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• Motivation: Nucleon-pion-state contamination in nucleon form factors


• …


• …


•
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MINERνA: Axial form factor of the nucleon
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MINERνA experiment 2022:   First measurements of neutrino-proton scattering
<latexit sha1_base64="ho9WHV2sxgz4wTMGGQ7liHReJco=">AAACAnicdVDLSsNAFJ34rPUVdSVuBovgQkpSND5WBTcuK9gHNCFMppN26GQSZiZCCcGNv+LGhSJu/Qp3/o2TNoKKHhg4nHMPd+4JEkalsqwPY25+YXFpubJSXV1b39g0t7Y7Mk4FJm0cs1j0AiQJo5y0FVWM9BJBUBQw0g3Gl4XfvSVC0pjfqElCvAgNOQ0pRkpLvrnrxtou0pnL09zP3CjNoXuUQN+sWXVrCjgjdkOTE8s+dxxol1YNlGj55rs7iHEaEa4wQ1L2bStRXoaEopiRvOqmkiQIj9GQ9DXlKCLSy6Yn5PBAKwMYxkI/ruBU/Z7IUCTlJAr0ZITUSP72CvEvr5+q8MzLKE9SRTieLQpTBlUMiz7ggAqCFZtogrCg+q8Qj5BAWOnWqrqEr0vh/6TTqNtO3bk+rjUvyjoqYA/sg0Ngg1PQBFegBdoAgzvwAJ7As3FvPBovxutsdM4oMzvgB4y3T5eUl4o=</latexit>

⌫µ p
<latexit sha1_base64="aE/od7vqIgfu1ig+y+v5uw6iK5g=">AAAB8HicdVDLSgNBEOz1GeMr6tHLYBAEJewGjY9TwIvHCOYh2TXMTmaTITOzy8ysEEK+wosHRbz6Od78GyfJCipa0FBUddPdFSacaeO6H87c/MLi0nJuJb+6tr6xWdjabug4VYTWScxj1QqxppxJWjfMcNpKFMUi5LQZDi4nfvOeKs1ieWOGCQ0E7kkWMYKNlW59kd4dIv9IdgpFt+ROgWbEK1ty4nrnlQryMqsIGWqdwrvfjUkqqDSEY63bnpuYYISVYYTTcd5PNU0wGeAebVsqsaA6GE0PHqN9q3RRFCtb0qCp+n1ihIXWQxHaToFNX//2JuJfXjs10VkwYjJJDZVktihKOTIxmnyPukxRYvjQEkwUs7ci0scKE2MzytsQvj5F/5NGueRVSpXr42L1IosjB7uwBwfgwSlU4QpqUAcCAh7gCZ4d5Tw6L87rrHXOyWZ24Aect0/m24/S</latexit>

µ+ n➞

direct handle on the proton’s axial form factor !

Previous measurements used nucleon bound states (e.g. Deuterium)  
involves “nuclear physics corrections”

Cai et al, Nature Vol 614 (2023)

Form factor (ff)  
decomposition:

<latexit sha1_base64="Bn7m51j16r6vGgkQekpFDkOETRQ=">AAACC3icdVDLSgMxFM3UV62vUZduQovYbspM0fGxqrhxJRXsAzqlZNJMG5rJDElGKNPu3fgrblwo4tYfcOffmLYjqOiBCyfn3EvuPV7EqFSW9WFkFhaXlleyq7m19Y3NLXN7pyHDWGBSxyELRctDkjDKSV1RxUgrEgQFHiNNb3gx9Zu3REga8hs1ikgnQH1OfYqR0lLXzLsM8T4j8KoYHZTG593EDeLJePosuWJmdc2CVbZmgHNiVzQ5suxTx4F2ahVAilrXfHd7IY4DwhVmSMq2bUWqkyChKGZkknNjSSKEh6hP2ppyFBDZSWa3TOC+VnrQD4UuruBM/T6RoEDKUeDpzgCpgfztTcW/vHas/JNOQnkUK8Lx/CM/ZlCFcBoM7FFBsGIjTRAWVO8K8QAJhJWOL6dD+LoU/k8albLtlJ3rw0L1LI0jC/ZAHhSBDY5BFVyCGqgDDO7AA3gCz8a98Wi8GK/z1oyRzuyCHzDePgGBoJoX</latexit>

hN(p0)|Aµ|N(p)i

axial vector current

<latexit sha1_base64="IcQw4kMCU1/weAKXJsFwsdLnYFM=">AAAB/3icdVDLSsNAFJ34rPUVFdy4GSxC3ZSkaKy7ggtdtmAf0MQwmUzaoZMHMxOhxCz8FTcuFHHrb7jzb5y2EVT0wIXDOfdy7z1ewqiQhvGhLSwuLa+sltbK6xubW9v6zm5XxCnHpINjFvO+hwRhNCIdSSUj/YQTFHqM9LzxxdTv3RIuaBxdy0lCnBANIxpQjKSSXH3flpT5JLvM3czmIWzl1fZN/djVK0bNmAHOiVlX5NQwzy0LmoVVAQVarv5u+zFOQxJJzJAQA9NIpJMhLilmJC/bqSAJwmM0JANFIxQS4WSz+3N4pBQfBjFXFUk4U79PZCgUYhJ6qjNEciR+e1PxL2+QyqDhZDRKUkkiPF8UpAzKGE7DgD7lBEs2UQRhTtWtEI8QR1iqyMoqhK9P4f+kW6+ZVs1qn1SajSKOEjgAh6AKTHAGmuAKtEAHYHAHHsATeNbutUftRXudty5oxcwe+AHt7RMo+ZWH</latexit>

G̃P(Q
2)

<latexit sha1_base64="97oP7CDR+8nOfXevyvv68e2uU+k=">AAAB9XicdVBNT8JAEJ3iF+IX6tHLRmKCF9ISrXjDeNAjJAImUMh2WWDDdtvsbjWk4X948aAxXv0v3vw3LlATNfqSSV7em8nMPD/iTGnb/rAyS8srq2vZ9dzG5tb2Tn53r6nCWBLaICEP5a2PFeVM0IZmmtPbSFIc+Jy2/PHlzG/dUalYKG70JKJegIeCDRjB2kjdq17SkQG6mBbr3fJxL1+wS/YcaEGcsiGntnPuushJrQKkqPXy751+SOKACk04Vqrt2JH2Eiw1I5xOc51Y0QiTMR7StqECB1R5yfzqKToySh8NQmlKaDRXv08kOFBqEvimM8B6pH57M/Evrx3rQcVLmIhiTQVZLBrEHOkQzSJAfSYp0XxiCCaSmVsRGWGJiTZB5UwIX5+i/0mzXHLckls/KVQraRxZOIBDKIIDZ1CFa6hBAwhIeIAneLburUfrxXpdtGasdGYffsB6+wQPZJGR</latexit>

GA(Q
2) axial ff

induced pseudo scalar ff

<latexit sha1_base64="na1wUKbwnmGHi9Oo51MDoSjgIVQ=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSxiXbQkQWNdCAU3LluwD2jTMplO2qGTZJiZCDX0S9y4UMStn+LOv3H6EFT0wIXDOfdy7z0+Z1Qqy/owMiura+sb2c3c1vbObt7c22/KOBGYNHDMYtH2kSSMRqShqGKkzQVBoc9Iyx9fz/zWHRGSxtGtmnDihWgY0YBipLTUN/NFflLipz0HXsFSvef0zYJVtuaAC2I7mpxb9qXrQntpFcAStb753h3EOAlJpDBDUnZsiysvRUJRzMg0100k4QiP0ZB0NI1QSKSXzg+fwmOtDGAQC12RgnP1+0SKQiknoa87Q6RG8rc3E//yOokKKl5KI54oEuHFoiBhUMVwlgIcUEGwYhNNEBZU3wrxCAmElc4qp0P4+hT+T5pO2XbLbv2sUK0s48iCQ3AEisAGF6AKbkANNAAGCXgAT+DZuDcejRfjddGaMZYzB+AHjLdPcOCRAA==</latexit>

(p0 � p)2 = �Q2 momentum transfer

Nucleon axial radius

<latexit sha1_base64="isGDcpDLPOIoLyjgDEo1wkjDZLI="></latexit>

r2A ⌘ � 6

GA(0)

dGA

dQ2

����
Q2=0

⇒
<latexit sha1_base64="4EHPOZuZNZlkzxfWjkAwejoDZgQ=">AAACBXicdVDLSsNAFJ34rPUVdamLwSK4kJJUTetCqLhxWcE+oAlhMp20Q2eSMDMRSujGjb/ixoUibv0Hd/6N0zaCih643MM59zJzT5AwKpVlfRhz8wuLS8uFleLq2vrGprm13ZJxKjBp4pjFohMgSRiNSFNRxUgnEQTxgJF2MLyc+O1bIiSNoxs1SojHUT+iIcVIack394R/cQ6tcvXYTbjudtU9gpkrOAz52DdLVtmaAs6IXdHk1LLPHAfauVUCORq++e72YpxyEinMkJRd20qUlyGhKGZkXHRTSRKEh6hPuppGiBPpZdMrxvBAKz0YxkJXpOBU/b6RIS7liAd6kiM1kL+9ifiX101VWPMyGiWpIhGePRSmDKoYTiKBPSoIVmykCcKC6r9CPEACYaWDK+oQvi6F/5NWpWw7Zef6pFSv5XEUwC7YB4fABlVQB1egAZoAgzvwAJ7As3FvPBovxutsdM7Id3bADxhvn3jrlgY=</latexit>

rA = 0.73± 0.17 fm MINERνA



Induced pseudoscalar form factor - lattice data
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Data by the PACS collaboration

Some lattice parameters:
<latexit sha1_base64="1nkT4VaBsFh4qFCUrgsaXXqfzIs=">AAACA3icdVDLSsNAFJ34rPUVdaebwSK4kJIUG+uu4MZlBfuAJpTJdNIOnZmEmYlYQsGNv+LGhSJu/Ql3/o3TNoKKHrhwOOde7r0nTBhV2nE+rIXFpeWV1cJacX1jc2vb3tltqTiVmDRxzGLZCZEijArS1FQz0kkkQTxkpB2OLqZ++4ZIRWNxrccJCTgaCBpRjLSRevY+gj5KEhnfQqfs1KrQP8l8yWHEJz27ZKQZ4Jy4FUOqjnvuedDNrRLI0ejZ734/xiknQmOGlOq6TqKDDElNMSOTop8qkiA8QgPSNVQgTlSQzX6YwCOj9GEUS1NCw5n6fSJDXKkxD00nR3qofntT8S+vm+qoFmRUJKkmAs8XRSmDOobTQGCfSoI1GxuCsKTmVoiHSCKsTWxFE8LXp/B/0qqUXa/sXZ2W6rU8jgI4AIfgGLjgDNTBJWiAJsDgDjyAJ/Bs3VuP1ov1Om9dsPKZPfAD1tsnikKWLg==</latexit>

a ⇡ 0.085 fm
<latexit sha1_base64="k4ln7R3vgMjntl1sxai0Zk9jK88=">AAACCXicdVDLSsNAFJ3UV62vqEs3g0VwISUpNdZdwY2bQgX7gCaEyXTSDp0kw8xELKFbN/6KGxeKuPUP3Pk3TtsIKnrgwuGce7n3noAzKpVlfRiFpeWV1bXiemljc2t7x9zd68gkFZi0ccIS0QuQJIzGpK2oYqTHBUFRwEg3GF/M/O4NEZIm8bWacOJFaBjTkGKktOSbsOlnLqdT6CLORXIL7ZoDoXuSuSKCTdKZ+mbZqlhzwAWxq5qcWva540A7t8ogR8s3391BgtOIxAozJGXftrjyMiQUxYxMS24qCUd4jIakr2mMIiK9bP7JFB5pZQDDROiKFZyr3ycyFEk5iQLdGSE1kr+9mfiX109VWPcyGvNUkRgvFoUpgyqBs1jggAqCFZtogrCg+laIR0ggrHR4JR3C16fwf9KpVmyn4lzVyo16HkcRHIBDcAxscAYa4BK0QBtgcAcewBN4Nu6NR+PFeF20Fox8Zh/8gPH2CV1dmNc=</latexit>

M⇡ ⇡ 146MeV
<latexit sha1_base64="mzk6B6CrIgbBA39gbibXURj8iD8=">AAACAnicdVDLSsNAFJ34rPUVdSVuBovgQkpSNNZdwY0LFxXsA5pQJtNJO3RmEmYmYgnFjb/ixoUibv0Kd/6N0zaCih64cDjnXu69J0wYVdpxPqy5+YXFpeXCSnF1bX1j097abqo4lZg0cMxi2Q6RIowK0tBUM9JOJEE8ZKQVDs8nfuuGSEVjca1HCQk46gsaUYy0kbr27iX0UZLI+BZWyy6E/lHmSw4jPu7aJafsTAFnxK0YcuK4Z54H3dwqgRz1rv3u92KcciI0ZkipjuskOsiQ1BQzMi76qSIJwkPUJx1DBeJEBdn0hTE8MEoPRrE0JTScqt8nMsSVGvHQdHKkB+q3NxH/8jqpjqpBRkWSaiLwbFGUMqhjOMkD9qgkWLORIQhLam6FeIAkwtqkVjQhfH0K/yfNStn1yt7VcalWzeMogD2wDw6BC05BDVyAOmgADO7AA3gCz9a99Wi9WK+z1jkrn9kBP2C9fQLU9JXL</latexit>

L ⇡ 8.1 fm

Ishikawa et al, PRD 98 (2018)

The form factors can be computed  
in lattice QCD



Induced pseudoscalar form factor - lattice data

5

Q2[(GeV)2]

���� ���� ���� ���� ���� ����
�

��

���

���

Gren
P (Q2)

∼
exp. (muon capture) 

exp. (π electroprod.) 

pion pole dominance model 

PACS data

FIG. 35. Same as Fig. 6 for the induced pseudoscalar form factor multiplying the factor 2MN.
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FIG. 36. Same as Fig. 7 for the induced pseudoscalar form
factor.
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FIG. 37. Same as Fig. 8 for the induced pseudoscalar form
factor.

