related

to the D(⇤)-meson mass di↵erences, that is, from the coupling of D⇤+D0 to the slightly higher

6
Note that the limit M ! Mthr has to be taken from above the threshold, as indicated by 0

+
, since below the

threshold the analytic continuation of the momentum k also contributes to J(M). This conclusion survives in

the presence of three-body unitarity, as shown in Appendix B, where it is demonstrated that the e↵ective range

calculated naively from below the two-body threshold diverges in the limit of an infinitely small width.
7
In these schemes RS-I and RS-II are continuously connected to each other along the three-body cut on the real

axis.
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FIG. 7. The absolute value of the D⇤D ! D⇤D scattering amplitudes for the parameters of Scheme III (see
Table I).

body threshold6. However, a finite width of the D⇤ significantly modifies the behavior of J(M) near

the two-body threshold, since the sharp cusp is smeared by the D⇤ width (see Fig. 8). Therefore,

the e↵ective range expansion in the vicinity of the D⇤D threshold has a very small radius of

convergence set by the nearby complex D⇤D branch point, namely, k 6 p
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expansion. It is instructive to note that the scattering length extracted at the complex threshold

slightly deviates from the value of the amplitude at the nominalD⇤+D0 threshold, �(µc0/(2⇡))Tthr,

where the threshold mthr = m⇤
c +m0 is real by definition (see Table IV).

As shown in Ref. [114], in the approach involving D⇤+D0 and D⇤0D+ coupled channels, the

largest contribution to the e↵ective range for the T+
cc originates from isospin breaking (IB) related

to the D(⇤)-meson mass di↵erences, that is, from the coupling of D⇤+D0 to the slightly higher
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Note that the limit M ! Mthr has to be taken from above the threshold, as indicated by 0
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, since below the

threshold the analytic continuation of the momentum k also contributes to J(M). This conclusion survives in

the presence of three-body unitarity, as shown in Appendix B, where it is demonstrated that the e↵ective range
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In these schemes RS-I and RS-II are continuously connected to each other along the three-body cut on the real
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Approximate Solution: expand around the pole of the Green function Braten and Stapleton (2010)
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<latexit sha1_base64="nBE2kWRDsKryzRr66FNLOIdl8L4="></latexit>

1

2

�D⇤

Mthr2 �Mthr3
tiny for the problem at hand

Du et al. 2110.13765

Hanhart et al (2010)



13

-0.005 0.000 0.005 0.010 0.015
-0.10

-0.05

0.00

0.05

0.10

0.15

0.20

lhc

-0.005 0.000 0.005 0.010 0.015 0.020
-0.001

0.000

0.001

0.002

0.003

0.004

0.005

0.006

lhc

FIG. 8. Residual cuto↵ dependence of the 3
S1 (left panel) and 3

P0 (right panel) phase shifts corresponding to the cuto↵
variation ⇤ = 0.7� 1.2 GeV in the pionful Fit 2.

FIG. 9. Phase shifts in the 3
S1 (left panel) and 3

P0 (right panel) partial waves with an additional 3
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D1] in Eq. (A18). The notations are the same as those in Fig. 3 of the main text. The legend shows the ERE
parameters and the pole position of the Tcc. Calculations are performed for the cuto↵ ⇤ = 0.9 GeV.

FIG. 10. Phase shifts in the 3
S1 (left panel) and 3

P0 (right panel) partial waves with an additional 3
P2 contact term V
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in Eq. (A18). The notations are the same as those in Fig. 3 of the main text. The legend shows the ERE parameters and the
pole position of the Tcc. Calculations are performed for the cuto↵ ⇤ = 0.9 GeV.

App II: Residual cutoff dependence

⇒  very small

●  Cutoff variation from 0.7 to 1.2 GeV
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FIG. 5. Comparison of the exact results for the FV energy
levels E

Exact
cm (green circles labeled as EC-points) and the

approximations E
EC
cm obtained using eigenvalue continuation

(red triangles labeled as training points). �Ecm is the devi-
ation �Ecm = E

Exact
cm � E

EC
cm .

as eigenvector continuation (EC) (see [55] for a recent
review). In this approach, we randomly choose several
sets of LECs, referred to as the training points, and use
them to solve the eigenvalue problem exactly during the
subspace learning process. Subsequently, the eigenvalue
problem for arbitrary LECs is solved in the subspace
spanned by the eigenvectors of the training points. It
is expected that the solutions in the subspace serve as
good approximations of the exact ones, significantly ac-
celerating the calculations due to the drastically reduced
dimensionality of the subspace. The dimensionality of
the matrix after subspace learning is roughly given by,

