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Outline

* Motivation: Nucleon-pion-state contamination in nucleon form factors



MINERVA: Axial form factor of the nucleon

MINERVA experiment 2022: First measurements of neutrino-proton scattering
Cai et al, Nature Vol 614 (2023)
Uup = pin

direct handle on the proton’s axial form factor !

Previous measurements used nucleon bound states (e.g. Deuterium)
iInvolves “nuclear physics corrections”

Form factor (ff) Ga(Q?)  axial ff
decomposition: (N(p’) |Au \N(p)) < 5 (Q2)
P

T

induced pseudo scalar ff

axial vector current (p/ — p)2 = —Qz momentum transfer
N I I d — TA = \%
ucleon axial radius = — 0.7 A7 MINERvVA
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Induced pseudoscalar form factor - lattice data

Data by the PACS collaboration

- 1 v r T 1 r 7 Tt T 1 Tt T T T [ T T T 1
150 % ® exp. (muon capture)
~ \ ® exp. (m electroprod.)
ren 2\ i
GF? (Q ) i \\ - pion pole dominance model |
i \ ® PACS data
100 \
- \
\
i \
i \
50 F : N i
SRR
L E ~ . E
[ ~ I
[ - -
* E‘I I T
OOOI o IOOSI o IO.1OI o IO15I o IOZOI o I025
Q*[(GeV)?]
Some lattice parameters:

Ishikawa et al, PRD 98 (2018)

a ~ 0.085 fm
M. ~ 146 MeV

L ~ &8.1fm

The form factors can be computed
in lattice QCD



Induced pseudoscalar form factor - lattice data

Data by the PACS collaboration
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Induced pseudoscalar form factor - lattice data

Data by the PACS collaboration
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The lattice data underestimate the ff,
in particular for small 0z
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Induced pseudoscalar form factor - lattice data

Origin of the underestimation:
(wide agreement in the lattice community, after many years of discussion ...)

(Large) excited-state contamination due to a two-particle nucleon-pion (Nx) state

Based on many studies

> employing lattice simulations Jang et o/, PRD 109 (2024)
Barca, Bali and Collins, PRD 107 (2023)

Bali et al, JHEP 05 (2020)
Jang et al, PRL 124 (2020)

> using Chiral Perturbation Theory (ChPT) 0OB,PRD 99 (2019)

ChPT = predicts a large Nn-state contamination
= predicts an underestimation

= provides a correction formula to “remove” the Nn-state contamination
from the lattice data



Induced pseudoscalar form factor - lattice data

Data by the PACS collaboration

Ishikawa et al, PRD 98 (2018)
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The “ChPT corrected” data agree much better with the experimental data / ppd model



Outline

* Motivation: Nucleon-pion-state contamination in nucleon form factors
* Lattice basics: Excited-state contamination in B-meson 2pt function

* ChPT basics: Heavy meson Chiral Perturbation Theory (HM ChPT)
 Application: HM ChPT and the Brn excited-state contamination in

> B-meson decay constant
> \ector current form factor for B — =iy,

e Qutlook



Introduction: B-meson 2-pt function

e Consider the B-meson 2-pt function ~ Ca(t) = Z(B(f, t)BT(0,0))

> 2x: projection to zero momentum

> B interpolating field, qguantum numbers of the B-meson
excited-state contribution

e Spectral decomposition = Cy(t) = boe  MBt 4 pre Bt L byeF2t 4 .

finite spatial volume = discrete spectrum
\ < [(0B(0,0)|B(5 = 0))|?

b b
Mg (t) = —8; In Ca(¢) - Meg(t) = Mp + ie—AElt + ie—AEﬂ +. ..

effective mass

AFE, = Ey, — Mp

= time separation needs to be sufficiently large for small excited-state corrections

Note: same statement for 3-pt functions with more than one time separation



B and B*n states!