RYUTARO TSUJI et al. PHYS. REV. D 109, 094505 (2024)

094505-28

Data by the PACS collaboration

Some lattice parameters:
<latexit sha1_base64="1nkT4VaBsFh4qFCUrgsaXXqfzIs=">AAACA3icdVDLSsNAFJ34rPUVdaebwSK4kJIUG+uu4MZlBfuAJpTJdNIOnZmEmYlYQsGNv+LGhSJu/Ql3/o3TNoKKHrhwOOde7r0nTBhV2nE+rIXFpeWV1cJacX1jc2vb3tltqTiVmDRxzGLZCZEijArS1FQz0kkkQTxkpB2OLqZ++4ZIRWNxrccJCTgaCBpRjLSRevY+gj5KEhnfQqfs1KrQP8l8yWHEJz27ZKQZ4Jy4FUOqjnvuedDNrRLI0ejZ734/xiknQmOGlOq6TqKDDElNMSOTop8qkiA8QgPSNVQgTlSQzX6YwCOj9GEUS1NCw5n6fSJDXKkxD00nR3qofntT8S+vm+qoFmRUJKkmAs8XRSmDOobTQGCfSoI1GxuCsKTmVoiHSCKsTWxFE8LXp/B/0qqUXa/sXZ2W6rU8jgI4AIfgGLjgDNTBJWiAJsDgDjyAJ/Bs3VuP1ov1Om9dsPKZPfAD1tsnikKWLg==</latexit>

a ⇡ 0.085 fm
<latexit sha1_base64="k4ln7R3vgMjntl1sxai0Zk9jK88=">AAACCXicdVDLSsNAFJ3UV62vqEs3g0VwISUpNdZdwY2bQgX7gCaEyXTSDp0kw8xELKFbN/6KGxeKuPUP3Pk3TtsIKnrgwuGce7n3noAzKpVlfRiFpeWV1bXiemljc2t7x9zd68gkFZi0ccIS0QuQJIzGpK2oYqTHBUFRwEg3GF/M/O4NEZIm8bWacOJFaBjTkGKktOSbsOlnLqdT6CLORXIL7ZoDoXuSuSKCTdKZ+mbZqlhzwAWxq5qcWva540A7t8ogR8s3391BgtOIxAozJGXftrjyMiQUxYxMS24qCUd4jIakr2mMIiK9bP7JFB5pZQDDROiKFZyr3ycyFEk5iQLdGSE1kr+9mfiX109VWPcyGvNUkRgvFoUpgyqBs1jggAqCFZtogrCg+laIR0ggrHR4JR3C16fwf9KpVmyn4lzVyo16HkcRHIBDcAxscAYa4BK0QBtgcAcewBN4Nu6NR+PFeF20Fox8Zh/8gPH2CV1dmNc=</latexit>

M⇡ ⇡ 146MeV
<latexit sha1_base64="mzk6B6CrIgbBA39gbibXURj8iD8=">AAACAnicdVDLSsNAFJ34rPUVdSVuBovgQkpSNNZdwY0LFxXsA5pQJtNJO3RmEmYmYgnFjb/ixoUibv0Kd/6N0zaCih64cDjnXu69J0wYVdpxPqy5+YXFpeXCSnF1bX1j097abqo4lZg0cMxi2Q6RIowK0tBUM9JOJEE8ZKQVDs8nfuuGSEVjca1HCQk46gsaUYy0kbr27iX0UZLI+BZWyy6E/lHmSw4jPu7aJafsTAFnxK0YcuK4Z54H3dwqgRz1rv3u92KcciI0ZkipjuskOsiQ1BQzMi76qSIJwkPUJx1DBeJEBdn0hTE8MEoPRrE0JTScqt8nMsSVGvHQdHKkB+q3NxH/8jqpjqpBRkWSaiLwbFGUMqhjOMkD9qgkWLORIQhLam6FeIAkwtqkVjQhfH0K/yfNStn1yt7VcalWzeMogD2wDw6BC05BDVyAOmgADO7AA3gCz9a99Wi9WK+z1jkrn9kBP2C9fQLU9JXL</latexit>

L ⇡ 8.1 fm
<latexit sha1_base64="2LrQ8Ci+3IfrzMyD/66+SPT2Y+c=">AAACA3icdVDLSsNAFJ34rPUVdaebwSK4kJIUjXVXcOPCRQX7gCaUyXTSDp2ZhJmJWELBjb/ixoUibv0Jd/6N0zaCih64cDjnXu69J0wYVdpxPqy5+YXFpeXCSnF1bX1j097abqo4lZg0cMxi2Q6RIowK0tBUM9JOJEE8ZKQVDs8nfuuGSEVjca1HCQk46gsaUYy0kbr27iX0UZLI+Ba6TrkKoX+U+ZLDiI+7dskpO1PAGXErhpw47pnnQTe3SiBHvWu/+70Yp5wIjRlSquM6iQ4yJDXFjIyLfqpIgvAQ9UnHUIE4UUE2/WEMD4zSg1EsTQkNp+r3iQxxpUY8NJ0c6YH67U3Ev7xOqqNqkFGRpJoIPFsUpQzqGE4CgT0qCdZsZAjCkppbIR4gibA2sRVNCF+fwv9Js1J2vbJ3dVyqVfM4CmAP7IND4IJTUAMXoA4aAIM78ACewLN1bz1aL9brrHXOymd2wA9Yb59JO5YF</latexit>

L ⇡ 10.8 fm

<latexit sha1_base64="IY2U8fDPwtaJv59RO7r5Jq+g2aI=">AAACCXicdVDLSsNAFJ34rPUVdelmsAgupCTVxroruHFTqGAf0IQwmU7aoZNkmJmIJWTrxl9x40IRt/6BO//G6UNQ0QMXDufcy733BJxRqSzrw1hYXFpeWS2sFdc3Nre2zZ3dtkxSgUkLJywR3QBJwmhMWooqRrpcEBQFjHSC0cXE79wQIWkSX6sxJ16EBjENKUZKS74JG37mcppDF3Euklton1QhdI8zV0SwQdq5b5assjUFnBG7oknVss8dB9pzqwTmaPrmu9tPcBqRWGGGpOzZFldehoSimJG86KaScIRHaEB6msYoItLLpp/k8FArfRgmQles4FT9PpGhSMpxFOjOCKmh/O1NxL+8XqrCmpfRmKeKxHi2KEwZVAmcxAL7VBCs2FgThAXVt0I8RAJhpcMr6hC+PoX/k3albDtl5+q0VK/N4yiAfXAAjoANzkAdXIImaAEM7sADeALPxr3xaLwYr7PWBWM+swd+wHj7BFo6mNU=</latexit>

M⇡ ⇡ 135MeV

<latexit sha1_base64="+vmHmNDdkBmHUwtTcOY5PvCE2PI="></latexit>

a ⇡ 0.085 fm , 0.063 fm

Ishikawa et al, PRD 98 (2018)
Tsuji et al, PRD 109 (2024)

Year 2018 Year 2024
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FIG. 35. Same as Fig. 6 for the induced pseudoscalar form factor multiplying the factor 2MN.
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FIG. 36. Same as Fig. 7 for the induced pseudoscalar form
factor.
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FIG. 37. Same as Fig. 8 for the induced pseudoscalar form
factor.

RYUTARO TSUJI et al. PHYS. REV. D 109, 094505 (2024)

094505-28

Data by the PACS collaboration

Some lattice parameters:
<latexit sha1_base64="1nkT4VaBsFh4qFCUrgsaXXqfzIs=">AAACA3icdVDLSsNAFJ34rPUVdaebwSK4kJIUG+uu4MZlBfuAJpTJdNIOnZmEmYlYQsGNv+LGhSJu/Ql3/o3TNoKKHrhwOOde7r0nTBhV2nE+rIXFpeWV1cJacX1jc2vb3tltqTiVmDRxzGLZCZEijArS1FQz0kkkQTxkpB2OLqZ++4ZIRWNxrccJCTgaCBpRjLSRevY+gj5KEhnfQqfs1KrQP8l8yWHEJz27ZKQZ4Jy4FUOqjnvuedDNrRLI0ejZ734/xiknQmOGlOq6TqKDDElNMSOTop8qkiA8QgPSNVQgTlSQzX6YwCOj9GEUS1NCw5n6fSJDXKkxD00nR3qofntT8S+vm+qoFmRUJKkmAs8XRSmDOobTQGCfSoI1GxuCsKTmVoiHSCKsTWxFE8LXp/B/0qqUXa/sXZ2W6rU8jgI4AIfgGLjgDNTBJWiAJsDgDjyAJ/Bs3VuP1ov1Om9dsPKZPfAD1tsnikKWLg==</latexit>

a ⇡ 0.085 fm
<latexit sha1_base64="k4ln7R3vgMjntl1sxai0Zk9jK88=">AAACCXicdVDLSsNAFJ3UV62vqEs3g0VwISUpNdZdwY2bQgX7gCaEyXTSDp0kw8xELKFbN/6KGxeKuPUP3Pk3TtsIKnrgwuGce7n3noAzKpVlfRiFpeWV1bXiemljc2t7x9zd68gkFZi0ccIS0QuQJIzGpK2oYqTHBUFRwEg3GF/M/O4NEZIm8bWacOJFaBjTkGKktOSbsOlnLqdT6CLORXIL7ZoDoXuSuSKCTdKZ+mbZqlhzwAWxq5qcWva540A7t8ogR8s3391BgtOIxAozJGXftrjyMiQUxYxMS24qCUd4jIakr2mMIiK9bP7JFB5pZQDDROiKFZyr3ycyFEk5iQLdGSE1kr+9mfiX109VWPcyGvNUkRgvFoUpgyqBs1jggAqCFZtogrCg+laIR0ggrHR4JR3C16fwf9KpVmyn4lzVyo16HkcRHIBDcAxscAYa4BK0QBtgcAcewBN4Nu6NR+PFeF20Fox8Zh/8gPH2CV1dmNc=</latexit>

M⇡ ⇡ 146MeV
<latexit sha1_base64="mzk6B6CrIgbBA39gbibXURj8iD8=">AAACAnicdVDLSsNAFJ34rPUVdSVuBovgQkpSNNZdwY0LFxXsA5pQJtNJO3RmEmYmYgnFjb/ixoUibv0Kd/6N0zaCih64cDjnXu69J0wYVdpxPqy5+YXFpeXCSnF1bX1j097abqo4lZg0cMxi2Q6RIowK0tBUM9JOJEE8ZKQVDs8nfuuGSEVjca1HCQk46gsaUYy0kbr27iX0UZLI+BZWyy6E/lHmSw4jPu7aJafsTAFnxK0YcuK4Z54H3dwqgRz1rv3u92KcciI0ZkipjuskOsiQ1BQzMi76qSIJwkPUJx1DBeJEBdn0hTE8MEoPRrE0JTScqt8nMsSVGvHQdHKkB+q3NxH/8jqpjqpBRkWSaiLwbFGUMqhjOMkD9qgkWLORIQhLam6FeIAkwtqkVjQhfH0K/yfNStn1yt7VcalWzeMogD2wDw6BC05BDVyAOmgADO7AA3gCz9a99Wi9WK+z1jkrn9kBP2C9fQLU9JXL</latexit>

L ⇡ 8.1 fm
<latexit sha1_base64="2LrQ8Ci+3IfrzMyD/66+SPT2Y+c=">AAACA3icdVDLSsNAFJ34rPUVdaebwSK4kJIUjXVXcOPCRQX7gCaUyXTSDp2ZhJmJWELBjb/ixoUibv0Jd/6N0zaCih64cDjnXu69J0wYVdpxPqy5+YXFpeXCSnF1bX1j097abqo4lZg0cMxi2Q6RIowK0tBUM9JOJEE8ZKQVDs8nfuuGSEVjca1HCQk46gsaUYy0kbr27iX0UZLI+Ba6TrkKoX+U+ZLDiI+7dskpO1PAGXErhpw47pnnQTe3SiBHvWu/+70Yp5wIjRlSquM6iQ4yJDXFjIyLfqpIgvAQ9UnHUIE4UUE2/WEMD4zSg1EsTQkNp+r3iQxxpUY8NJ0c6YH67U3Ev7xOqqNqkFGRpJoIPFsUpQzqGE4CgT0qCdZsZAjCkppbIR4gibA2sRVNCF+fwv9Js1J2vbJ3dVyqVfM4CmAP7IND4IJTUAMXoA4aAIM78ACewLN1bz1aL9brrHXOymd2wA9Yb59JO5YF</latexit>

L ⇡ 10.8 fm

<latexit sha1_base64="IY2U8fDPwtaJv59RO7r5Jq+g2aI=">AAACCXicdVDLSsNAFJ34rPUVdelmsAgupCTVxroruHFTqGAf0IQwmU7aoZNkmJmIJWTrxl9x40IRt/6BO//G6UNQ0QMXDufcy733BJxRqSzrw1hYXFpeWS2sFdc3Nre2zZ3dtkxSgUkLJywR3QBJwmhMWooqRrpcEBQFjHSC0cXE79wQIWkSX6sxJ16EBjENKUZKS74JG37mcppDF3Euklton1QhdI8zV0SwQdq5b5assjUFnBG7oknVss8dB9pzqwTmaPrmu9tPcBqRWGGGpOzZFldehoSimJG86KaScIRHaEB6msYoItLLpp/k8FArfRgmQles4FT9PpGhSMpxFOjOCKmh/O1NxL+8XqrCmpfRmKeKxHi2KEwZVAmcxAL7VBCs2FgThAXVt0I8RAJhpcMr6hC+PoX/k3albDtl5+q0VK/N4yiAfXAAjoANzkAdXIImaAEM7sADeALPxr3xaLwYr7PWBWM+swd+wHj7BFo6mNU=</latexit>

M⇡ ⇡ 135MeV

<latexit sha1_base64="+vmHmNDdkBmHUwtTcOY5PvCE2PI="></latexit>

a ⇡ 0.085 fm , 0.063 fm

Ishikawa et al, PRD 98 (2018)
Tsuji et al, PRD 109 (2024)

Year 2018 Year 2024

The lattice data underestimate the ff,  
in particular for small Q2



Induced pseudoscalar form factor - lattice data
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Origin of the underestimation:

(Large) excited-state contamination due to a two-particle nucleon-pion (Nπ) state 

Based on many studies 
‣ employing lattice simulations


‣ using Chiral Perturbation Theory (ChPT)

(wide agreement in the lattice community, after many years of discussion …)

ChPT   ➡ predicts a large Nπ-state contamination 

➡ predicts an underestimation

➡ provides a correction formula to “remove” the Nπ-state contamination  

from the lattice data

Barca, Bali and Collins, PRD 107 (2023)
Bali et al, JHEP 05 (2020)

Jang et al, PRD 109 (2024)

….

