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The gradient flow

Narayanan, Neuberger 2006
_Uscher 2009

C 2010
B(t=0.x)=A (x (scher
”( ) ”( ) _Uscher, Weisz 2011

_uscher 2013

0
flowed gauge field:; EB”(L x)=92,G,,(tx)

flowed quark field:
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Schematically...

0
EBﬂ(t) — @I/Gl///t(t)
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Schematically...
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Schematically...

1
G~—|[D,D] ~ 0B + g B*
80
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Schematically...

1
G~—|[D,D] ~ 0B + g B*
80

flow equation: 0,B ~ 0°B + gOaB2 + ggB3
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Schematically...

1
G~—|[D,D] ~ 0B + g B*
80

flow equation: 0,B ~ 0°B + gOaB2 + ggB3

cf. heat equation: 0, u(t, X) = Au(t, X)
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Lattice QCD

quantum fluctuations:

Engel 2009
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Lattice QCD

quantum fluctuations: ‘'smearing "

Engel 2009
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Schematically...

1
G~—|[D,D] ~ 0B + g B*
80

flow equation: 0,B ~ 0°B + gOaB2 + ggB3
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R. Harlander, Gradient Flow and SFTX, Lattice meets continuum, Siegen 2024 .

PPPPPPPPPPPPPPP
oooooooooooo



Perturbative solution

flow equation: 0,B ~ 0°B + g00B2 + ggB3
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Perturbative solution
flow equation: 0B ~ 0°B + g,0B* + ggB3

perturbative ansatz: B = gyB; + gng + ...
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Perturbative solution
flow equation: 0B ~ 0°B + g,0B* + ggB3

perturbative ansatz: B = gyB; + gng + ...

momentum space: Bl(t) = e_tpzﬁ(p)
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Perturbative solution
flow equation: 0B ~ 0°B + g,0B* + ggB3

perturbative ansatz: B = gyB; + gng + ...
momentum space: Bl(t) = e‘tpzﬁ(p)

By(t,p) = [ dSJd“q K(t,s,p,q) A(p) A(p — q)
0

K(t,5.p.q) ~ exp[ — 1p* = 254(q = p)

elcC.

Exponential damping in momentum integrals!
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5-dimensional field theory

0
flowed gauge field:; EB”(L x)=92,G,,(tx)

Bﬂ(t =0,x) = Aﬂ(x)

flowed quark field:
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5-dimensional field theory

0
flowed gauge field:; EB”(L x)=92,G,,(tx)

Bﬂ(t =0,x) = Aﬂ(x)

flowed quark field:

v-vu

Luscher, Weisz 2011
0o LUscher 2013

SZBNJ art, (98,-2,G,,)
g:gQCD_I_C’CZB_l_C’CZ)(

lllllllllll
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Perturbative approach

%NJ art, (98,-2,G,,)

Vv
0
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Perturbative approach

%NJ art, (98,-2,G,,)

Vv
0

0000000000 - (5 - p”py> e~ (+9p° G00000600000 OOy 01 = 5) € s
0 at b, s p2 \ H 2 W, a,t v, b,s ‘ o
‘gluon flow line
~ (0| T B{(t,x) B)(5,0)| 0) ~ (0| T L{(t,x) B)(s,0)| 0)
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Perturbative approach

Vv

%NJ art, (98,-2,G,,)

b l  (f_ 2
SETETTTTTTD o (8, — 221 oo CU0060600000) 80, Ot — 5) €~ 75P
W, a,t v, b, s p2 \ " p? U, a,t v, b, s |

“gluon flow line”

~ (0| T B{(t, x) B/(5,0)| 0) ~ (0| TL;(1.x) B)(5,0)| 0)

Q7V7b o0

—igfa’bc ; ds (6Vp(7° — Q)’u, + 25/,LI/Q,0 o 25MPTV

r7p7c

+ (8 = 1)(Oppqu — Opup))
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Perturbative approach

elc.