Consider static B and B*-mesons: AFE, ~ E,(p,) Dy, = Z_Wﬁ
"L
M,L =4 S
| L (pr
M, = 140 MeV 00 200 ® a0 & A % sd % e *

11 often won’t distinguish between B and B* in the following ...
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B and B*n states!

Consider static B and B*-mesons: AFE, ~ E.(py) Dy, = Z—Wﬁ
"L
ML =4 .
| Er (D)
M7 = 140 MeV | 0 200 Y a0 400 500 ®* e0 * ® 00
Mz = 280 MeV 100 200 s0 400  s0° e w0

11 often won’t distinguish between B and B* in the following ...
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B and B*n states!

Consider static B and B*-mesons: AE, ~ E.(p,) [ Z_Wﬁ
" L
M. L =4 5
| Er(pn)
Mz = 140 MeV 0 200 O 30 © a0 % 50 ® ew ® *wd ®
My = 280 MeV 10 20 30 40  s0° 0 S0
Mz = 400 MeV 40 200 30 400 0  eo 700

The number of low-lying B*n states increases rapidly with decreasing pion mass

11 often won’t distinguish between B and B* in the following ...
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B and B*n states!

Consider static B and B*-mesons:

M. = 140 MeV
M. L =4
M_.L =25
M.L =06

27T
— — —
AEn ~ E7T<pn> Pn — —MN
L
.
E(pn)
S (S S V- N Y —
100 200 300 400 500 600 700
.. 1 9 ® e o ' o 'O 0 0 0 0 06 0 0 o
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L. .. 9 @ @ 0 0 O 0 0 00000 0000000 00
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11 often won’t distinguish between B and B* in the following ...
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B and B*n states!

. : * . —> — 27-‘- —
Consider static B and B*-mesons: AE, ~ E.(p,) I fn
M. = 140 MeV ~
Er(pn)
MrL =4 0 200 © 300 © 40 500 O e0 © 7l
Mzl =5 0 a0 %0 T %uwe® Y s St
M,.L =06 e e e 0 0 0 0 0 00000 0000000 00
100 200 300 400 500 600 700

Infinite volume: continuous 2-particle spectrum, threshold = Mg + Mn

11 often won’t distinguish between B and B* in the following ...
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B excited states

* Expectation: Many Bz states contribute to the correlator and the effective mass

* However: Their impact depends also on the prefactors bi/bo
Known: by o< 1/ L3

Again: not a finite volume (FV) effect, number of states increases for larger volumes

* Two questions
1. How big is their impact ( = how big is bi/bo) ?
2. If non-negligible: How to deal with them ?

e Concerning 1. — Use Chiral Perturbation theory to get estimates

12



Chiral perturbation theory (ChPT)

Well-established and widely used:

ChPT: low-energy effective theory of QCD évae!;t;ﬁ?;j@“’y.er 1984

* Based on spontaneous (and small explicit) chiral symmetry breaking

> Energy gap (the pions are fairly light)
> Pion coupling is proportional to pion momenta (small at low energies) and pion mass

* Many applications in lattice QCD

> Pion mass dependence of observables

> FV effects due to pions

> Taste-breaking effects with staggered fermions

> Nn-state contamination in nucleon observables (charges, form factors,...)

* In the following: Bn-state contamination in B-meson observables

13



QCD with a static b-quark

* Qur starting point: QCD with a heavy static b-quark E. Eichten and B. Hill (1990), ...