OB, PRD 99 (2019)

Jang et al, PRL 124 (2020)



Q2[(GeV)2]

exp. (muon capture) 

exp. (π electroprod.) 

pion pole dominance model 

PACS data 

PACS data, Nπ removed
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Induced pseudoscalar form factor - lattice data
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Data by the PACS collaboration

Ishikawa et al, PRD 98 (2018)

The “ChPT corrected” data agree much better with the experimental data / ppd model



Outline

• Motivation: Nucleon-pion-state contamination in nucleon form factors


• Lattice basics: Excited-state contamination in B-meson 2pt function


• ChPT basics: Heavy meson Chiral Perturbation Theory (HM ChPT)


•  Application: HM ChPT and the Bπ excited-state contamination in


‣ B-meson decay constant 

‣ Vector current form factor for 


• Outlook 
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<latexit sha1_base64="q53FzX10QLe4GWnIWo7FkJlU+pI=">AAACEHicdVDLSgMxFM34rPU16tJNsIgupMwUHeuu6MZlBfuAzjBk0rQNzSRDklHK0E9w46+4caGIW5fu/BszbQUVvRA4Oeeem9wTJYwq7Tgf1tz8wuLScmGluLq2vrFpb203lUglJg0smJDtCCnCKCcNTTUj7UQSFEeMtKLhRa63bohUVPBrPUpIEKM+pz2KkTZUaB+c+0fQl7Q/0EhKcZvfEgqZL4wrH5r5PB2HLLRLTtmZFJwCt2LAieOeeR50Z1IJzKoe2u9+V+A0JlxjhpTquE6igwxJTTEj46KfKpIgPER90jGQo5ioIJssNIb7hunCnpDmcA0n7HdHhmKlRnFkOmOkB+q3lpN/aZ1U96pBRnmSasLx9KFeyqAWME8HdqkkWLORAQhLav4K8QBJhLXJsGhC+NoU/g+albLrlb2r41KtOoujAHbBHjgELjgFNXAJ6qABMLgDD+AJPFv31qP1Yr1OW+esmWcH/Cjr7ROxS50K</latexit>

B ! ⇡l⌫l



Introduction: B-meson 2-pt function

• Consider the B-meson 2-pt function 


‣ Σx : projection to zero momentum

‣ B :  interpolating field, quantum numbers of the B-meson


• Spectral decomposition 
finite spatial volume ⇒ discrete spectrum 

9

<latexit sha1_base64="v3l6BjWuFImEljFcLGG9K5eNN+E="></latexit>

C2(t) =
X

~x

hB(~x, t)B†(~0, 0)i

excited-state contribution
<latexit sha1_base64="aOHYGAacME6AdijFImqKf3QApb0="></latexit>

C2(t) = b0e
�MBt + b1e

�E1t + b2e
�E2t + . . .→

<latexit sha1_base64="6e19lPlgs6PTXQxzALe+6DMTl98="></latexit>

Me↵(t) = MB +
b1
b0
e��E1t +

b2
b0
e��E2t + . . .→

<latexit sha1_base64="l9BTIto7xl7yrS6psDdAyFhdEV8="></latexit>

Me↵(t) = �@t lnC2(t)
effective mass

 ⇒   time separation needs to be sufficiently large for small excited-state corrections

<latexit sha1_base64="x+96oS99qbWhNAJD7/kWGBKal7I="></latexit>

/ |h0|B(~0, 0)|B(~p = 0)i|2

<latexit sha1_base64="8Wnc5lJ7XyQ/6c0qpHKS2P4lkvc=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWAR3FiSUqMuhOID3AgV7APaECbTaTt0MgkzE6HELvwVNy4UcetvuPNvnKYRVPTAvRzOuZe5c/yIUaks68PIzczOzS/kFwtLyyura+b6RkOGscCkjkMWipaPJGGUk7qiipFWJAgKfEaa/vBs4jdviZA05DdqFBE3QH1OexQjpSXP3OqcE6YQvPCG8CTt+/DKO/XMolWyUsApscuaHFj2seNAO7OKIEPNM9873RDHAeEKMyRl27Yi5SZIKIoZGRc6sSQRwkPUJ21NOQqIdJP0/jHc1UoX9kKhiyuYqt83EhRIOQp8PRkgNZC/vYn4l9eOVe/ITSiPYkU4nj7UixlUIZyEAbtUEKzYSBOEBdW3QjxAAmGlIyvoEL5+Cv8njXLJdkrOdaVYrWRx5ME22AF7wAaHoAouQQ3UAQZ34AE8gWfj3ng0XozX6WjOyHY2wQ8Yb5/HNpP+</latexit>

�Ek = Ek �MB

Note: same statement for 3-pt functions with more than one time separation



Bπ and B*π states1 
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Consider static B and B*-mesons:
<latexit sha1_base64="lNamOaKQ3T+CoOjX8P8/16RPjzc=">AAACDnicdVDLSsNAFJ34rPUVdelmsBRclaRorAuh4MaFiwr2AU0ok+mkHTqZhJlJoYR8gRt/xY0LRdy6duffOE0jqOiBC4dz7uXee/yYUaks68NYWl5ZXVsvbZQ3t7Z3ds29/Y6MEoFJG0csEj0fScIoJ21FFSO9WBAU+ox0/cnl3O9OiZA04rdqFhMvRCNOA4qR0tLArLpTgtM4G3B4AaEbCITTOnRjmqXwOoO5y7OBWbFqVg64IHZdk1PLPnccaBdWBRRoDcx3dxjhJCRcYYak7NtWrLwUCUUxI1nZTSSJEZ6gEelrylFIpJfm72SwqpUhDCKhiyuYq98nUhRKOQt93RkiNZa/vbn4l9dPVNDwUsrjRBGOF4uChEEVwXk2cEgFwYrNNEFYUH0rxGOkI1E6wbIO4etT+D/p1Gu2U3NuTirNRhFHCRyCI3AMbHAGmuAKtEAbYHAHHsATeDbujUfjxXhdtC4ZxcwB+AHj7RNKOZuj</latexit>

~pn =
2⇡

L
~n

<latexit sha1_base64="DeU6U8Qxyza99zt+T0CaZw7n41Y=">AAACD3icdZDLSgMxFIYz9V5vVZdugkWpmzJTtOpOUMGlgrVCZxgy6akNzWRCkhHLMG/gxldx40IRt27d+TamF0FFDwQ+/v8cTs4fSc60cd0PpzAxOTU9MztXnF9YXFouraxe6iRVFBo04Ym6iogGzgQ0DDMcrqQCEkccmlHvaOA3b0BplogL05cQxORasA6jxFgpLG35x8ANwSehwD6RUiW3ljNfsrzi3wDNZB6KbRyWym7VHRYegVezsOt6B/U69sZWGY3rLCy9++2EpjEIQznRuuW50gQZUYZRDnnRTzVIQnvkGloWBYlBB9nwnhxvWqWNO4myTxg8VL9PZCTWuh9HtjMmpqt/ewPxL6+Vms5+kDEhUwOCjhZ1Uo5Nggfh4DZTQA3vWyBUMftXTLtEEWpshEUbwtel+H+4rFW9erV+vlM+3B/HMYvW0QaqIA/toUN0is5QA1F0hx7QE3p27p1H58V5HbUWnPHMGvpRztsnA1qcBQ==</latexit>

�En ⇡ E⇡(~pn)

<latexit sha1_base64="Wxnpk4aZRLqmU+YyK+gGeBghoew=">AAAB83icdVBNS8NAEJ3Ur1q/qh69LBbBU0lKjfUgFLx4UKhga6EJZbPdtEs3m7C7EUro3/DiQRGv/hlv/hu3bQQVfTDweG+GmXlBwpnStv1hFZaWV1bXiuuljc2t7Z3y7l5HxakktE1iHstugBXlTNC2ZprTbiIpjgJO74Lxxcy/u6dSsVjc6klC/QgPBQsZwdpI3nU/8xI2vULnqN4vV+yqPQdaEKdmyIntnLkucnKrAjla/fK7N4hJGlGhCcdK9Rw70X6GpWaE02nJSxVNMBnjIe0ZKnBElZ/Nb56iI6MMUBhLU0Kjufp9IsORUpMoMJ0R1iP125uJf3m9VIcNP2MiSTUVZLEoTDnSMZoFgAZMUqL5xBBMJDO3IjLCEhNtYiqZEL4+Rf+TTq3quFX3pl5pNvI4inAAh3AMDpxCEy6hBW0gkMADPMGzlVqP1ov1umgtWPnMPvyA9fYJ2p+Q5w==</latexit>

M⇡L = 4

<latexit sha1_base64="hs8Q4pnCdG8/apKpglxNY1mjdL8=">AAACAnicdVDLSsNAFJ34rPUVdSVuBovgQkpSaqwLoeDGTaGCfUATwmQ6aYdOJmFmIpRQ3Pgrblwo4tavcOffOG0jqOiBC4dz7uXee4KEUaks68NYWFxaXlktrBXXNza3ts2d3baMU4FJC8csFt0AScIoJy1FFSPdRBAUBYx0gtHl1O/cEiFpzG/UOCFehAachhQjpSXf3G/4mZvQCbyAdtVyT2Dmigg2SHvimyWrbM0A58SuaHJq2eeOA+3cKoEcTd98d/sxTiPCFWZIyp5tJcrLkFAUMzIpuqkkCcIjNCA9TTmKiPSy2QsTeKSVPgxjoYsrOFO/T2QoknIcBbozQmoof3tT8S+vl6qw5mWUJ6kiHM8XhSmDKobTPGCfCoIVG2uCsKD6VoiHSCCsdGpFHcLXp/B/0q6UbafsXFdL9VoeRwEcgENwDGxwBurgCjRBC2BwBx7AE3g27o1H48V4nbcuGPnMHvgB4+0TsHiVsg==</latexit>

M⇡ = 140MeV

<latexit sha1_base64="PQ6+Ic4y3FI55NLtwcAn0grmkgY=">AAACAnicdVDLSsNAFJ3UV62vqCtxM1gEF1KSorEuhIIbN4UK9gFNCJPptB06mYSZiVBCcOOvuHGhiFu/wp1/47SNoKIHLhzOuZd77wliRqWyrA+jsLC4tLxSXC2trW9sbpnbO20ZJQKTFo5YJLoBkoRRTlqKKka6sSAoDBjpBOPLqd+5JULSiN+oSUy8EA05HVCMlJZ8c6/hp25MM3gBqzXLPYapK0LYIO3MN8tWxZoBzold1eTUss8dB9q5VQY5mr757vYjnISEK8yQlD3bipWXIqEoZiQruYkkMcJjNCQ9TTkKifTS2QsZPNRKHw4ioYsrOFO/T6QolHISBrozRGokf3tT8S+vl6hBzUspjxNFOJ4vGiQMqghO84B9KghWbKIJwoLqWyEeIYGw0qmVdAhfn8L/SbtasZ2Kc31SrtfyOIpgHxyAI2CDM1AHV6AJWgCDO/AAnsCzcW88Gi/G67y1YOQzu+AHjLdPuE6Vtw==</latexit>

M⇡ = 280MeV

<latexit sha1_base64="cWSx7FLswSzFqVB3yaZOHYo9kvg=">AAACAnicdVDLSsNAFJ34rPUVdSVuBovgQsqk1FgXQsGNm0IF+4AmhMl00g6dPJiZCCUUN/6KGxeKuPUr3Pk3TtsIKnrgwuGce7n3Hj/hTCqEPoyFxaXlldXCWnF9Y3Nr29zZbcs4FYS2SMxj0fWxpJxFtKWY4rSbCIpDn9OOP7qc+p1bKiSLoxs1Tqgb4kHEAkaw0pJn7je8zEnYBF7AKkLOCcwcEcIGbU88s4TKaAY4J1ZFk1Nknds2tHKrBHI0PfPd6cckDWmkCMdS9iyUKDfDQjHC6aTopJImmIzwgPY0jXBIpZvNXpjAI630YRALXZGCM/X7RIZDKcehrztDrIbytzcV//J6qQpqbsaiJFU0IvNFQcqhiuE0D9hnghLFx5pgIpi+FZIhFpgonVpRh/D1KfyftCtlyy7b19VSvZbHUQAH4BAcAwucgTq4Ak3QAgTcgQfwBJ6Ne+PReDFe560LRj6zB37AePsEruqVsQ==</latexit>