Renormalization

S =%ocpt+ L+ 2, Ly~ J dtL, (@Bﬂ — QZDGW)

& N[ dt7(0,— D*) y+h.c.
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Renormalization

ngQCD_l_gB_l_g)( gBNJ' dtLM(atBﬂ—QZUGW)
0
“Bulk” (r > 0) is UV reqgulated ©
A= . gﬁ[ dr1(0,—2*) y+h.c.
= renormalization of 0

QCD parameters unaffected!
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Renormalization

S =%ocpt+ L+ 2, Ly~ J dtL, (@Bﬂ — QZUGW)
0
“Bulk” (t > 0) is UV reqgulated ©
= ’ fz/v[ dr1(0,—2*) y+h.c.
= renormalization of 0
QCD parameters unaffected!
flowed field renormalization:
B}f(t, X) = B (1, X)
2Rt x) = 22 y(1,x)
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Renormalization

S =%ocpt+ L+ 2, Ly~ J dtL, (@Bﬂ — QZUGW)
0
“Bulk” (r > 0) is UV regulated >
=) ’ fz/v[ dr1(0,—2*) y+h.c.
= renormalization of 0
QCD parameters unaffected!
flowed field renormalization:
B (t,x) = B,(t,x)
2R(t,x) = 212 y(t,x)
o, _ _ NLO:  Suzuki, Makino (2014)
ZA){(I)D}((I)) =0 =LO NNLO: Atitzzu, Fl%H,aLaIrrw]Se, Neumann, Prausa (2019)
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Let’s calculate

1
(E(1)) = Z(Gﬁ(t)Ga’””(t»
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Let’s calculate

1
(E(1)) = Z<G,i‘,,(t>G“’”’*(t)>
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Let’s calculate

1 5 PuPy —(t45)p?
(B() = (G (G () ARy SR (% ‘ )“ '
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Let’s calculate

1 5 PuP 2
— a a,uv O0000000000 P2 ) o)
(E(D)) = Z<Gﬂl/(t)G (1)) iy a,t Vb5 p? (5’“’” - P> ) p
LO:
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Let’s calculate

1 5ab p,upv _H_sz
B0 = G506+ 0 e W (WU
L O:
explicitly: (E(1)) = 34 +  O(a?
g A2 (ar5)
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Let’s calculate

1 5 Pulu\ (o
(E®) = (GG (1) TG (e ) e
LO:
explicitly: (E(1)) = - +  Oa3) — measure as on the lattice?
T
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Let’s calculate

1 SSECEEET 5% PPy
<E(t)> = Z<Gﬁy(t)Ga’ﬂy(t)> W, a,t v,b,s  p? (5’w - p?
LO:
a
explicitly: (E(1)) = y ;2 + 0O(a?) — measure ds on the lattice?
T
ag = a(p)
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Higher orders

Institute for

R. Harlander, Gradient Flow and SFTX, Lattice meets continuum, Siegen 2024 TI‘ Lo

and Cosmology




Higher orders
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Higher orders

e—th2
L[kp“kz(p — k)*

® generalized loop integrals
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Higher orders

e—th2 4
~ d
Jp[kp4k2(P—k)2 J()

® generalized loop integrals
® integration over flow-time parameters
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3a (1)

(1*E(1)) =
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m

k, =
= (3

Luscher 2010

52 22
—+?ln2—31n3

8
) Cy— gnfTR + Gy Ly,

Lt//t — ln 2ﬂ2t + 7/E
1

NG

resulting perturbative
accuracy on ds: =+ 3-5%

Ho

PDG: = 1%



Three-loop calculation

R. Harlander, Gradient Flow and SFTX, Lattice meets continuum, Siegen 2024

ttttttttttt
Theoretical
Particle Physics
oooooooooooo



Three-loop calculation

The usual problems:
e many diagrams (NLO: 20; NNLO: 3651)

® many
® compl

ntegra

cated

S
iIntegrals
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Three-loop calculation

The usual problems:

e many diagrams (NLO: 20; NNLO: 3651)
® many integrals
® complicated integrals

The usual solutions:
® automatic diagram generation
® reduce to master integrals

® cvaluate master integrals
Artz, RH, Lange, Neumann, Prausa 19
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The perturbative toolbox