NEC ⇠

✓
pmax/

2⇡

L

◆
⇠ O(10), (A22)

where pmax ⇡ 0.6 GeV represents the typical momen-
tum of the highest EFV of interest. It is evident that
pmax < ⇤ ⌧ ⇤UV. Notably, NEC varies linearly with L,
unlike NExact, which increases as L3. Although subspace
learning incurs some additional computational cost ini-
tially, it is a one-time investment. The reliability of the
EC is further facilitated in the EFT framework by us-
ing the naturalness assumption to constrain the values
of the LECs. For a detailed description of this technique
we refer to Ref. [56].

We utilize the finite-volume problem of irreducible rep-
resentation T

+

1
(0) in the box L = 2.07 fm as an example

to showcase the e�ciency and accuracy of the EC, as
depicted in Fig. 5. Specifically, we select three sets of
LECs as training points and consider the first four non-
degenerate states to span the subspace. The EC method
yields highly accurate results, with discrepancies primar-
ily observed beyond the range covered by the training

points and well above the region of interest for T
+

1
(0)

states, as illustrated in Fig. of the main text.

Appendix B: Coupling constants

To determine the pion decay constant at the unphysical
value of the pion mass corresponding to the lattice-QCD
simulations of Ref. [23] we adopt the values from Ref. [27]:
f⇡ = 105.3 MeV for m⇡ = 280 MeV and f0 = 85 MeV in
the chiral limit. These values are obtained through chi-
ral extrapolation using the formula detailed in Refs. [57].
Note also that no statistically significant dependence of
the pion decay constant on the lattice spacing was ob-
served in [58].
For the D

⇤
D⇡ coupling constant, we follow a slightly

di↵erent procedure as compared to that in Ref. [27].
Specifically, to extract this coupling, we perform two-
dimensional fits of lattice data [42] by simultaneously
varying m⇡ and the lattice spacing, since the finite-
volume energy levels discussed in the main text are ob-
tained not in the continuum, but at a = 0.08636 fm.
We adopt three di↵erent extrapolation formulas given
in Ref. [42], namely one linear extrapolation and
two extrapolations based on chiral perturbation theory
(ChPT) [59, 60]:

• Linear extrapolation:

g(a,m⇡) = g0(1 + ↵m
2

⇡ + �a
2) , (B1)

• ChPT-I:

g(a,m⇡) = g0

✓
1�

2g2
0

(4⇡f0)2
m

2

⇡ lnm
2

⇡ + ↵m
2

⇡ + �a
2

◆
,

(B2)

• ChPT-II:

g(a,m⇡) = g0

✓
1�

1 + 2g2
0

(4⇡f0)2
m

2

⇡ lnm
2

⇡ + ↵m
2

⇡ + �a
2

◆
.

(B3)

In the two ChPT formulas, the renormalization-scale de-
pendence of the logarithmic term and the counter-term
/ ↵ cancel each other and are, therefore, not shown.
For each extrapolation approach, there are three pa-
rameters to be determined, namely the coupling con-
stant g0 in the chiral and continuum limits, the coef-
ficient ↵ of the m

2
⇡-term and the coe�cient � control-

ling the continuum extrapolation. We utilize the lattice
data for g at di↵erent pion masses and lattice spacings
in Ref. [42] as input. Additionally, the physical value
g
ph = g(0,mph

⇡ ) = 0.567 ± 0.009, which is determined
from the experimental D⇤

! D⇡ decay width [61], is also
used to constrain the three parameters. In Fig. 6, the in-
put data are compared with the best-fit results shown as
a function of the pion mass at di↵erent lattice spacings.
In Table II, the parameters corresponding to the best
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FIG. 6. The D
⇤
D⇡ coupling constant as a function of m2

⇡ for di↵erent values of the lattice spacing, each represented by a
di↵erent color. The magenta symbols represent the physical value, while the remaining symbols denote coupling constants
obtained from lattice simulations at unphysical pion masses m⇡ and lattice spacings a [42]. The left, middle, and right panels
correspond to the extrapolation formulas in Eqs. (B1), (B2), and (B3), respectively. The value of the D

⇤
D⇡ coupling constant

employed in our analysis, which corresponds to the lattice spacing of a = 0.08636 fm and the pion mass of m⇡ = 280 MeV used
in [23], can be read o↵ from the intersection of the orange dashed and gray dashed lines.