M⇡ = 400MeV

<latexit sha1_base64="RF3X25ttEc+fAL9axuhy+eCj86o=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSxC3ZSkaKy7ggguK9gHNCFMptN26GQSZiaFGoK/4saFIm79D3f+jdM2gooeuHA4517uvSeIGZXKsj6MwtLyyupacb20sbm1vWPu7rVllAhMWjhikegGSBJGOWkpqhjpxoKgMGCkE4wvZ35nQoSkEb9V05h4IRpyOqAYKS355gG88lM3plnFnRCcxpnPT6Bvlq2qNQdcELumyZllXzgOtHOrDHI0ffPd7Uc4CQlXmCEpe7YVKy9FQlHMSFZyE0lihMdoSHqachQS6aXz6zN4rJU+HERCF1dwrn6fSFEo5TQMdGeI1Ej+9mbiX14vUYO6l1IeJ4pwvFg0SBhUEZxFAftUEKzYVBOEBdW3QjxCAmGlAyvpEL4+hf+Tdq1qO1Xn5rTcqOdxFMEhOAIVYINz0ADXoAlaAIM78ACewLNxbzwaL8brorVg5DP74AeMt0+9XJTD</latexit>

E⇡(~pn)

The number of low-lying B*π states increases rapidly with decreasing pion mass 

1 I often won’t distinguish between B and B* in the following …



Bπ and B*π states1 
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Consider static B and B*-mesons:
<latexit sha1_base64="lNamOaKQ3T+CoOjX8P8/16RPjzc=">AAACDnicdVDLSsNAFJ34rPUVdelmsBRclaRorAuh4MaFiwr2AU0ok+mkHTqZhJlJoYR8gRt/xY0LRdy6duffOE0jqOiBC4dz7uXee/yYUaks68NYWl5ZXVsvbZQ3t7Z3ds29/Y6MEoFJG0csEj0fScIoJ21FFSO9WBAU+ox0/cnl3O9OiZA04rdqFhMvRCNOA4qR0tLArLpTgtM4G3B4AaEbCITTOnRjmqXwOoO5y7OBWbFqVg64IHZdk1PLPnccaBdWBRRoDcx3dxjhJCRcYYak7NtWrLwUCUUxI1nZTSSJEZ6gEelrylFIpJfm72SwqpUhDCKhiyuYq98nUhRKOQt93RkiNZa/vbn4l9dPVNDwUsrjRBGOF4uChEEVwXk2cEgFwYrNNEFYUH0rxGOkI1E6wbIO4etT+D/p1Gu2U3NuTirNRhFHCRyCI3AMbHAGmuAKtEAbYHAHHsATeDbujUfjxXhdtC4ZxcwB+AHj7RNKOZuj</latexit>

~pn =
2⇡

L
~n

<latexit sha1_base64="DeU6U8Qxyza99zt+T0CaZw7n41Y=">AAACD3icdZDLSgMxFIYz9V5vVZdugkWpmzJTtOpOUMGlgrVCZxgy6akNzWRCkhHLMG/gxldx40IRt27d+TamF0FFDwQ+/v8cTs4fSc60cd0PpzAxOTU9MztXnF9YXFouraxe6iRVFBo04Ym6iogGzgQ0DDMcrqQCEkccmlHvaOA3b0BplogL05cQxORasA6jxFgpLG35x8ANwSehwD6RUiW3ljNfsrzi3wDNZB6KbRyWym7VHRYegVezsOt6B/U69sZWGY3rLCy9++2EpjEIQznRuuW50gQZUYZRDnnRTzVIQnvkGloWBYlBB9nwnhxvWqWNO4myTxg8VL9PZCTWuh9HtjMmpqt/ewPxL6+Vms5+kDEhUwOCjhZ1Uo5Nggfh4DZTQA3vWyBUMftXTLtEEWpshEUbwtel+H+4rFW9erV+vlM+3B/HMYvW0QaqIA/toUN0is5QA1F0hx7QE3p27p1H58V5HbUWnPHMGvpRztsnA1qcBQ==</latexit>

�En ⇡ E⇡(~pn)

<latexit sha1_base64="Wxnpk4aZRLqmU+YyK+gGeBghoew=">AAAB83icdVBNS8NAEJ3Ur1q/qh69LBbBU0lKjfUgFLx4UKhga6EJZbPdtEs3m7C7EUro3/DiQRGv/hlv/hu3bQQVfTDweG+GmXlBwpnStv1hFZaWV1bXiuuljc2t7Z3y7l5HxakktE1iHstugBXlTNC2ZprTbiIpjgJO74Lxxcy/u6dSsVjc6klC/QgPBQsZwdpI3nU/8xI2vULnqN4vV+yqPQdaEKdmyIntnLkucnKrAjla/fK7N4hJGlGhCcdK9Rw70X6GpWaE02nJSxVNMBnjIe0ZKnBElZ/Nb56iI6MMUBhLU0Kjufp9IsORUpMoMJ0R1iP125uJf3m9VIcNP2MiSTUVZLEoTDnSMZoFgAZMUqL5xBBMJDO3IjLCEhNtYiqZEL4+Rf+TTq3quFX3pl5pNvI4inAAh3AMDpxCEy6hBW0gkMADPMGzlVqP1ov1umgtWPnMPvyA9fYJ2p+Q5w==</latexit>

M⇡L = 4

<latexit sha1_base64="hs8Q4pnCdG8/apKpglxNY1mjdL8=">AAACAnicdVDLSsNAFJ34rPUVdSVuBovgQkpSaqwLoeDGTaGCfUATwmQ6aYdOJmFmIpRQ3Pgrblwo4tavcOffOG0jqOiBC4dz7uXee4KEUaks68NYWFxaXlktrBXXNza3ts2d3baMU4FJC8csFt0AScIoJy1FFSPdRBAUBYx0gtHl1O/cEiFpzG/UOCFehAachhQjpSXf3G/4mZvQCbyAdtVyT2Dmigg2SHvimyWrbM0A58SuaHJq2eeOA+3cKoEcTd98d/sxTiPCFWZIyp5tJcrLkFAUMzIpuqkkCcIjNCA9TTmKiPSy2QsTeKSVPgxjoYsrOFO/T2QoknIcBbozQmoof3tT8S+vl6qw5mWUJ6kiHM8XhSmDKobTPGCfCoIVG2uCsKD6VoiHSCCsdGpFHcLXp/B/0q6UbafsXFdL9VoeRwEcgENwDGxwBurgCjRBC2BwBx7AE3g27o1H48V4nbcuGPnMHvgB4+0TsHiVsg==</latexit>

M⇡ = 140MeV

<latexit sha1_base64="PQ6+Ic4y3FI55NLtwcAn0grmkgY=">AAACAnicdVDLSsNAFJ3UV62vqCtxM1gEF1KSorEuhIIbN4UK9gFNCJPptB06mYSZiVBCcOOvuHGhiFu/wp1/47SNoKIHLhzOuZd77wliRqWyrA+jsLC4tLxSXC2trW9sbpnbO20ZJQKTFo5YJLoBkoRRTlqKKka6sSAoDBjpBOPLqd+5JULSiN+oSUy8EA05HVCMlJZ8c6/hp25MM3gBqzXLPYapK0LYIO3MN8tWxZoBzold1eTUss8dB9q5VQY5mr757vYjnISEK8yQlD3bipWXIqEoZiQruYkkMcJjNCQ9TTkKifTS2QsZPNRKHw4ioYsrOFO/T6QolHISBrozRGokf3tT8S+vl6hBzUspjxNFOJ4vGiQMqghO84B9KghWbKIJwoLqWyEeIYGw0qmVdAhfn8L/SbtasZ2Kc31SrtfyOIpgHxyAI2CDM1AHV6AJWgCDO/AAnsCzcW88Gi/G67y1YOQzu+AHjLdPuE6Vtw==</latexit>

M⇡ = 280MeV

<latexit sha1_base64="cWSx7FLswSzFqVB3yaZOHYo9kvg=">AAACAnicdVDLSsNAFJ34rPUVdSVuBovgQsqk1FgXQsGNm0IF+4AmhMl00g6dPJiZCCUUN/6KGxeKuPUr3Pk3TtsIKnrgwuGce7n3Hj/hTCqEPoyFxaXlldXCWnF9Y3Nr29zZbcs4FYS2SMxj0fWxpJxFtKWY4rSbCIpDn9OOP7qc+p1bKiSLoxs1Tqgb4kHEAkaw0pJn7je8zEnYBF7AKkLOCcwcEcIGbU88s4TKaAY4J1ZFk1Nknds2tHKrBHI0PfPd6cckDWmkCMdS9iyUKDfDQjHC6aTopJImmIzwgPY0jXBIpZvNXpjAI630YRALXZGCM/X7RIZDKcehrztDrIbytzcV//J6qQpqbsaiJFU0IvNFQcqhiuE0D9hnghLFx5pgIpi+FZIhFpgonVpRh/D1KfyftCtlyy7b19VSvZbHUQAH4BAcAwucgTq4Ak3QAgTcgQfwBJ6Ne+PReDFe560LRj6zB37AePsEruqVsQ==</latexit>

M⇡ = 400MeV

<latexit sha1_base64="RF3X25ttEc+fAL9axuhy+eCj86o=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSxC3ZSkaKy7ggguK9gHNCFMptN26GQSZiaFGoK/4saFIm79D3f+jdM2gooeuHA4517uvSeIGZXKsj6MwtLyyupacb20sbm1vWPu7rVllAhMWjhikegGSBJGOWkpqhjpxoKgMGCkE4wvZ35nQoSkEb9V05h4IRpyOqAYKS355gG88lM3plnFnRCcxpnPT6Bvlq2qNQdcELumyZllXzgOtHOrDHI0ffPd7Uc4CQlXmCEpe7YVKy9FQlHMSFZyE0lihMdoSHqachQS6aXz6zN4rJU+HERCF1dwrn6fSFEo5TQMdGeI1Ej+9mbiX14vUYO6l1IeJ4pwvFg0SBhUEZxFAftUEKzYVBOEBdW3QjxCAmGlAyvpEL4+hf+Tdq1qO1Xn5rTcqOdxFMEhOAIVYINz0ADXoAlaAIM78ACewLNxbzwaL8brorVg5DP74AeMt0+9XJTD</latexit>

E⇡(~pn)

The number of low-lying B*π states increases rapidly with decreasing pion mass 

1 I often won’t distinguish between B and B* in the following …
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Consider static B and B*-mesons:
<latexit sha1_base64="lNamOaKQ3T+CoOjX8P8/16RPjzc=">AAACDnicdVDLSsNAFJ34rPUVdelmsBRclaRorAuh4MaFiwr2AU0ok+mkHTqZhJlJoYR8gRt/xY0LRdy6duffOE0jqOiBC4dz7uXee/yYUaks68NYWl5ZXVsvbZQ3t7Z3ds29/Y6MEoFJG0csEj0fScIoJ21FFSO9WBAU+ox0/cnl3O9OiZA04rdqFhMvRCNOA4qR0tLArLpTgtM4G3B4AaEbCITTOnRjmqXwOoO5y7OBWbFqVg64IHZdk1PLPnccaBdWBRRoDcx3dxjhJCRcYYak7NtWrLwUCUUxI1nZTSSJEZ6gEelrylFIpJfm72SwqpUhDCKhiyuYq98nUhRKOQt93RkiNZa/vbn4l9dPVNDwUsrjRBGOF4uChEEVwXk2cEgFwYrNNEFYUH0rxGOkI1E6wbIO4etT+D/p1Gu2U3NuTirNRhFHCRyCI3AMbHAGmuAKtEAbYHAHHsATeDbujUfjxXhdtC4ZxcwB+AHj7RNKOZuj</latexit>

~pn =
2⇡

L
~n

<latexit sha1_base64="DeU6U8Qxyza99zt+T0CaZw7n41Y=">AAACD3icdZDLSgMxFIYz9V5vVZdugkWpmzJTtOpOUMGlgrVCZxgy6akNzWRCkhHLMG/gxldx40IRt27d+TamF0FFDwQ+/v8cTs4fSc60cd0PpzAxOTU9MztXnF9YXFouraxe6iRVFBo04Ym6iogGzgQ0DDMcrqQCEkccmlHvaOA3b0BplogL05cQxORasA6jxFgpLG35x8ANwSehwD6RUiW3ljNfsrzi3wDNZB6KbRyWym7VHRYegVezsOt6B/U69sZWGY3rLCy9++2EpjEIQznRuuW50gQZUYZRDnnRTzVIQnvkGloWBYlBB9nwnhxvWqWNO4myTxg8VL9PZCTWuh9HtjMmpqt/ewPxL6+Vms5+kDEhUwOCjhZ1Uo5Nggfh4DZTQA3vWyBUMftXTLtEEWpshEUbwtel+H+4rFW9erV+vlM+3B/HMYvW0QaqIA/toUN0is5QA1F0hx7QE3p27p1H58V5HbUWnPHMGvpRztsnA1qcBQ==</latexit>

�En ⇡ E⇡(~pn)

<latexit sha1_base64="Wxnpk4aZRLqmU+YyK+gGeBghoew=">AAAB83icdVBNS8NAEJ3Ur1q/qh69LBbBU0lKjfUgFLx4UKhga6EJZbPdtEs3m7C7EUro3/DiQRGv/hlv/hu3bQQVfTDweG+GmXlBwpnStv1hFZaWV1bXiuuljc2t7Z3y7l5HxakktE1iHstugBXlTNC2ZprTbiIpjgJO74Lxxcy/u6dSsVjc6klC/QgPBQsZwdpI3nU/8xI2vULnqN4vV+yqPQdaEKdmyIntnLkucnKrAjla/fK7N4hJGlGhCcdK9Rw70X6GpWaE02nJSxVNMBnjIe0ZKnBElZ/Nb56iI6MMUBhLU0Kjufp9IsORUpMoMJ0R1iP125uJf3m9VIcNP2MiSTUVZLEoTDnSMZoFgAZMUqL5xBBMJDO3IjLCEhNtYiqZEL4+Rf+TTq3quFX3pl5pNvI4inAAh3AMDpxCEy6hBW0gkMADPMGzlVqP1ov1umgtWPnMPvyA9fYJ2p+Q5w==</latexit>