[For details, see: Artz, RH, Lange, Neumann, Prausa 2019]

diagram generation: gsraf  Nogueira 1993

diagram analyzation: ge/exp RH, Seidensticker, Steinhauser 1997
— tapir/exp Gerlach, Herren, Lang 2022

algebraic manipulations: FORM Vermaseren 2000, ...

reduction to masters: Kira, ® FireFly Usovitsch, Uwer, Maierhtfer 2017

Chetyrkin, Tkachov 1981
Laporta 2000

@ Klappert, Klein, Lange 2019
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Three-loop calculation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

oo exp [—? (al(u)l?%+"'+a6(“)p62)]
— dl/li l/l.ci Jde de de )
i=H1 JO ; 1 2 3 (p12)b1 (p62)b6

0
oP identities: -+ I(c;a,b) = Dé;I(c,a.b) + ) I(c'a,b)

iI((:, a,b) =I1(c’,alu=1),b")—I(c’,a(u =0),b")

ou:
; Artz, RH, Lange, Neumann, Prausa 2019]

Huge systems of linear equations, solved by “master integrals”.
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The perturbative toolbox

[For details, see: Artz, RH, Lange, Neumann, Prausa 2019]

diagram generation: gsraf  Nogueira 1993

diagram analyzation: ge/exp RH, Seidensticker, Steinhauser 1997
— tapir/exp Gerlach, Herren, Lang 2022

algebraic manipulations: FORM Vermaseren 2000, ...

reduction to masters: Kira, ® FireFly Usovitsch, Uwer, Maierhtfer 2017

Chetyrkin, Tkachov 1981
Laporta 2000

@ Klappert, Klein, Lange 2019
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The perturbative toolbox

[For details, see: Artz, RH, Lange, Neumann, Prausa 2019]

diagram generation: gsraf  Nogueira 1993

diagram analyzation: ge/exp RH, Seidensticker, Steinhauser 1997
— tapir/exp Gerlach, Herren, Lang 2022

algebraic manipulations: FORM Vermaseren 2000, ...

: . . . Usovitsch, Uwer, Maierhtfer 2017
reduction to masters: Kira @ FireFly ® Klaopert, Klsin. Lange 2019
Chetyrkin, Tkachov 1981
Laporta 2000

! ~tp*—=s(k—p)” A B
e D D €
sector decomposition: d”k [d"p | ds—— —=—+—+C+..
Binoth, Heinrich 2002 o kpik—p) € €
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RH, Neumann (2016)

Numerical evaluation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

1

eXp :—t (611(u)l712+"'+a6(”)p62>]
(plz)bl (p62)b6

- (1]

i=1 0

du; u;’ Jdel d”p,d"p,
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RH, Neumann (2016)

Numerical evaluation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

eXp :—t (611(M)P12+"'+a6(“)p62)]
(plz)bl (p62)b6

el
= HJ du; u;’ Jdel d”p,d"p,
i=1 0

dx xt=1e=P

Schwinger parameters: 1 r" )
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RH, Neumann (2016)

Numerical evaluation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

oo eXp —t(al(u)l?%+"'+a6(“)p62)]
du; u; Jde d°p,d°p _
FHIJ ; 1 2 3 (p12)b1 (p62)b6

dx xb~1 e_xf”2

Schwinger parameters: 1 ro
(p?)’

0

el 6 00
N( J d”i”f) H J dxfxfj_l [del d"p, d°py exp |~ p" A(x, u) p)
=1 '
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RH, Neumann (2016)

Numerical evaluation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

( ool > eXp _—t(al(u)l?lz+”'+a6(“)p62)]
— HJ dl/libtl.ci Jdeld d Ps _

=1 90 (P71 =+ (pg)™e

dx xb~1 e"q”2

Schwinger parameters: 1 ro

(p 2)b 0

=1

1 6 00
~ (HJ du, uf) HJ dx; xf [detA(x u)]_D/2
0

j=1
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RH, Neumann (2016)