\.\

L= Z dy /VUJD T ml)er + Q(D4 T My Q - Egauge

Note: LO in the heavy quark expansion, 1/my corrections (not here)

* High degree of symmetry
> Heavy quark spin symmetry — mass degenerate B and B* mesons
> Local flavor number (LFN) symmetry:  Q(z) — exp|in(Z)| Q(z)
> Chiral symmetry (in the light quark sector)

> |sospin symmetry ( if we assume mi=m,=mq) — 3 mass degenerate pions

* (Corresponding chiral effective theory — Heavy Meson (HM) ChPT M.Wise (1992)

must respect all these symmetries Burdman, Donoghue (1992)

* Note: We work in continuum QCD (and ignore Lorentz symmetry breaking at finite lattice spacing)

14



Basics of Heavy Meson (HM) ChPT

* Heavy quark spin symmetry — multiplet ~ H = Py (iBjys +iBy°) Py = (1+74)/2

H =~ H',
* Relevant interaction given by
Lint = z% tr (H%ﬂyﬂﬁuwfl) + ... — _.= .
BB*m B*B*m

Note: » one pion derivative

> two LO LECs f: pion decay constant
g: BB*r coupling

chiral limit values

15



Interpolating B-meson fields in HMChPT

* We are interested in correlation functions of interpolating fields for the B-mesons

Quark level: 7, (z)'Q(x) I': Clifford algebra element e.g. ys or v

light u,d quark heavy (static) b-quark

* Are mapped to HMChPT as usual: most general term compatible with the symmetries

-
-
-
-
-
-”
-

- LO 1term _, interpolating field for
NLO 2 terms pseudoscalar B-meson

16



Br contribution in HMChPT - 2pt function

e (Calculation of the correlation functions is a standard task in PT
(euclidean space time, finite spatial volume V=L3, L = o in the end)

* E.g.: Feynman diagrams for the

Br contribution in the 2-pt function B eo— 9o @

Extract contribution with exponential

ooooo

-----

exp| = (Mp+Exp)ll|  F=pe=—ps .
= o
ignore others
e (btain results for relative Br contribution: LT
0
Cy™ (1)
— ACBTF t) = Copt ﬁ e_Er,ﬁt
p T Recall Introduction
e b1 _r ( ba _
non-trivial result Mo (t) = Mp + —e B0 4 Z¢

of the ChPT calculation
17
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Br contribution in HMChPT - 2pt function

ACT™(t) = cope(p) e Fm7?
p

|

G P (g4 BB,
Copt ﬁ — (g + D1 7T,_’)
P 8(fL)?EryL E2 P

t 1

LO NLO

Comments

» expected 1/L3 dependence (2-particle state!)
» X, — “tower of states” (recall: 1-loop diagrams)
> infinite volume limit can be taken ( = non-zero, involves modified Bessel and Struve functions )

» depends on LECs f,g (LO) and p1 (NLO) in case of local interpolating fields

Estimates: [~ fr~93MeV PDG
ChPT prediction for the
g = 0.49 Lattice: A. Gerardin et al. (2022) — Br contamination in

B1 ~ 0.14(4) GeV ™! Lattice: B. Colquhoun et al. (2022)

18
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Br contribution in the effective decay constant

Example (0|ARCHO)B(F=0)) = f heavy light decay constant
f=fev/Mp /Cps

Estimator Fop(t) = V2 \/Co(t) e2Ms (D)t

not unique

19



Br contribution in the effective decay constant

AfET(2)

006« « :

0.055- _ — LO
0.04; NLO

[ later ...
0.03f

0.02}

0.01 }

000 i

t =1.3 fm: Br-state contamination leads to an overestimation of = 2%

small effect but relevant for % precision

20



Br contribution in the effective decay constant

AfET(2)

0.06 I L B A A e

0.05} 1 — LO

0.04} ] NLO
[ i later ...

0.03F .

0.02} -:

0.01 } -:

oooL— . . ooy
0.8 1.0 1.2 1.4 1.6 1.8 2.0

t/ [fm]

t =1.3 fm: Br-state contamination leads to an overestimation of = 2%

small effect but relevant for % precision

Analogous results for B-meson mass, BB*rw couplingg. —  Bm contamination = a few percent
A. Broll, OB and R. Sommer
20 Eur. Phys. ] C 83 (2023) 757



Semileptonic B decay

e Semileptonic B decay B — 7lv;

= matrix element (7(px) | V" | B(pg)) \ (Er)
) (£

heavy-light vector current form factor decomposition

Extract form factors from suitably defined ratio of 3pt and 2pt functions

= effective form factors  p(¢y, E,) = h (E,) {1 + Ahy (tv, Ew)}

\ \

current insertion time Br-state contamination

stemming from (7 | V" | B*r)

21



Br contamination Ah;

o7

-0.1

-0.2

-0.3+

_0_4_|||I|||I|||I|||I|||I|||
0.8 1.0 1.2 1.4 1.6 1.8

tv / [fm]

The B*n contamination in the 3-pt function ...