M⇡L = 4

<latexit sha1_base64="hs8Q4pnCdG8/apKpglxNY1mjdL8=">AAACAnicdVDLSsNAFJ34rPUVdSVuBovgQkpSaqwLoeDGTaGCfUATwmQ6aYdOJmFmIpRQ3Pgrblwo4tavcOffOG0jqOiBC4dz7uXee4KEUaks68NYWFxaXlktrBXXNza3ts2d3baMU4FJC8csFt0AScIoJy1FFSPdRBAUBYx0gtHl1O/cEiFpzG/UOCFehAachhQjpSXf3G/4mZvQCbyAdtVyT2Dmigg2SHvimyWrbM0A58SuaHJq2eeOA+3cKoEcTd98d/sxTiPCFWZIyp5tJcrLkFAUMzIpuqkkCcIjNCA9TTmKiPSy2QsTeKSVPgxjoYsrOFO/T2QoknIcBbozQmoof3tT8S+vl6qw5mWUJ6kiHM8XhSmDKobTPGCfCoIVG2uCsKD6VoiHSCCsdGpFHcLXp/B/0q6UbafsXFdL9VoeRwEcgENwDGxwBurgCjRBC2BwBx7AE3g27o1H48V4nbcuGPnMHvgB4+0TsHiVsg==</latexit>

M⇡ = 140MeV

<latexit sha1_base64="PQ6+Ic4y3FI55NLtwcAn0grmkgY=">AAACAnicdVDLSsNAFJ3UV62vqCtxM1gEF1KSorEuhIIbN4UK9gFNCJPptB06mYSZiVBCcOOvuHGhiFu/wp1/47SNoKIHLhzOuZd77wliRqWyrA+jsLC4tLxSXC2trW9sbpnbO20ZJQKTFo5YJLoBkoRRTlqKKka6sSAoDBjpBOPLqd+5JULSiN+oSUy8EA05HVCMlJZ8c6/hp25MM3gBqzXLPYapK0LYIO3MN8tWxZoBzold1eTUss8dB9q5VQY5mr757vYjnISEK8yQlD3bipWXIqEoZiQruYkkMcJjNCQ9TTkKifTS2QsZPNRKHw4ioYsrOFO/T6QolHISBrozRGokf3tT8S+vl6hBzUspjxNFOJ4vGiQMqghO84B9KghWbKIJwoLqWyEeIYGw0qmVdAhfn8L/SbtasZ2Kc31SrtfyOIpgHxyAI2CDM1AHV6AJWgCDO/AAnsCzcW88Gi/G67y1YOQzu+AHjLdPuE6Vtw==</latexit>

M⇡ = 280MeV

<latexit sha1_base64="cWSx7FLswSzFqVB3yaZOHYo9kvg=">AAACAnicdVDLSsNAFJ34rPUVdSVuBovgQsqk1FgXQsGNm0IF+4AmhMl00g6dPJiZCCUUN/6KGxeKuPUr3Pk3TtsIKnrgwuGce7n3Hj/hTCqEPoyFxaXlldXCWnF9Y3Nr29zZbcs4FYS2SMxj0fWxpJxFtKWY4rSbCIpDn9OOP7qc+p1bKiSLoxs1Tqgb4kHEAkaw0pJn7je8zEnYBF7AKkLOCcwcEcIGbU88s4TKaAY4J1ZFk1Nknds2tHKrBHI0PfPd6cckDWmkCMdS9iyUKDfDQjHC6aTopJImmIzwgPY0jXBIpZvNXpjAI630YRALXZGCM/X7RIZDKcehrztDrIbytzcV//J6qQpqbsaiJFU0IvNFQcqhiuE0D9hnghLFx5pgIpi+FZIhFpgonVpRh/D1KfyftCtlyy7b19VSvZbHUQAH4BAcAwucgTq4Ak3QAgTcgQfwBJ6Ne+PReDFe560LRj6zB37AePsEruqVsQ==</latexit>

M⇡ = 400MeV

<latexit sha1_base64="RF3X25ttEc+fAL9axuhy+eCj86o=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSxC3ZSkaKy7ggguK9gHNCFMptN26GQSZiaFGoK/4saFIm79D3f+jdM2gooeuHA4517uvSeIGZXKsj6MwtLyyupacb20sbm1vWPu7rVllAhMWjhikegGSBJGOWkpqhjpxoKgMGCkE4wvZ35nQoSkEb9V05h4IRpyOqAYKS355gG88lM3plnFnRCcxpnPT6Bvlq2qNQdcELumyZllXzgOtHOrDHI0ffPd7Uc4CQlXmCEpe7YVKy9FQlHMSFZyE0lihMdoSHqachQS6aXz6zN4rJU+HERCF1dwrn6fSFEo5TQMdGeI1Ej+9mbiX14vUYO6l1IeJ4pwvFg0SBhUEZxFAftUEKzYVBOEBdW3QjxCAmGlAyvpEL4+hf+Tdq1qO1Xn5rTcqOdxFMEhOAIVYINz0ADXoAlaAIM78ACewLNxbzwaL8brorVg5DP74AeMt0+9XJTD</latexit>

E⇡(~pn)

The number of low-lying B*π states increases rapidly with decreasing pion mass 

1 I often won’t distinguish between B and B* in the following …
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Consider static B and B*-mesons:
<latexit sha1_base64="lNamOaKQ3T+CoOjX8P8/16RPjzc=">AAACDnicdVDLSsNAFJ34rPUVdelmsBRclaRorAuh4MaFiwr2AU0ok+mkHTqZhJlJoYR8gRt/xY0LRdy6duffOE0jqOiBC4dz7uXee/yYUaks68NYWl5ZXVsvbZQ3t7Z3ds29/Y6MEoFJG0csEj0fScIoJ21FFSO9WBAU+ox0/cnl3O9OiZA04rdqFhMvRCNOA4qR0tLArLpTgtM4G3B4AaEbCITTOnRjmqXwOoO5y7OBWbFqVg64IHZdk1PLPnccaBdWBRRoDcx3dxjhJCRcYYak7NtWrLwUCUUxI1nZTSSJEZ6gEelrylFIpJfm72SwqpUhDCKhiyuYq98nUhRKOQt93RkiNZa/vbn4l9dPVNDwUsrjRBGOF4uChEEVwXk2cEgFwYrNNEFYUH0rxGOkI1E6wbIO4etT+D/p1Gu2U3NuTirNRhFHCRyCI3AMbHAGmuAKtEAbYHAHHsATeDbujUfjxXhdtC4ZxcwB+AHj7RNKOZuj</latexit>

~pn =
2⇡

L
~n

<latexit sha1_base64="DeU6U8Qxyza99zt+T0CaZw7n41Y=">AAACD3icdZDLSgMxFIYz9V5vVZdugkWpmzJTtOpOUMGlgrVCZxgy6akNzWRCkhHLMG/gxldx40IRt27d+TamF0FFDwQ+/v8cTs4fSc60cd0PpzAxOTU9MztXnF9YXFouraxe6iRVFBo04Ym6iogGzgQ0DDMcrqQCEkccmlHvaOA3b0BplogL05cQxORasA6jxFgpLG35x8ANwSehwD6RUiW3ljNfsrzi3wDNZB6KbRyWym7VHRYegVezsOt6B/U69sZWGY3rLCy9++2EpjEIQznRuuW50gQZUYZRDnnRTzVIQnvkGloWBYlBB9nwnhxvWqWNO4myTxg8VL9PZCTWuh9HtjMmpqt/ewPxL6+Vms5+kDEhUwOCjhZ1Uo5Nggfh4DZTQA3vWyBUMftXTLtEEWpshEUbwtel+H+4rFW9erV+vlM+3B/HMYvW0QaqIA/toUN0is5QA1F0hx7QE3p27p1H58V5HbUWnPHMGvpRztsnA1qcBQ==</latexit>

�En ⇡ E⇡(~pn)

<latexit sha1_base64="Wxnpk4aZRLqmU+YyK+gGeBghoew=">AAAB83icdVBNS8NAEJ3Ur1q/qh69LBbBU0lKjfUgFLx4UKhga6EJZbPdtEs3m7C7EUro3/DiQRGv/hlv/hu3bQQVfTDweG+GmXlBwpnStv1hFZaWV1bXiuuljc2t7Z3y7l5HxakktE1iHstugBXlTNC2ZprTbiIpjgJO74Lxxcy/u6dSsVjc6klC/QgPBQsZwdpI3nU/8xI2vULnqN4vV+yqPQdaEKdmyIntnLkucnKrAjla/fK7N4hJGlGhCcdK9Rw70X6GpWaE02nJSxVNMBnjIe0ZKnBElZ/Nb56iI6MMUBhLU0Kjufp9IsORUpMoMJ0R1iP125uJf3m9VIcNP2MiSTUVZLEoTDnSMZoFgAZMUqL5xBBMJDO3IjLCEhNtYiqZEL4+Rf+TTq3quFX3pl5pNvI4inAAh3AMDpxCEy6hBW0gkMADPMGzlVqP1ov1umgtWPnMPvyA9fYJ2p+Q5w==</latexit>

M⇡L = 4

<latexit sha1_base64="hs8Q4pnCdG8/apKpglxNY1mjdL8=">AAACAnicdVDLSsNAFJ34rPUVdSVuBovgQkpSaqwLoeDGTaGCfUATwmQ6aYdOJmFmIpRQ3Pgrblwo4tavcOffOG0jqOiBC4dz7uXee4KEUaks68NYWFxaXlktrBXXNza3ts2d3baMU4FJC8csFt0AScIoJy1FFSPdRBAUBYx0gtHl1O/cEiFpzG/UOCFehAachhQjpSXf3G/4mZvQCbyAdtVyT2Dmigg2SHvimyWrbM0A58SuaHJq2eeOA+3cKoEcTd98d/sxTiPCFWZIyp5tJcrLkFAUMzIpuqkkCcIjNCA9TTmKiPSy2QsTeKSVPgxjoYsrOFO/T2QoknIcBbozQmoof3tT8S+vl6qw5mWUJ6kiHM8XhSmDKobTPGCfCoIVG2uCsKD6VoiHSCCsdGpFHcLXp/B/0q6UbafsXFdL9VoeRwEcgENwDGxwBurgCjRBC2BwBx7AE3g27o1H48V4nbcuGPnMHvgB4+0TsHiVsg==</latexit>

M⇡ = 140MeV

<latexit sha1_base64="/KAG3lXlR9cTBnh4lQD0NCSdGZ4=">AAAB83icdVBNS8NAEJ34WetX1aOXxSJ4KkmxsR6EghcPChXsBzShbLabdulmE3Y3Qgn9G148KOLVP+PNf+O2jaCiDwYe780wMy9IOFPatj+speWV1bX1wkZxc2t7Z7e0t99WcSoJbZGYx7IbYEU5E7Slmea0m0iKo4DTTjC+nPmdeyoVi8WdniTUj/BQsJARrI3koZt+5iVsen2Bav1S2a7Yc6AFcaqG1Gzn3HWRk1tlyNHsl969QUzSiApNOFaq59iJ9jMsNSOcToteqmiCyRgPac9QgSOq/Gx+8xQdG2WAwliaEhrN1e8TGY6UmkSB6YywHqnf3kz8y+ulOqz7GRNJqqkgi0VhypGO0SwANGCSEs0nhmAimbkVkRGWmGgTU9GE8PUp+p+0qxXHrbi3p+VGPY+jAIdwBCfgwBk04Aqa0AICCTzAEzxbqfVovVivi9YlK585gB+w3j4B2f6Q6A==</latexit>

M⇡L = 5

<latexit sha1_base64="48ry1++BCeNGAJdDShESeyVmBMQ=">AAAB83icdVBNS8NAEJ3Ur1q/qh69LBbBU0mKxnoQCl48KFSwH9CEstlu2qWbTdjdCCX0b3jxoIhX/4w3/43bNoKKPhh4vDfDzLwg4Uxp2/6wCkvLK6trxfXSxubW9k55d6+t4lQS2iIxj2U3wIpyJmhLM81pN5EURwGnnWB8OfM791QqFos7PUmoH+GhYCEjWBvJQzf9zEvY9PoCuf1yxa7ac6AFcWqGnNrOuesiJ7cqkKPZL797g5ikERWacKxUz7ET7WdYakY4nZa8VNEEkzEe0p6hAkdU+dn85ik6MsoAhbE0JTSaq98nMhwpNYkC0xlhPVK/vZn4l9dLdVj3MyaSVFNBFovClCMdo1kAaMAkJZpPDMFEMnMrIiMsMdEmppIJ4etT9D9p16qOW3VvTyqNeh5HEQ7gEI7BgTNowBU0oQUEEniAJ3i2UuvRerFeF60FK5/Zhx+w3j4B24KQ6Q==</latexit>