Numerical evaluation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

( ool > eXp _—t(al(u)l?lz+”'+a6(“)p62)]
— HJ dl/libtl.ci Jdeld d Ps _

=1 90 (P71 =+ (pg)™e

Schwinger parameters: 00 : map [
o P 1 o J dxxb—l e P _)pJ dx ---
(pz)b 0

=1

1 6 00
~ (HJ du, uf) HJ dx; xf [detA(x u)]_D/2
0

j=1
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RH, Neumann (2016)

Numerical evaluation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

ool eXp —t(al(u)l?12+”'+a6(“)p62)]
C; D D D -
[T, au ) a2 dpsap—— s

i=1 0
. | - 1
Schwinger parameters: L J P ngpj g
(pz)b 0 0
ol [ b1 D2
~ [ du; ulc J dxjxl.f_ [detA(x, u)]
i=1 "0 j=1"°0
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RH, Neumann (2016)

Numerical evaluation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

oo o eXp —t(al(u)l?%+"'+a6(“)p62)]
du; u; Jd p1d”p,d-p _
FHIJ ; 1 2 3 (p12)b1 (p62)b6

Schwinger parameters: 00 : map [
o P 1 o J dxxb—l e P _)pJ dx ---
(pz)b 0

f | 6 1
| b.—1 —D/2 L
~ ( [ du, uf) J dx; x| [det A(x,u) | — sector decomposition
i=1 0 j=1*0 Binoth, Heinrich (2000)
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Implementation

I({Cp ", Cf}a {al(u), ", a6(u)}, {bla "t b6})

C1:C2:O
Cll =u11/l2, a2=u2, a3=u2—u1u2
a4=1, a5=1+u1u2, a6=1—u2
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Implementation

I({Cp ", Cf}a {al(u), ", a6(u)}, {bla "t b6})

cp=¢=0 ftint RH, Nellopoulos, Olsson, Wesle ‘24
Cll — u1u2 R a2 — I/lz R a3 — l/tz — u1u2
(based on pySecDec)

a,=1, a-=1+4+uunu,, a=1-—u
4 5 1772 6 2 Heinrich, Magerya, Kerner, Jones, ...
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Implementation

I({Cla B Cf}a {Cll(l/t), "‘,616(M)}, {b19 T b6})

cp=¢=0 ftint RH, Nellopoulos, Olsson, Wesle ‘24
al — l/lll/lz o Cl2 — l/lz 0 Cl3 — l/lz — u1u2
(based on pySecDec)

a,=1, a-=1+4+uunu,, a=1-—u
4 5 172 6 2 Heinrich, Magerya, Kerner, Jones, ...

f[{{0,0},{ul*u2,u2,u2-ul*u2,1,1+ul*u2,1-u2}t},{1,0,0,1,0,0}] -> (
+epsA-1*(+8.3333333333333343*10/A-02+0.0000000000000000*10A+00* 1)
+epsA-1*%(+1.4433895444086145*107-15+0.0000000000000000*10A+00* 1) *plusminus
+epsA@*(+3.0238270284562663*10N-01+0.0000000000000000* 10A+00*1 )
+epsA0*(+1.6918362746499228*10/N-08+0 .0000000000000000*10A+00*I ) *plusminus
+epsA1*(+6.5531010458012129*101-01+0.0000000000000000* 10A+00*1 )
+epsA1*(+3.7857260802916662*10/A-08+0 .0000000000000000* 10A+00* 1) *plusminus

),
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3a (1)

(1*E(1)) =
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ky

Luscher 2010

52 22
—+?ln2—31n3

5

8
) Cy— EnfTR + Gy Ly,

Lt//t = In 2ﬂ2t + e

resulting perturbative
accuracy on ds: =+ 3-5%

PDG: = 1%



(1*E(1)) =

3a (1)

4r

0.50 —

0.40 —

0.30 —

_jol . “Inco| A]nnLo

0.20 —

t°(E(t))

0.10 —

0.05 —
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1+ ky (1, ) () + kot ) aZ(0)

RH, Neumann 2016

resulting perturbative
accuracy on as: O(1%)