2.0

— LO

NLO

later ...

27
22 M. L=4
=

= Eﬂ',ﬁ ~ 260 MeV

> leads to an underestimation of ~ 20% of the form factor

> Why so much bigger than in the 2-pt function ?

22



Why is the Bt contamination in Ah, so big?

Feynman diagrams for

ly
P e
03 (t’ tv) ‘ B———3 > 2 E u
P Vk B
Cf3B7T (ta tV)
loop diagrams ‘ ¢ O
tree diagrams - T e T
g ‘ B—— 1 ‘ N :

Bnr B, tree Bm,loop __ B, tree

23



Br contamination Ah;

_0_4_|||I|||I|||I|||I|||I|||

0.8 1.0 1.2 1.4 1.6 1.8 2.0
tv/ [fm]
B ~ B, tree . —E._ sty
Ah?Y (tv,Eﬁ,ﬁ) ~ AhJ_ (tv, Ewyﬁ) = —]1 xe TP + NLO

Note: * nofactor 1/L3 = sometimes called “volume enhanced” contribution

* NO sum over pion momenta (i.e. no tower of states), one fixed pion momentum only

> exactly the same result as in Gp in the nucleon sector (recall Motivation)

24



Questions / Outlook

e HM ChPT predicts a non-negligible and in some cases a significant Br contamination

> How reliable are these NLO ChPT results?
needs to be checked with lattice data — first promising results: A. Gerardin, Lattice 2024

e How to deal with the Bxr contamination ?

> Apply HMChPT results to subtract (some of the) excited-state contamination?
What about remaining uncertainties?

> Smeared interpolating fields?
Is smearing helpful/effective in suppressing Br excited states ?
needs to be checked with lattice data = first results: A. Gerardin, Lattice 2024

> GEVP including two-hadron (Bn) interpolating fields ?
Currently under investigation ...

25



Interpolating B-meson fields in HMChPT

* We are interested in correlation functions of interpolating fields for the B-mesons

Quark level: 7,(z)I'Q(z) I': Clifford algebra element e.g. ys or v

light u,d quark heavy (static) b-quark

* Are mapped to HMChPT as usual: most general term compatible with the symmetries

lecal .

- LO 1term interpolating field for
NLO 2 terms pseudoscalar B-meson

20



Smeared interpolating B-meson fields in HMChPT

* We are interested in correlation functions of interpolating fields for the B-mesons

Quark level: 7, (z)'Q(x) I': Clifford algebra element e.g. ys or v

light u,d quark heavy (static) b-quark
* Are mapped to HMChPT as usual: most general term compatible with the symmetries

local
- LO 1term _, interpolating fieldfor o .7
NLO 2 terms pseudoscalar B-meson

provided 1

Rsmear < E

Rsmear=0.3 ... 0.4 fm seem okay

» Difference between local and smeared interpolators: different values for the LECs

27

Holds also for smeared interpolating fields with ~ @,.(x) — @7 (x) = / d*yq,.(v)K (y,z)



Impact of smearing (?)

Interpolating B-meson field

— T

local smeared

By~ 0.14(4) GeV ! P~ 7

B. Colquhoun et al. [JLQCD], 2022

Expectation:

_ increases overlap with the ground state
Smearing

decreases overlap with the excited states

Justified for Bn states?

28



Impact of smearing (?)