M⇡L = 6

<latexit sha1_base64="RF3X25ttEc+fAL9axuhy+eCj86o=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSxC3ZSkaKy7ggguK9gHNCFMptN26GQSZiaFGoK/4saFIm79D3f+jdM2gooeuHA4517uvSeIGZXKsj6MwtLyyupacb20sbm1vWPu7rVllAhMWjhikegGSBJGOWkpqhjpxoKgMGCkE4wvZ35nQoSkEb9V05h4IRpyOqAYKS355gG88lM3plnFnRCcxpnPT6Bvlq2qNQdcELumyZllXzgOtHOrDHI0ffPd7Uc4CQlXmCEpe7YVKy9FQlHMSFZyE0lihMdoSHqachQS6aXz6zN4rJU+HERCF1dwrn6fSFEo5TQMdGeI1Ej+9mbiX14vUYO6l1IeJ4pwvFg0SBhUEZxFAftUEKzYVBOEBdW3QjxCAmGlAyvpEL4+hf+Tdq1qO1Xn5rTcqOdxFMEhOAIVYINz0ADXoAlaAIM78ACewLNxbzwaL8brorVg5DP74AeMt0+9XJTD</latexit>

E⇡(~pn)

1 I often won’t distinguish between B and B* in the following …
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Consider static B and B*-mesons:
<latexit sha1_base64="lNamOaKQ3T+CoOjX8P8/16RPjzc=">AAACDnicdVDLSsNAFJ34rPUVdelmsBRclaRorAuh4MaFiwr2AU0ok+mkHTqZhJlJoYR8gRt/xY0LRdy6duffOE0jqOiBC4dz7uXee/yYUaks68NYWl5ZXVsvbZQ3t7Z3ds29/Y6MEoFJG0csEj0fScIoJ21FFSO9WBAU+ox0/cnl3O9OiZA04rdqFhMvRCNOA4qR0tLArLpTgtM4G3B4AaEbCITTOnRjmqXwOoO5y7OBWbFqVg64IHZdk1PLPnccaBdWBRRoDcx3dxjhJCRcYYak7NtWrLwUCUUxI1nZTSSJEZ6gEelrylFIpJfm72SwqpUhDCKhiyuYq98nUhRKOQt93RkiNZa/vbn4l9dPVNDwUsrjRBGOF4uChEEVwXk2cEgFwYrNNEFYUH0rxGOkI1E6wbIO4etT+D/p1Gu2U3NuTirNRhFHCRyCI3AMbHAGmuAKtEAbYHAHHsATeDbujUfjxXhdtC4ZxcwB+AHj7RNKOZuj</latexit>
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Infinite volume: continuous 2-particle spectrum, threshold = MB + Mπ
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1 I often won’t distinguish between B and B* in the following …



Bπ excited states

• Expectation: Many Bπ states contribute to the correlator and the effective mass


• However:  Their impact depends also on the prefactors bk/b0  

Known:   bk  ∝  1/ L3  

                          Again: not a finite volume (FV) effect, number of states increases for larger volumes


• Two questions


1. How big is their impact ( = how big is bk/b0 ) ?


2. If non-negligible: How to deal with them ?


• Concerning 1.  ➞  Use Chiral Perturbation theory to get estimates

12
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Chiral perturbation theory (ChPT)

• Well-established and widely used: 
 
                            ChPT: low-energy effective theory of QCD 

• Based on spontaneous (and small explicit) chiral symmetry breaking


‣ Energy gap (the pions are fairly light)

‣ Pion coupling is proportional to pion momenta (small at low energies) and pion mass


• Many applications in lattice QCD


‣ Pion mass dependence of observables

‣ FV effects due to pions

‣ Taste-breaking effects with staggered fermions

‣ Nπ-state contamination in nucleon observables (charges, form factors,…)

‣ …


• In the following: Bπ-state contamination in B-meson observables

13

Weinberg 1979 
Gasser, Leutwyler 1984

…



QCD with a static b-quark

• Our starting point: QCD with a heavy static b-quark 


• High degree of symmetry


‣ Heavy quark spin symmetry   ➞   mass degenerate B and B* mesons


‣ Local flavor number (LFN) symmetry: 


‣ Chiral symmetry (in the light quark sector)


‣ Isospin symmetry ( if we assume ml = mu = md )   ➞   3 mass degenerate pions


• Corresponding chiral effective theory  ➞   Heavy Meson (HM) ChPT

must respect all these symmetries 


• Note: We work in continuum QCD (and ignore Lorentz symmetry breaking at finite lattice spacing)

14
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L =
X

r

qr(�µDµ +ml)qr +Q(D4 +mb)Q+ Lgauge

Note: LO in the heavy quark expansion, 1/mb corrections (not here)

E. Eichten and B. Hill (1990), …

M. Wise (1992) 
Burdman, Donoghue (1992) 
…
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Q(x) ! exp[i⌘(~x)]Q(x)



Basics of Heavy Meson (HM) ChPT

• Heavy quark spin symmetry  ➞  multiplet  


• Relevant interaction given by 
 
 
 
 
 
Note: 
 
 
 

• Light axial vector current, derived from the chiral Lagrangian 
 
➥   involves the same LO LECs

15
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Lint = i
g

f
tr
�
H�5�µ@µ⇡H̄

�
+ . . .

BB*π B*B*π

➞

‣ one pion derivative

‣ two LO LECs    f :  pion decay constant 

                         g:  BB*π coupling 
                              chiral limit values
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P+ = (1 + �4)/2
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H = P+
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⇤
k�k + iB�

5
�
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Interpolating B-meson fields in HMChPT

• We are interested in correlation functions of interpolating fields for the B-mesons 
 
 
  
 

• Are mapped to HMChPT as usual: most general term compatible with the symmetries  
 
 ➥      LO   1 term 
        NLO   2 terms 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qr(x)�Q(x) Γ: Clifford algebra element e.g. γ5 or γk  

heavy (static) b-quarklight u,d quark

Quark level:

LO

…

NLO

interpolating field for  
pseudoscalar B-meson➞



Bπ contribution in HMChPT - 2pt function

• Calculation of the correlation functions is a standard task in PT 
(euclidean space time, finite spatial volume V=L3, L ➝ ∞  in the end)


• E.g.: Feynman diagrams for the 
Bπ contribution in the 2-pt function 
 
Extract contribution with exponential


• Obtain results for relative Bπ contribution:
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~p = ~p⇡ = �~pB

ignore others
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2 (t)

CB
2 (t)
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2 (t) =

X

~p

c2pt(~p) e
�E⇡,~p t

non-trivial result 

of the ChPT calculation
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Recall Introduction
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Bπ contribution in HMChPT - 2pt function
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CB⇡
2 (t)

CB
2 (t)

⌘ �CB⇡
2 (t) =

X

~p

c2pt(~p) e
�E⇡,~p t

‣ expected 1/L3 dependence (2-particle state!)


‣  Σp   ➞ “tower of states” (recall: 1-loop diagrams)


‣ infinite volume limit can be taken ( ➞  non-zero, involves modified Bessel and Struve functions )


‣ depends on LECs f,g (LO) and β1 (NLO) in case of local interpolating fields

Comments

Estimates:
<latexit sha1_base64="rG9LVKowfDSVPVLeIh4+7ahIA9c="></latexit>

f ⇡ f⇡ ⇡ 93MeV PDG
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g ⇡ 0.49 Lattice: A. Gerardin et al. (2022)
<latexit sha1_base64="YMjdctMaYpcF4nOT15+2HZunj28="></latexit>

�1 ⇡ 0.14(4)GeV�1 Lattice: B. Colquhoun et al. (2022)

ChPT prediction for the 

Bπ contamination in 


effective mass and decay constant
⇒

LO NLO
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Bπ contribution in the effective decay constant
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Example
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4 (0)|B(~p = 0)i ⌘ f̂ heavy light decay constant
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MB /CPS

Estimator
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B (t) t
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= f̂
⇣
1 +�f̂B⇡(t)

⌘
not unique
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Bπ contribution in the effective decay constant
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t / [fm]

t =1.3 fm: Bπ-state contamination leads to an overestimation of ≈ 2% 
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Fig. 12 The deviation !MBπ
B (t) as a function of the source-sink sep-

aration t, given in MeV. The solid line is the LO result, the yellow and
gray band show the NLO results with β̃1$χ = 0.16(5) and −0.80(25),
respectively
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Fig. 13 The deviation ! f̂ Bπ (t) as a function of the source-sink sepa-
ration t. The solid line is the LO result, the yellow band shows the NLO
result with both NLO LECs β̃1$χ and β1$χ being varied between 0.11
and 0.21. The gray band shows the NLO result for β1 = 0.16(5)$−1

χ

and β̃1 = −0.8(25)$−1
χ as an illustration for the theoretically possible

impact of smearing

smearing exists that can come close to β̃1 = −0.80 $−1
χ

is an important question that needs to be studied in specific
lattice simulations (see Sect. 7).

8.2 Impact on the effective mass and effective decay
constant

With the preparations of the last subsection we turn to the
Bπ contribution in the two observables based on the 2-pt
function, the effective mass and effective decay constant.

Figure 12 shows the dimensionful deviation !MBπ
B (t) in

(103) given in MeV. As before the solid line shows the LO
result, and the yellow band the NLO result with the LEC β̃1
varied as discussed above. At t = 1.3 fm the NLO result is
about 4 MeV.

Figure 13 displays the deviation ! f̂ Bπ (t) in (105) for the
effective decay constant. Here the deviation is roughly 1.6%
at t = 1.3 fm.

As before, the figures also show the NLO results for
β̃1 = −5β1 (gray bands), the value that leads to a substan-
tial reduction of the Bπ contamination in the 2pt function.
Expectedly, this reduction also leads to a much smaller Bπ

contamination in the effective mass and effective decay con-
stant.

8.3 Impact on the 3-pt function and the B∗Bπ coupling

The left panel of Fig. 14 shows the deviation !gsum,Bπ
π (t) as

a function of t. As before the solid line shows the LO result,
the yellow band is the NLO result with the NLO coefficients
being varied within our chosen bounds. Recall that !gsum,Bπ

π

involves two NLO LECs, β̃1 and γ , the latter being associated
with the light axial vector current. At t = 1.3 fm, !gsum,Bπ

π

varies roughly between 1% to 5%. This spread is dominated
by the lack of knowledge of the unknown LEC γ .

For illustrative purposes only we show the deviation
!gmid,Bπ

π for the mid-point estimate in the right panel of
Fig. 14. For an appropriate comparison of the two figures
we have plotted !gmid,Bπ

π as a function of tmid ≡ t/2. This
way the deviations are roughly of the same size, as expected.
Note, however, that values t/2 ! 1 fm are hard to reach in
practice.

9 Discussion

We have started from the HMChPT expansion at zero veloc-
ity of the heavy quark. Because some elements – the effective
currents and, in particular, the smeared interpolating fields –
had not been constructed systematically at NLO, we filled
this gap. At NLO, there are LECs dk, k = 1 . . . 7 in the
Lagrangian. Two of them find their way, following the stan-
dard construction, into the light-light axial vector current.
One particular combination of these two, denoted byγ , enters
our prediction for the estimators of the B⋆Bπ coupling. It is
presently unknown and we have used power counting in the
form |γ | ≤ 1/$χ = 1/(4π f ) to illustrate its effect. Due
to the symmetries of HQET, the local effective heavy-light
bilinear at NLO are given by only two LECs, βi , i = 1, 2.
Their values were estimated from B → π form-factors.

The size of the Bπ excited-state contamination is rather
modest in the considered estimators: typically at the few-
percent level at distances t = 1.3 fm. For the two-point func-
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t =1.3 fm: Bπ-state contamination leads to an overestimation of ≈ 2% 
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Fig. 12 The deviation !MBπ
B (t) as a function of the source-sink sep-

aration t, given in MeV. The solid line is the LO result, the yellow and
gray band show the NLO results with β̃1$χ = 0.16(5) and −0.80(25),
respectively
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Fig. 13 The deviation ! f̂ Bπ (t) as a function of the source-sink sepa-
ration t. The solid line is the LO result, the yellow band shows the NLO
result with both NLO LECs β̃1$χ and β1$χ being varied between 0.11
and 0.21. The gray band shows the NLO result for β1 = 0.16(5)$−1

χ

and β̃1 = −0.8(25)$−1
χ as an illustration for the theoretically possible

impact of smearing

smearing exists that can come close to β̃1 = −0.80 $−1
χ

is an important question that needs to be studied in specific
lattice simulations (see Sect. 7).

8.2 Impact on the effective mass and effective decay
constant

With the preparations of the last subsection we turn to the
Bπ contribution in the two observables based on the 2-pt
function, the effective mass and effective decay constant.

Figure 12 shows the dimensionful deviation !MBπ
B (t) in

(103) given in MeV. As before the solid line shows the LO
result, and the yellow band the NLO result with the LEC β̃1
varied as discussed above. At t = 1.3 fm the NLO result is
about 4 MeV.

Figure 13 displays the deviation ! f̂ Bπ (t) in (105) for the
effective decay constant. Here the deviation is roughly 1.6%
at t = 1.3 fm.

As before, the figures also show the NLO results for
β̃1 = −5β1 (gray bands), the value that leads to a substan-
tial reduction of the Bπ contamination in the 2pt function.
Expectedly, this reduction also leads to a much smaller Bπ

contamination in the effective mass and effective decay con-
stant.

8.3 Impact on the 3-pt function and the B∗Bπ coupling

The left panel of Fig. 14 shows the deviation !gsum,Bπ
π (t) as

a function of t. As before the solid line shows the LO result,
the yellow band is the NLO result with the NLO coefficients
being varied within our chosen bounds. Recall that !gsum,Bπ

π

involves two NLO LECs, β̃1 and γ , the latter being associated
with the light axial vector current. At t = 1.3 fm, !gsum,Bπ

π

varies roughly between 1% to 5%. This spread is dominated
by the lack of knowledge of the unknown LEC γ .

For illustrative purposes only we show the deviation
!gmid,Bπ

π for the mid-point estimate in the right panel of
Fig. 14. For an appropriate comparison of the two figures
we have plotted !gmid,Bπ

π as a function of tmid ≡ t/2. This
way the deviations are roughly of the same size, as expected.
Note, however, that values t/2 ! 1 fm are hard to reach in
practice.