PDG: = 1%



Derive as(mz)

t*(E(t)) - 10*

qs 2 GeV 10 GeV my

as(mz) || np=3|np=4|np=3|nfp=4 | np=5|nrp=3|ns=4|ny=
113 744 759 424 446 456 267 285 299
1135 793 764 426 449 459 263 286 301
114 762 773 429 452 462 269 287 302
1145 771 782 432 455 466 270 289 303
115 730 792 435 458 469 272 290 305
1155 739 802 438 461 472 273 291 306
116 798 811 440 465 476 274 292 308
1 808 821 443 468 479 275 294 309
A17 813 832 446 471 433 276 295

1175 827 842 449 474 436 277 296
118 837 852 452 478 490 278 298
1185 847 863 455 431 493 279 299
119 808 874 457 434 497 280 300
1195 863 889 460 438 500 281 301
12 879 896 463 491 504 282 303

o))
oy

el a e e i S i
© 00 O Tl N =
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3a (1)
A

(FPE(D) = 1+ ky (2, 1) a(u) + Kyt ) ()|
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(1*E(1)) =

3a (1)
A
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3ot (u)
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[—d

dt
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3a (1)
A

(°E(1)) = L+ k(1 ) ag(u) + ky(t, ) o ()| =

0.50 —— /1

d A
4 t—a(t) = pla
0.40 — / dt S( ) ﬁ( S)

o[ oo =& By +a.p, +a*p, + ...
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3
1+ ky (1. 1) o () + ko(t, ) @2()] =4

universal



3a (u) 3 3

(FPE@M)) = —— |1 + ki(t, p) a(p) + ky(t, ) a} ()| =-—a,(0) = —a(®)

| | (—a,(1) = fa,)

0.30 — B A2 R R R A2 R

| = a2 | B+ afy + a2+ .|
. ¢ \
? 0,10 GF specific
universal depends on k,

J8t /GeV™!
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3a (1)

3
(PE(D) = |1+ k(1 ) o) + kot ) a5 ()| = =00 = a0

4r

— = 1-loop
— — — 2-loo _21a A D oy
D WS . — Uy [ﬁO_l_asﬂl +asﬁ2+ ]
5-loop MS
3-loop GF
N(D ““ﬂ
= GF specific
©
2 universal ~ depends on k;

O 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
dg

Particle Physics
oooooooooooo
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Determine A cp

This work - | * |
Wong 23 (prelim) -
Dalla Brida 19- SO

Ishikawa 17 - %5 |
Kitazawa 16 - e :
Brambilla 10 - | L |
QCDSF/UKQCD 05- ey
ALPHA 981 " a

052 054 056 058 060 062 0.64

AV 810 MS

Hasenfratz, Peterson, van Sickle, Witzel (2023)
see also Wong, Borsanyi, Fodor, Holland, Kuti (2023)
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Application to effective field theories

Observable: R = Z C (0O, )

_j & match
poerturbation lattice

renormalization
theory schemes?
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Application to effective field theories

Observable: R = Z C (O )

& match
perturbation lattice renormalization
theory \ / schemes?

Instead: gradient flow
renormalization
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Application to effective field theories

Observable: R = Z C (0O, )

_j & match
perturbation lattice renormalization
theory \ /

schemes”?
Instead: R = Z C (1){0, (1)) gradient flow
» renormalization

Crucial observation:  (0,(1)) is UV finite | tischer, Weisz 2011
= lim (0, (1)) exists!
a—0
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Small flow-time expansion

Observable: R=) Cl0,) =) C0(0,0)
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Small flow-time expansion

Observable: R=) Cl0,) =) C0(0,0)
small flow-time expansion: O (1) =) Z c..(1) O,
LUscher, Weisz 11 m
Suzuki '13
LUscher 13 t—0

Cut)'= ) Crl®)

= need (. (f) forsmallt = perturbation theory
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Determining ((7)

Matching: calculate a set of suitable Green’s functions and solve for ¢, (¥)

1—(

(0,(1) > Y 5(1(0,,)
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Determining ((7)

Matching: calculate a set of suitable Green’s functions and solve for ¢, (¥)

1—(
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Determining ((7)