fits, their uncertainties and the extracted coupling con-
stants at m⇡ = 0.280 GeV and a = 0.08636 fm are listed
for three di↵erent extrapolation methods from Eqs. (B1)-
(B3). The obtained results for the D

⇤
D⇡ coupling con-

stant g ⌘ g(0.08636, 0.280) from di↵erent extrapolations
are in excellent agreement with each other. In the main
text, we adopt the value of 0.517 ± 0.015, which is ap-
proximately 20% smaller than the value used in Ref. [27].

g0 ↵ [GeV�2] � [fm�2] g

Linear 0.561(9) 0.53(13) �16.1(44) 0.517(15)

ChPT-I 0.547(8) 0.24(14) �19.1(45) 0.517(15)

ChPT-II 0.511(8) �0.59(15) �27.6(48) 0.519(15)

TABLE II. The parameters of the considered extrapolations
from Eqs. (B1)-(B3) obtained from best fits to input data,
as described in text, and the extracted values of the coupling
constant g at m⇡ = 0.280 GeV and a = 0.08636 fm.

Appendix C: Systematic uncertainties

In this section, we provide a qualitative discussion of
the systematic uncertainties in the results arising from
variations in the cuto↵ in the regularized potentials and
the inclusion of additional contact terms at O(Q2).

The variation of reduced �
2 values for Fits 1 and 2

is illustrated in Fig. 7 as the cuto↵ ⇤ is gradually in-
creased from 0.6 to 1.2 GeV with a step size of 0.1 GeV.
Note that the reduced �

2 for ⇤ = 0.6 GeV is significantly
larger than for other values. However, this observation
is not surprising, given that the highest energy level in
the fitting data set, corresponding to the A

�
1
(0) irrep for

L = 2.07 fm (see Fig. 2 of the main text), corresponds
to a momentum of approximately 0.56 GeV, which is
only slightly smaller than the chosen cuto↵. When ⇤

FIG. 7. Cuto↵ dependence of the reduced �
2 for di↵erent

fits. In our Fits 1 and 2, there are three parameters and six
degrees of freedom (dof). The gray dashed line represents the
reduced �

2 of the four-parameter fit using LQCs and ERE in
Ref. [23].

is varied from 0.7 to 1.2 GeV, Fit 2 demonstrates es-
sentially cuto↵-independent behavior, while the reduced
�
2 for Fit 1 gradually increases. The reason behind this

lies in the fact that in Fit 1, where only one LEC is
employed to fit the data for the 3

P0 partial wave, the
e↵ective range is primarily provided by the regulators,
making the �

2 sensitive to the choice of cuto↵. In con-
trast, Fit 2, with the same number of parameters, ex-
hibits cuto↵ independence because in this case the range
corrections in the 3

P0 channel are naturally driven by the
OPE interactions. Another noteworthy observation from
Fig. 7 is that the reduced �

2 in our pionful Fit 2, involv-
ing three parameters, is smaller than that of the four-
parameter fit using Lüscher quantization conditions and
the ERE in Ref. [23] with the same input for the energy
levels. Indeed, once the OPE is incorporated into the
fits, besides its significant influence in the 3

S1 channel,
the parameter-free long-range physics largely dictates the
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employed to fit the data for the 3

P0 partial wave, the
e↵ective range is primarily provided by the regulators,
making the �

2 sensitive to the choice of cuto↵. In con-
trast, Fit 2, with the same number of parameters, ex-
hibits cuto↵ independence because in this case the range
corrections in the 3

P0 channel are naturally driven by the
OPE interactions. Another noteworthy observation from
Fig. 7 is that the reduced �

2 in our pionful Fit 2, involv-
ing three parameters, is smaller than that of the four-
parameter fit using Lüscher quantization conditions and
the ERE in Ref. [23] with the same input for the energy
levels. Indeed, once the OPE is incorporated into the
fits, besides its significant influence in the 3

S1 channel,
the parameter-free long-range physics largely dictates the
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Figure 3: Left panel: Pion mass dependence of the T
+
cc pole in the complex k-plane predicted at LO in chiral EFT. The value of ⇠ is indicated

by color. Right panel: LO pole trajectory in the complex energy plane corresponding to the left panel vs ⇠. Re Epole and Im Epole are shown
by solid and dashed lines, respectively. Only the energy of the pole with Re(k) > 0 is shown after the resonance appears.

appears below the D⇤D threshold followed in energy by
the D⇤D branch point, which is now located on the real
axis. Even higher up is the DD⇡ three-body cut, which,
however, for this parameter setting can only be reached if
the incoming or the outgoing D⇤D state in the OPE poten-
tial is o↵ shell. We note also that the lhcs from multi-pion
exchanges are also present in the amplitude, but are much
more distant from the threshold and therefore expected to
play a subleading role.