9 Discussion

We have started from the HMChPT expansion at zero veloc-
ity of the heavy quark. Because some elements – the effective
currents and, in particular, the smeared interpolating fields –
had not been constructed systematically at NLO, we filled
this gap. At NLO, there are LECs dk, k = 1 . . . 7 in the
Lagrangian. Two of them find their way, following the stan-
dard construction, into the light-light axial vector current.
One particular combination of these two, denoted byγ , enters
our prediction for the estimators of the B⋆Bπ coupling. It is
presently unknown and we have used power counting in the
form |γ | ≤ 1/$χ = 1/(4π f ) to illustrate its effect. Due
to the symmetries of HQET, the local effective heavy-light
bilinear at NLO are given by only two LECs, βi , i = 1, 2.
Their values were estimated from B → π form-factors.

The size of the Bπ excited-state contamination is rather
modest in the considered estimators: typically at the few-
percent level at distances t = 1.3 fm. For the two-point func-
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Analogous results for B-meson mass, BB*π coupling gπ ➞     Bπ contamination ≈ a few percent
A. Broll, OB and R. Sommer
Eur. Phys. J C 83 (2023) 757
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B ! ⇡l⌫l• Semileptonic B decay

 ➥ matrix element
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h⇡(p⇡) |V µ |B(pB)i

heavy-light vector current form factor decomposition
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hk(E⇡)
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µ = k
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µ = 0

• Extract form factors from suitably defined ratio of 3pt and 2pt functions

 ➥ effective form factors 

current insertion time
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he↵
? (tV , E⇡) = h?(E⇡)

h
1 +�h?(tV , E⇡)

i

Bπ-state contamination


stemming from 
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�h?(tV , E⇡)

The B*π contamination in the 3-pt function …

‣ leads to an underestimation of ~ 20% of the form factor


‣ Why so much bigger than in the 2-pt function ?
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Feynman diagrams for

…

BVkP
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CB⇡
3 (t, tV )

loop diagrams

tree diagrams
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later … 
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e�E⇡,~p tV  +   NLO

‣ no factor 1/L3    ⇒   sometimes called “volume enhanced” contribution


‣ no sum over pion momenta (i.e. no tower of states),  one fixed pion momentum only  

‣ exactly the same result as in        in the nucleon sector (recall Motivation)

Note:

~GP
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Questions / Outlook

• HM ChPT predicts a non-negligible and in some cases a significant Bπ contamination


‣ How reliable are these NLO ChPT results? 
needs to be checked with lattice data ➞  first promising results: A. Gerardin, Lattice 2024


• How to deal with the Bπ contamination ?


‣ Apply HMChPT results to subtract (some of the) excited-state contamination? 
What about remaining uncertainties? 


‣ Smeared interpolating fields? 
Is smearing helpful/effective in suppressing Bπ excited states ?  
needs to be checked with lattice data ➞  first results: A. Gerardin, Lattice 2024


‣ GEVP including two-hadron (Bπ) interpolating fields ? 
Currently under investigation …
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Interpolating B-meson fields in HMChPT

• We are interested in correlation functions of interpolating fields for the B-mesons 
 
 
  
 

• Are mapped to HMChPT as usual: most general term compatible with the symmetries  
 
 ➥      LO   1 term 
        NLO   2 terms 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heavy (static) b-quarklight u,d quark

Quark level:

LO
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Smeared interpolating B-meson fields in HMChPT

• We are interested in correlation functions of interpolating fields for the B-mesons 
 
 
  
 

• Are mapped to HMChPT as usual: most general term compatible with the symmetries  
 
 ➥      LO   1 term 
        NLO   2 terms 
 

• Holds also for smeared interpolating fields with 
provided


• Difference between local and smeared interpolators:  different values for the LECs
27
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Impact of smearing (?)
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Interpolating B-meson field

local smeared
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�̃1 ⇡ ?

Expectation:

increases overlap with the ground state

decreases overlap with the excited states
Smearing

Justified for Bπ states? 

B. Colquhoun et al. [JLQCD], 2022



Impact of smearing (?)
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Smearing has the potential to significantly reduce the Bπ contamination 
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But:  Is there a smearing procedure that causes                       ?
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Fig. 12 The deviation !MBπ
B (t) as a function of the source-sink sep-

aration t, given in MeV. The solid line is the LO result, the yellow and
gray band show the NLO results with β̃1$χ = 0.16(5) and −0.80(25),
respectively
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Fig. 13 The deviation ! f̂ Bπ (t) as a function of the source-sink sepa-
ration t. The solid line is the LO result, the yellow band shows the NLO
result with both NLO LECs β̃1$χ and β1$χ being varied between 0.11
and 0.21. The gray band shows the NLO result for β1 = 0.16(5)$−1

χ

and β̃1 = −0.8(25)$−1
χ as an illustration for the theoretically possible

impact of smearing

smearing exists that can come close to β̃1 = −0.80 $−1
χ

is an important question that needs to be studied in specific
lattice simulations (see Sect. 7).

8.2 Impact on the effective mass and effective decay
constant

With the preparations of the last subsection we turn to the
Bπ contribution in the two observables based on the 2-pt
function, the effective mass and effective decay constant.

Figure 12 shows the dimensionful deviation !MBπ
B (t) in

(103) given in MeV. As before the solid line shows the LO
result, and the yellow band the NLO result with the LEC β̃1
varied as discussed above. At t = 1.3 fm the NLO result is
about 4 MeV.

Figure 13 displays the deviation ! f̂ Bπ (t) in (105) for the
effective decay constant. Here the deviation is roughly 1.6%
at t = 1.3 fm.

As before, the figures also show the NLO results for
β̃1 = −5β1 (gray bands), the value that leads to a substan-
tial reduction of the Bπ contamination in the 2pt function.
Expectedly, this reduction also leads to a much smaller Bπ

contamination in the effective mass and effective decay con-
stant.

8.3 Impact on the 3-pt function and the B∗Bπ coupling

The left panel of Fig. 14 shows the deviation !gsum,Bπ
π (t) as

a function of t. As before the solid line shows the LO result,
the yellow band is the NLO result with the NLO coefficients
being varied within our chosen bounds. Recall that !gsum,Bπ

π

involves two NLO LECs, β̃1 and γ , the latter being associated
with the light axial vector current. At t = 1.3 fm, !gsum,Bπ

π

varies roughly between 1% to 5%. This spread is dominated
by the lack of knowledge of the unknown LEC γ .

For illustrative purposes only we show the deviation
!gmid,Bπ

π for the mid-point estimate in the right panel of
Fig. 14. For an appropriate comparison of the two figures
we have plotted !gmid,Bπ

π as a function of tmid ≡ t/2. This
way the deviations are roughly of the same size, as expected.
Note, however, that values t/2 ! 1 fm are hard to reach in
practice.

9 Discussion

We have started from the HMChPT expansion at zero veloc-
ity of the heavy quark. Because some elements – the effective
currents and, in particular, the smeared interpolating fields –
had not been constructed systematically at NLO, we filled
this gap. At NLO, there are LECs dk, k = 1 . . . 7 in the
Lagrangian. Two of them find their way, following the stan-
dard construction, into the light-light axial vector current.
One particular combination of these two, denoted byγ , enters
our prediction for the estimators of the B⋆Bπ coupling. It is
presently unknown and we have used power counting in the
form |γ | ≤ 1/$χ = 1/(4π f ) to illustrate its effect. Due
to the symmetries of HQET, the local effective heavy-light
bilinear at NLO are given by only two LECs, βi , i = 1, 2.
Their values were estimated from B → π form-factors.

The size of the Bπ excited-state contamination is rather
modest in the considered estimators: typically at the few-
percent level at distances t = 1.3 fm. For the two-point func-
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Lattice determination of LECs  β1 and  β1
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~

HM ChPT prediction to NLO:
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<latexit sha1_base64="cYP0DYe1y2SNRo88Vu7CxBlytaw=">AAACGnicdVDLSgMxFM34rPVVdekmWIS6KTNFx7oruHFZi31Ap5RMmmlDMw+SO0oZ5jvc+CtuXCjiTtz4N6btCFb0QOBwzrnk3uNGgiswzU9jaXlldW09t5Hf3Nre2S3s7bdUGEvKmjQUoey4RDHBA9YEDoJ1IsmI7wrWdseXU799y6TiYXADk4j1fDIMuMcpAS31C1ajlDg+gZHr4Sg9wY7kwxEQKcM77AAXA5Y00oVIv1A0y+YMeE6siiZnpnVh29jKrCLKUO8X3p1BSGOfBUAFUaprmRH0EiKBU8HSvBMrFhE6JkPW1TQgPlO9ZHZaio+1MsBeKPULAM/UnxMJ8ZWa+K5OTldUv72p+JfXjcGr9hIeRDGwgM4/8mKBIcTTnvCAS0ZBTDQhVHK9K6YjIgkF3WZel/B9Kf6ftCplyy7b16fFWjWrI4cO0REqIQudoxq6QnXURBTdo0f0jF6MB+PJeDXe5tElI5s5QAswPr4AI9ig8Q==</latexit>

R(p) ! R̃(p)
<latexit sha1_base64="q4cMo2oSKjbztqMXEkPCd7DqUiA=">AAACJ3icdVDLSgMxFM3Ud31VXboJFsFVmSla60YENy4r2FrolJLJ3LahmQfJHaUM8zdu/BU3goro0j8xnVZQ0QOBwznnJjfHi6XQaNvvVmFufmFxaXmluLq2vrFZ2tpu6ShRHJo8kpFqe0yDFCE0UaCEdqyABZ6Ea290PvGvb0BpEYVXOI6hG7BBKPqCMzRSr3RKUze/JVXgZ64HyHpORl0lBkNkSkW3PwMopA9pnstMsFcq2xU7B50Sp2rIke2c1GrUmVllMkOjV3py/YgnAYTIJdO649gxdlOmUHAJWdFNNMSMj9gAOoaGLADdTfMFMrpvFJ/2I2VOiDRXv0+kLNB6HHgmGTAc6t/eRPzL6yTYr3dTEcYJQsinD/UTSTGik9KoLxRwlGNDGFfC7Er5kCnG0VRbNCV8/ZT+T1rVilOr1C4Py2f1WR3LZJfskQPikGNyRi5IgzQJJ3fkgTyTF+veerRerbdptGDNZnbID1gfny4Fp/0=</latexit>

�1 ! �̃1

⇒

➡ extract  β1 ~

A. Broll, R. Sommer, OB, (2023) 
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R(p) ⌘ h⇡(p)|Vk|Bi
h⇡(p⇤)|Vk|Bi =

1� �1 E⇡(p)/g

1� �1 E⇡(p⇤)/g
⇥ E⇡(p⇤)

E⇡(p)
⇥ pk

(p⇤)k
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local current smeared current

Lattice results (preliminary)   ➞   contribution by Antoine Gerardin, Lattice 2024

Gaussian smearing 
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rsmear ⇡ 0.45 fm

<latexit sha1_base64="CKJucWUpf56NMSCBa9U6ecWHqBY="></latexit>

�1 ⇡ 0.20(2)GeV�1
<latexit sha1_base64="3il1AW0D99YWKTq7F3SkPILy3PE="></latexit>

�̃1 ⇡ 0.23(3)GeV�1
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�1 ⇡ �̃1 ⇒  small impact of Gaussian smearing on Bπ excited states !

Recall: 
<latexit sha1_base64="d9800cnC6uKTnYJsn0cvyH8da6o="></latexit>

�1 ⇡ 0.14(4)GeV�1 by JLQCD

Preliminary results : �1 and �̃1

• HM�PT prediction : R(p) =
1� �1/g E⇡(p)

1� �1/g E⇡(p?)
p? : reference momentum

local current smeared current
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• Preliminary result : �1 = 0.20(2) GeV�1 and e�1 = 0.23(3) GeV�1 (@ our largest smearing radius)

• Conclusion : e�1 ⇡ �1 ) small impact of smearing on B
⇤
⇡ excited states !

Antoine Gérardin 9 B⇤⇡ excited-state contamination in B-physics observables

~



Questions / Outlook

• HM ChPT predicts a non-negligible and in some cases a significant Bπ contamination


‣ How reliable are these NLO ChPT results? 
needs to be checked with lattice data ➞  first promising results: A. Gerardin, Lattice 2024


• How to deal with the Bπ contamination ?


‣ Apply HMChPT results to subtract (some of the) excited-state contamination? 
What about remaining uncertainties? 


‣ Smeared interpolating fields? 
Is smearing helpful/effective in suppressing Bπ excited states ?  
needs to be checked with lattice data ➞  first results: A. Gerardin, Lattice 2024


‣ GEVP including two-hadron (Bπ) interpolating fields ? 
Currently under investigation …

32

Preliminary answer for  

Gaussian smearing:  No  

But: Distillation looks better 

work in progress … 



Backup slides
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Bπ contribution in the 2pt function
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t / [fm]

t =1.3 fm: Bπ-state contamination leads to an overestimation of ≈ 1% 
if local interpolating fields are used

  757 Page 16 of 22 Eur. Phys. J. C           (2023) 83:757 

∆CBπ
2 (t) ∆CBπ

2 (t)

0.8 1.0 1.2 1.4 1.6 1.8 2.0
0.000

0.005

0.010

0.015

0.020

0.025

0.030

0.8 1.0 1.2 1.4 1.6 1.8 2.0
0.000

0.005

0.010

0.015

0.020

0.025

0.030

t/[fm] t/[fm]

Fig. 10 The deviation !CBπ
2 (t) as a function of the source-sink sep-

aration t. Left panel: The solid line is the LO result, the yellow and
gray band show the NLO results with β̃1$χ = 0.16(5) and −0.80(25),
respectively (see main text). Right panel: The orange band shows the

NLO result for β̃1$χ = 0.16(5) and with an upper bound on the pion
energy, E ≤ 5Mπ = 700 MeV. The contribution of these low-energy
pion states dominate !CBπ

2 (t) as long as t ! 1.3 fm, our rough bound
for the applicability of the ChPT results
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Fig. 11 The deviation !CBπ
2 (t) as a function of the source-sink sep-

aration t, both for an infinite spatial volume (solid lines) and a finite
volume with Mπ L = 4 (dashed lines). Results are shown for three dif-
ferent upper bounds on the pion energy: E/Mπ ≤ 7 (red), 5 (blue) and
4 (purple). The difference is at the sub-permille level for t ! 1.3 fm

t ≈ 1.3 fm the two bands begin to overlap and the low-energy
pions completely dominate !CBπ

2 . For t ≃ 0.9 fm, on the
other hand, the high-energy pions with E > 5Mπ contribute
significantly to the Bπ contamination. The figure suggests
that we may expect the chiral expansion to be reasonably
well behaved for t ! 1.3 fm. This is in agreement with the
naive expectation that Euclidean time-separations need to be
at least 1 fm for pion physics to dominate the correlation
functions.