B1 ~ 0.14(4) GeV 1

B1 = =561
AfE™(t) Ah, (ty,Ey)
006 -~ - _ o7+
0.05:- I j
i ~0.1F
0.04:- I
0.03 . 02k
0.02:- k
[ -0.3|
0.01 :- I
0_00: ....................... i -04 T S SN ST |
0.8 1.0 1.2 1.4 1.6 1.8 20 0.8 1.0 1.2 14 16 1.8 2.0
t/ [fm] t/ [fm]

Smearing has the potential to significantly reduce the Br contamination

But: Is there a smearing procedure that causes 31 ~ —HB, ?

29



Lattice determination of LECs 1 and 61

*
P : reference momentum

HM ChPT prediction to NLO:
A.Broll, R. Sommer, OB, (2023)

(r(®)|Ve|B) _ 1= 51 Exp)/g  Ex(P") = Px

hip) = (r(p*)[Vk|B)  1-51E:(p*)/g  Ex(P)  (P*)x

= extract /i from the pion energy dependence

Lattice estimator: R°™ (p, ty)

suitably defined ratio of 3pt and 2pt functions

Smearing of the vector current: V,, — V. = R(p) — R(p)

51%31

= extract ,51

30



Lattice determination of LECs 1 and 51

Lattice results (preliminary) — contribution by Antoine Gerardin, Lattice 2024

Recall:

1.1

0.9

0.8 |

0.7

0.6

local current

Ry ——=—

B

b1~ b1

04 05 06 0.7 0.8
E. [GeV]

B1 ~ 0.20(2)GeV !

B ~ 0.14(4)GeV~! by JLQCD

1.1

0.9 -

0.8

0.7

0.6

smeared current

~

Ry ———

3 L

04 05 06 0.7 0.8
E. [GeV]

B1 =~ 0.23(3)GeV !

Gaussian smearing

Tsmear ~ 0.45 fm

= small impact of Gaussian smearing on Br excited states !



Questions / Outlook

e HM ChPT predicts a non-negligible and in some cases a significant Br contamination

>

e How to deal with the Bxr contamination ?

How reliable are these NLO ChPT results?

needs to be checked with lattice data — first promising results: A. Gerardin, Lattice 2024

> Apply HMChPT results to subtract (some of the) excited-state contamination?

>

>

What about remaining uncertainties?

Smeared interpolating fields?

Is smearing helpful/effective in suppressing Br excited states ?
needs to be checked with lattice data — first results: A. Gerardin, Lattice 2024

GEVP including two-hadron (Bn) interpolating fields ?

Currently under investigation ...

32

Preliminary answer for
Gaussian smearing: No

But: Distillation looks better
work in progress ...



Backup slides

33



Br contribution in the 2pt function

0.030

0.025 —
0.020 —
0.015 —
0.010 —

0.005

0.000 L

0.8

LO

NLO, local interpol.

NLO, smeared interpol.?

t =1.3 fm: Br-state contamination leads to an overestimation of = 1%

if local interpolating fields are used
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Br contribution in the 2pt function

ACT™(t)
0.030 — : E. /M,
0.025]- | a» <7
0.020 - a» <5
0.015[ aa» <4
0.010
0.005 |
o.oo%"8

dashed lines: M;L =4

solid lines: infinite volume limit
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Br contribution in the effective mass

AME™(t)/[MeV]
¥
15]

10}
5
o_ |||||||||||||||||||||||
0.8 1.0 1.2 1.4 1.6 1.8
t/[fm]

LO

NLO, local interpol.