We now investigate the trajectory of the T+
cc pole as ⇠ is

varied, which is largely influenced by the non-trivial mo-
tion of the branpoints described in the previous paragraph.
The T+

cc pole at the physical pion mass can be classified as a
quasi-bound state – a would be bound state of DD⇤ if there
were no three-body decay to DD⇡. When the pion mass
increases, the T+

cc width decreases accordingly and the cor-
responding pole in the complex momentum plane (k-plane)
approaches the imaginary axis turning into a bound state.
This is illustrated in Fig. 3 – see the zoomed plot in the
left panel. The proper bound state occurs when the T+

cc

pole, located below the DD⇤ threshold, coincides with the
three-body threshold. This takes place at ⇠ = ⇠0

⇡ 1.027,
which is just a little smaller than ⇠0. Therefore, there is
a very narrow range of ⇠0 > ⇠ > ⇠0, where the three-body
threshold is still below the two-body threshold, but the T+

cc

is already stable. By further departing from the physical
point in terms of ⇠, the bound state on the physical Ree-
mann sheet (RS-I) turns into a virtual state on RS-II. The
particular value of ⇠ when this happens depends on the
dynamics, namely on whether the LO or NLO potential
is employed: at LO chiral EFT, the transition emerges at
⇠ ⇡ 1.3. A common feature of all settings is the appear-
ance of the second (lower-lying) virtual pole, the dynamics
of which is interrelated with the location of the lhc from
the OPE. The general pattern is illustrated in Fig. 3 and is
as follows: At some ⇠, the second virtual pole occurs from
under the lhc branch cut and goes along with the branch
point until the first (upper) pole comes close. Then, both
poles collide and the state becomes a resonance. The OPE
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Figure 4: Fig has to be improved a la in PRL. Arseniy please do
it Fits to the phase shifts from Ref. [34] extracted from FV energy
levels incorporating the left-hand cut from the OPE. Red and pink
dots denote the real and imaginary parts of the DD

⇤ phase shift
in the 3

S1 partial wave from Ref. [34]. Red and blue (ADD blue
line. Also add axis) lines are the results of the best fit for the real
and imaginary parts obtained in this work; orange and pink bands
represent the 1� uncertainty.

plays a significant role, not only by providing repulsion,
which would be absent in a pure contact formulation, but
also a↵ecting the analytic properties of the DD⇤ scatter-
ing amplitude in a very nontrivial way. The right panel
of Fig. 3 shows characteristic behavior of the pole in the
energy plane corresponding to the k-plane pole trajectory
in the left panel. The cusps and the point where Epole = 0
indicate a change in nature of the pole, which transitions
from quasi-bound to bound, virtual and resonance states
as ⇠ increases. The point where Epole = 0 corresponds to
the transition from RS-I to RS-II. Qualitatively, the pole
trajectories described here are similar to those discussed
in Ref. [48], however, modified by the e↵ects of the dy-
namical pions that induce the imaginary part of the Tcc

pole in physical setting and steer the ⇠ dependence of the
lower virtual pole.

3.2. NLO results

While the results at LO capture the behavior of the pole
trajectory qualitatively, in this section, we discuss how the
results change when the higher-order contact interactions
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App III: Pion-mass dependence of the Tcc pole at LO
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Ex: proton-neutron bound and virtual states
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● ⟹ large  a:
 r  ~ O(1/M𝜋)  

⟹
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and has a pole when  r/a is negative
— X was derived in the zero-range approximation 

● 
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● Meanwhile,

<latexit sha1_base64="OZm3ppTkoVVvVZIMCBMM0ZIdq14="></latexit>

a = �5.41 fm
<latexit sha1_base64="gZXx+EtUZxdlAmu6jOaBnvHdx28="></latexit>
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● ⟹ large  a:
 r  ~ O(1/M𝜋)  

⟹
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— both a and r  changed the sign ⟹ no pole

● 
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r = +2.75 fm
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,  as expected for a molecule up to the range corrections!
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