Figure 11 shows !CBπ
2 for three different upper bounds

Emax on the pion energy: Emax/Mπ = 7 (solid red line), 5

(solid blue) and 4 (solid purple). β̃1$χ is set to the central
value 0.16, i.e. the blue solid line in Fig. 11 is the middle of
the orange band in Fig. 10. Also shown (dashed lines) are the
corresponding results in case of a finite spatial volume with
Mπ L = 4.Except for the smallest upper bound and for small
t the difference between the FV and infinite volume results
are at the sub-permille level. If we had plotted the bands
stemming from the uncertainty in β̃1 the difference would
not be visible. Therefore, we ignore the FV corrections and
discuss the infinite volume results only in the following.

Note, however, that the FV results shown in Fig. 11 are the
cumulative contribution of many Bπ states with different dis-
crete pion momenta p⃗n = 2π n⃗/L . The three upper bounds
Emax on the pion energy correspond to Nmax = 6, 10 and 20
in terms of the momentum label N = |n⃗|2. Thus, the blue
dashed line in Fig. 11 is the Bπ contamination caused by
states with ten different energies. This number grows rapidly
if Mπ L gets larger than 4.

Going back to Fig. 10 we can now read off a Bπ excited-
state contribution of about 1% or smaller for t ! 1.3 fm.
Applying the ChPT results to much smaller source-sink sep-
arations may not be justified and should be done with care.

Recall that we made the assumption β̃1 = β1, i.e. the
LECs associated with the smeared and the local interpolating
fields are the same. As discussed before we consider this as
an upper limit for β̃1, but in practice one expects an impact of
smearing on the size of the Bπ contamination via the value
for β̃1.As an illustration of how big this impact can be Fig. 10
also shows the NLO result for β̃1 = −5β1 = −0.80(25)$−1

χ

(gray band). In this case the Bπ contamination is drastically
reduced, roughly by a factor 5 at t ≈ 1.3 fm. Whether a
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�CB⇡
2 (t)

LO

NLO, local interpol.

NLO, smeared interpol.?
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Fig. 10 The deviation !CBπ
2 (t) as a function of the source-sink sep-

aration t. Left panel: The solid line is the LO result, the yellow and
gray band show the NLO results with β̃1$χ = 0.16(5) and −0.80(25),
respectively (see main text). Right panel: The orange band shows the

NLO result for β̃1$χ = 0.16(5) and with an upper bound on the pion
energy, E ≤ 5Mπ = 700 MeV. The contribution of these low-energy
pion states dominate !CBπ
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for the applicability of the ChPT results
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Fig. 11 The deviation !CBπ
2 (t) as a function of the source-sink sep-

aration t, both for an infinite spatial volume (solid lines) and a finite
volume with Mπ L = 4 (dashed lines). Results are shown for three dif-
ferent upper bounds on the pion energy: E/Mπ ≤ 7 (red), 5 (blue) and
4 (purple). The difference is at the sub-permille level for t ! 1.3 fm

t ≈ 1.3 fm the two bands begin to overlap and the low-energy
pions completely dominate !CBπ

2 . For t ≃ 0.9 fm, on the
other hand, the high-energy pions with E > 5Mπ contribute
significantly to the Bπ contamination. The figure suggests
that we may expect the chiral expansion to be reasonably
well behaved for t ! 1.3 fm. This is in agreement with the
naive expectation that Euclidean time-separations need to be
at least 1 fm for pion physics to dominate the correlation
functions.

Figure 11 shows !CBπ
2 for three different upper bounds

Emax on the pion energy: Emax/Mπ = 7 (solid red line), 5

(solid blue) and 4 (solid purple). β̃1$χ is set to the central
value 0.16, i.e. the blue solid line in Fig. 11 is the middle of
the orange band in Fig. 10. Also shown (dashed lines) are the
corresponding results in case of a finite spatial volume with
Mπ L = 4.Except for the smallest upper bound and for small
t the difference between the FV and infinite volume results
are at the sub-permille level. If we had plotted the bands
stemming from the uncertainty in β̃1 the difference would
not be visible. Therefore, we ignore the FV corrections and
discuss the infinite volume results only in the following.

Note, however, that the FV results shown in Fig. 11 are the
cumulative contribution of many Bπ states with different dis-
crete pion momenta p⃗n = 2π n⃗/L . The three upper bounds
Emax on the pion energy correspond to Nmax = 6, 10 and 20
in terms of the momentum label N = |n⃗|2. Thus, the blue
dashed line in Fig. 11 is the Bπ contamination caused by
states with ten different energies. This number grows rapidly
if Mπ L gets larger than 4.

Going back to Fig. 10 we can now read off a Bπ excited-
state contribution of about 1% or smaller for t ! 1.3 fm.
Applying the ChPT results to much smaller source-sink sep-
arations may not be justified and should be done with care.

Recall that we made the assumption β̃1 = β1, i.e. the
LECs associated with the smeared and the local interpolating
fields are the same. As discussed before we consider this as
an upper limit for β̃1, but in practice one expects an impact of
smearing on the size of the Bπ contamination via the value
for β̃1.As an illustration of how big this impact can be Fig. 10
also shows the NLO result for β̃1 = −5β1 = −0.80(25)$−1

χ

(gray band). In this case the Bπ contamination is drastically
reduced, roughly by a factor 5 at t ≈ 1.3 fm. Whether a
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dashed lines:  MπL = 4

solid lines:  infinite volume limit
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t =1.3 fm: Bπ-state contamination leads to an overestimation of ≈ 5 MeV 
if local interpolating fields are used

Eur. Phys. J. C           (2023) 83:757 Page 17 of 22   757 

∆MBπ
B (t)/[MeV]

0.8 1.0 1.2 1.4 1.6 1.8 2.0
0

5

10

15

20

t/[fm]

Fig. 12 The deviation !MBπ
B (t) as a function of the source-sink sep-

aration t, given in MeV. The solid line is the LO result, the yellow and
gray band show the NLO results with β̃1$χ = 0.16(5) and −0.80(25),
respectively
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Fig. 13 The deviation ! f̂ Bπ (t) as a function of the source-sink sepa-
ration t. The solid line is the LO result, the yellow band shows the NLO
result with both NLO LECs β̃1$χ and β1$χ being varied between 0.11
and 0.21. The gray band shows the NLO result for β1 = 0.16(5)$−1

χ

and β̃1 = −0.8(25)$−1
χ as an illustration for the theoretically possible

impact of smearing

smearing exists that can come close to β̃1 = −0.80 $−1
χ

is an important question that needs to be studied in specific
lattice simulations (see Sect. 7).

8.2 Impact on the effective mass and effective decay
constant

With the preparations of the last subsection we turn to the
Bπ contribution in the two observables based on the 2-pt
function, the effective mass and effective decay constant.

Figure 12 shows the dimensionful deviation !MBπ
B (t) in

(103) given in MeV. As before the solid line shows the LO
result, and the yellow band the NLO result with the LEC β̃1
varied as discussed above. At t = 1.3 fm the NLO result is
about 4 MeV.

Figure 13 displays the deviation ! f̂ Bπ (t) in (105) for the
effective decay constant. Here the deviation is roughly 1.6%
at t = 1.3 fm.

As before, the figures also show the NLO results for
β̃1 = −5β1 (gray bands), the value that leads to a substan-
tial reduction of the Bπ contamination in the 2pt function.
Expectedly, this reduction also leads to a much smaller Bπ

contamination in the effective mass and effective decay con-
stant.

8.3 Impact on the 3-pt function and the B∗Bπ coupling

The left panel of Fig. 14 shows the deviation !gsum,Bπ
π (t) as

a function of t. As before the solid line shows the LO result,
the yellow band is the NLO result with the NLO coefficients
being varied within our chosen bounds. Recall that !gsum,Bπ

π

involves two NLO LECs, β̃1 and γ , the latter being associated
with the light axial vector current. At t = 1.3 fm, !gsum,Bπ

π

varies roughly between 1% to 5%. This spread is dominated
by the lack of knowledge of the unknown LEC γ .

For illustrative purposes only we show the deviation
!gmid,Bπ

π for the mid-point estimate in the right panel of
Fig. 14. For an appropriate comparison of the two figures
we have plotted !gmid,Bπ

π as a function of tmid ≡ t/2. This
way the deviations are roughly of the same size, as expected.
Note, however, that values t/2 ! 1 fm are hard to reach in
practice.

9 Discussion

We have started from the HMChPT expansion at zero veloc-
ity of the heavy quark. Because some elements – the effective
currents and, in particular, the smeared interpolating fields –
had not been constructed systematically at NLO, we filled
this gap. At NLO, there are LECs dk, k = 1 . . . 7 in the
Lagrangian. Two of them find their way, following the stan-
dard construction, into the light-light axial vector current.
One particular combination of these two, denoted byγ , enters
our prediction for the estimators of the B⋆Bπ coupling. It is
presently unknown and we have used power counting in the
form |γ | ≤ 1/$χ = 1/(4π f ) to illustrate its effect. Due
to the symmetries of HQET, the local effective heavy-light
bilinear at NLO are given by only two LECs, βi , i = 1, 2.
Their values were estimated from B → π form-factors.

The size of the Bπ excited-state contamination is rather
modest in the considered estimators: typically at the few-
percent level at distances t = 1.3 fm. For the two-point func-

123

LO

NLO, local interpol.

NLO, smeared interpol.?
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Calculation of the LECs : �1 and e�1

I HM�PT prediction (at NLO) for the form factor h? [ref still missing]

h⇡(p)|Vk|Bi

h⇡(p?)|Vk|Bi
=

1� �1/g E⇡(p)

1� �1/g E⇡(p?)
⇥

E⇡(p?)

E⇡(p)
⇥

pk

(p?)k

! extract �1 from the pion energy dependence
! smearing of the vector current (Vµ ! eVµ) : gives access to e�1 (LECs for smeared B operators)

[O. Bär, A. Broll, R. Sommer ’23]
I Matrix element obtained from 3-point functions in the static limit

C
(3)
µ (t⇡, tv;p) =

a
9

V 2

X

xf ,y,xi

hO⇡(xf , tv + t⇡)Vµ(y, tv)OB(xi, 0)i e
�ip(xf�y)

Replace local by smeared vector current : eVµ �! eC(3)
µ

I Lattice estimator :

R
e↵(t, tv;p) ⌘

E⇡(p)

E⇡(p?)

(p?)k
pk

⇥

eC(3)
k (t⇡, tv;p)

eC(3)
k (t⇡, tv;p?)

C
(2)
⇡ (t⇡,p?)

C
(2)
⇡ (t⇡,p)

! this estimator is itself affected by excited states : can be used to correct our data

1 + �B⇡(tv;p) =
1 +�h?(tv;p)

1 +�h?(tv;p?)
⇡ 1 + e�(E⇡(p)�E⇡(p

?))tv +
�1 + �̃1

g

⇣
E⇡(p)e

�E⇡(p)t � E⇡(p
?
)e�E⇡(p

?)t
⌘
+ · · ·
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Preliminary results : �1 and �̃1

R
e↵(t, tv;p) ⌘

E⇡(p)

E⇡(p?)

(p?)k
pk

⇥

eC(3)
k (t, tv;p)

eC(3)
k (t, tv;p?)

C
(2)
⇡ (t� tv,p?)

C
(2)
⇡ (t� tv,p)

• Plateaus at fixed t⇡ (left) or at fixed tv (right)
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|p⃗| = 0.47 GeV
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1.4

0.0 0.4 0.8 1.2 1.6 2.0
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tπ [fm]

|p⃗| = 0.47 GeV

Corrected

Uncorrected

• Repeat the analysis for different values of E⇡ in the range [0.29 : 0.85] GeV

⇡ 10% correction (B⇤
⇡)
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Test of HM�PT : two-point heavy-light function with distillation

• e�1 depends on the detail of the smearing operator

! other smearings may yield better results ( ?)

• Preliminary results obtained with distillation [M Peardon et al. ’09]

Profiles Ratio of overlap factors

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1 1.2

Ψ
(r
)

r [fm]

Nev = 25
Nev = 50
Nev = 100

0

0.05

0.1

0.15

0.2

0.25

0.3

0 5 10 15 20

R
e
ff
(t
)

t/a

! preliminary results suggest smaller overlap with B
⇤
⇡ states as compared to gauss smearing

! next step : compute e�1 in distillation (applicability of HLChPT?)
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More results

• Analogous results for


‣ B-meson mass

‣ BB*π coupling gπ


with Bπ contamination ≈ a few percent


• But: The Bπ contamination can be significantly larger in some cases


Example:  Vector current form factor

40
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