Matching: calculate a set of suitable Green’s functions and solve for ¢, (¥)
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Determining ((7)

Matching: calculate a set of suitable Green’s functions and solve for ¢, (¥)

1—(
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Determining ((7)

Matching: calculate a set of suitable Green’s functions and solve for ¢, (¥)

1—(

(O, = ) ({0,

S
|
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Determining ((7)

Matching: calculate a set of suitable Green’s functions and solve for ¢, (¥)

(6,0)'> Y ¢, (0,
t — 1!
p=m=20 p=m=0

only tree-level diagrams survive on r.n.s.
Gorishnii, Larin, Tkachov ‘83
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Proof of principle

.00
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§ Lattice Data
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preliminary
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T [GeV ™7
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R= ) C,0(0,)

=Y C (b)),

— see Fabian Lange's talk



Proof of principle
R= ) C,1)6,0)

.00

wwwww = Z Cn(C_l(t)<@(t)>)n

.95 -

90 - ’
(.90 I Lattice Data

b NLOC
(.85 -

(.80 -

0.75- 1(t)<@(t)>
pr ehnnnaly — see Fabian Lange's talk
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Proof of principle
R=) C,0(0,)

1 00 1= 3Ge\
6 paatAEESEAEEEEE] _ —1 7
- (O0) . resnassnssmens=e = ) C,('1(OOY),
N ER I t@ﬂm -
,s"t

().90 - ‘t"“ § Lattice Data
b NLO¢
f NNLO ¢

{).85 1

R

0.75 -
preliminary e — see Fabian Lange’s talk
0.70 . . . .
0.0 0.2 0.4 0.6 0.8
— [T —2 ‘
GV Black, RH, Lange, Rago, Shindler, Witzel (2023) P. H
CRC TRR 257
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Proof of principle
R= ) C,0(0,0)

. = 3 Gel
7 aaALAREEAEALE TS . —1 ~
(GG S = ) C7 (b)),
0.954 4 wﬂmﬂ“
2 ! 4+ £ (e

().90 - ‘t"“ § Lattice Data ( )
& NLO(
f  NNLO ¢

{).85 1

R

0.75 -
preliminary e — see Fabian Lange’s talk
0.70 . . . .
0.0 0.2 0.4 0.6 0.8
— [T —2 ‘
GV Black, RH, Lange, Rago, Shindler, Witzel (2023) P. H
CRC TRR 257
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Energy momentum tensor . o oo

(I ] 28 T T T :
| 03] I T/T,=0.93 - 241 L TIT,=1.02 -
Entropy density: - l l ’ ; - . : c _;

0.2} l l : 2.3}

s/T?

NLO

0.000 0.005 0.010 0.015 0.020 0.025 0.030

T2 | | tT?
Suzuki, Takaura ‘21
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Energy momentum tensor . o oo
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- ; : f | : 5
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Energy momentum tensor . o oo
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Other applications

electric dipole operators quark bilinears
NLO: Mereghetti, Monahan, Rizik, Shindler, Stoffer (2022) NLO: Hieda, Suzuki (2016)

Crosas, Monahan, Rizik, Shindler, Stoffer (2023) NNLO: Borgulat, RH, Kohnen, Lange (2023)
NNLO: Borgulat, RH, Rizik, Shindler (2022)

four-quark operators ~ — see Fabian Lange’s talk

NLO: A. Suzuki, Tanaguchi, H. Suzuki, Kanaya (2020)
NNLO: RH, Lange (2022)

Black, RH, Lange, Rago, Shindler, Witzel (2023, 2024)

LEFT operators — see Oscar Crosas’ talk
moments of PDFs hadronic vacuum polarization
NLO: A. Shindler (2024) NNLO: RH, Lange, Neumann (2020)