NLO, smeared interpol.?

t =1.3 fm: Br-state contamination leads to an overestimation of = 5 MeV

if local interpolating fields are used
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Antoine Gerardin, talk at Lattice 2024

Calculation of the LECs : 51 and 51

» HMYPT prediction (at NLO) for the form factor h | [ref still missing]

(m®)|VkIB) _ 1=061/9E:(p)  Ex(P") 1
(m(p*)|Vi|B) 1 — p1/9 Ex(p*) Ex(p) (P*)k

— extract 31 from the pion energy dependence
— smearing of the vector current (V,, — V},) : gives access to 31 (LECs for smeared B operators)

[O. Bar, A. Broll, R. Sommer '23]
» Matrix element obtained from 3-point functions in the static limit

(3) ip(xe—
C (tmtv,p V2 Z Xf,t + tr )V(y7 )OB(XDO»G P(x¢—y)

Xf,Y,Xj

Replace local by smeared vector current : ‘N/M — a(f) T '/o\o B

ta tv
Y

» Lattice estimator :

Ex(p) W)k C(tr,toip) O (tr, p*)

Reﬁ(tat’v; p) = * —~
Ex(®*) Pr OOty ty:p*) O (tr, )

— this estimator is itself affected by excited states : can be used to correct our data

1—|—AhJ_(t p) _ _ * 61+Bl B . *
1+ 6p-(t,:p) = viP) 4 (Bx(P)=Ex(p*))t, 4 P1LTPL (Eﬂ Ex(P)t _ B _(p*)e~ Ex(P )t)
+ 0B ( 7p) 1+Ahj_(tv,p*) + e + q (p)e (p )6 +

Antoine Gérardin B*7 excited-state contamination in B-physics observables



Antoine Gerardin, talk at Lattice 2024

Preliminary results : 8, and

Exp) 0 CP(t, tw;p) CP(t — t,, p*)

Reﬁ(t,tmp) = * =
Ex(p*) pe CP(t,t,;p*) CP(t —ty,p)

e Plateaus at fixed ¢, (left) or at fixed ¢, (right)

|ﬂ = 0.47 GeV \ﬁl = 0.47 GeV
14 t;=1fm A 1.4 - t,=11fm -
12 - s 1.2 | o
*x T o
1+ IIIIH_ﬂL““"Q . 1r Igﬂﬂﬂiﬂﬁﬂ JJ.. :
Reaaiiii Ty TTT Ml j T.—i—ﬂ-nﬁﬂﬁ_ﬂhﬁ ey ~ 10% correction (B*r)
08 ~ i H 08 FIIi‘ jijz :2 -0
0.6 - iy 0.6 - ]
04 + - 04 -
0.2 Corrected —— | 0.9 k Corrected —— |
Uncorrected — Uncorrected —
O | | | | | | | | | | 0 | | | | | | | | | |
0.0 04 0.8 1.2 1.6 2. 0.0 04 0.8 1.2 1.6 2.
Ly [fm] tr [fm]

e Repeat the analysis for different values of E; in the range [0.29 : 0.85] GeV

Antoine Gérardin B* 1 excited-state contamination in B-physics observables



Antoine Gerardin, talk at Lattice 2024

Test of HMYPT : two-point heavy-light function with distillation

e /31 depends on the detail of the smearing operator

— other smearings may yield better results ( 7)

e Preliminary results obtained with distillation [M Peardon et al. "09]

Profiles Ratio of overlap factors
1 \ | 0.3
New=25 | | e
Ney =50 ———
08 | Nev — 100 —_ 025 I N
o2+ -
0.6 + .
= & 015 -
s
04 + =
0.1 - - .
~reas ]
0.2 - - i }
0.05 - l .
0 | | | | | | 0 | | | |
0O 0.2 04 06 0.8 1 1.2 0 5) 10 15 20
r [fm] t/a

— preliminary results suggest smaller overlap with B*7 states as compared to gauss smearing

— next step : compute 51 in distillation (applicability of HLChPT ?)

Antoine Gérardin B*7 excited-state contamination in B-physics observables



More results

° Analogous results for A. Broll, OB and R. Sommer
Eur. Phys.] C 83 (2023) 757
> B-meson mass

> BB*m coupling gx
with Bt contamination = a few percent

* But: The Bt contamination can be significantly larger in some cases

Example: Vector current form factor

40