R. Harlander, Gradient Flow and SFTX, Lattice meets continuum, Siegen 2024




MS renormalization of composite operators

geff = Z Cn@n
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MS renormalization of composite operators

geff = Z Cn@n

needs renormalization; = Z (CO)(Z27'0), = Z Co Oy

n
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MS renormalization of composite operators

geff — Z Cn@n
needs renormalization; = Z (CO)(Z27'0), = Z Co Oy
| | d d
anomalous dimension: u—C, = ¥umC Yom = H——1InZ
du du
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MS renormalization of composite operators

geff — Z Cn@n
needs renormalization; = Z (CO)(Z27'0), = Z Co Oy
| | d d
anomalous dimension: u—C, = ¥umC Yom = H——1InZ
du du

required for resummation of large logarithms
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MS renormalization of composite operators

geff — Z Cn@n
needs renormalization; = Z (CO)(Z27'0), = Z Co Oy
| | d d
anomalous dimension: u—C, = ¥umC Yom = H——1InZ
du du

required for resummation of large logarithms

compute suitable Green’s functions
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MS renormalization of composite operators

geff — Z Cn@n
needs renormalization; = Z (CO)(Z27'0), = Z Co Oy
| | d d
anomalous dimension: u—C, = ¥umC Yom = H——1InZ
du du

required for resummation of large logarithms

compute suitable Green’s functions
problem: separate UV from IR divergences

tttttttttttt
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MS renormalization of composite operators

compute suitable Green’s functions
problem: separate UV from IR divergences
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MS renormalization of composite operators

compute suitable Green’s functions
problem: separate UV from IR divergences

In MS, Z is independent of masses and momenta

But note; | |

[d”pp“ ~ =0

Cuv  €IR

............
R. Harlander, Gradient Flow and SFTX, Lattice meets continuum, Siegen 2024 Theoretical ‘ RWTH
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MS renormalization of composite operators

compute suitable Green’s functions
problem: separate UV from IR divergences

In MS, Z is independent of masses and momenta

But note; i |

[d”pp“ ~ =0
€uv  €IR

Keep external momenta” How?? Introduce (auxiliary”?) masses? Gauge invariance”

tttttttttttt
R. Harlander, Gradient Flow and SFTX, Lattice meets continuum, Siegen 2024 Theoretica ‘ RWTH
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MS renormalization of composite operators

geff = Z Cn@n

needs renormalization; = Z (CH)(Z27'0), = Z Co Oy

n

R. Harlander, Gradient Flow and SFTX, Lattice meets continuum, Siegen 2024 e s

oooooooooooo



MS renormalization of composite operators

geff — Z Cn@n
needs renormalization: = Z (C2)(Z7'0), = Z CrOX
gradient-flow scheme: = Z C’n(t) @(t)
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MS renormalization of composite operators

geff — Z Cn@n
needs renormalization: = Z (C2),(Z710), = Z CrON
gradient-flow scheme: =) C,(0 0,0 = ) (CL7' 1), (1)0),0)
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MS renormalization of composite operators

geff — Z Cn@n
needs renormalization: = Z (C2),(Z7'0), = Z Cr O,
gradient-flow scheme: = Z C.()0 (1) = Z (CE7L@)), (E()O), (1)
small flow-time expansion: O (1) =) Z c, (1) O,

(SFTX)
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MS renormalization of composite operators

geff — Z Cn@n
needs renormalization: = Z (C2),(Z7'0), = Z C O,
gradient-flow scheme: = Z C.()0 (1) = Z (CE7L@)), (E()O), (1)
small flow-time expansion: O (1) e Z C, (O = Z SN OY VARG
(SFTX) " "
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MS renormalization of composite operators

geff = Z Cn@n
needs renormalization; = Z (CH)(Z27'0), = Z Co Oy
gradient-flow scheme: =) C,(0 0,0 = ) (CL7' 1), (1)0),0)
small flow-time expansion: @n(t) ey Z C,..(1) O, = P
(SFTX) " "

UV finite
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MS renormalization of composite operators

geff = Z Cn@n
needs renormalization; = Z (CH)(Z27'0), = Z Co Oy
gradient-flow scheme: =) C,(0 0,0 = ) (CL7' 1), (1)0),0)
small flow-time expansion: @n(t) ey Z C,..(1) O, = P
(SFTX) " "

_ UV finite
= calculation of {(7) also determines Z in MS scheme!
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MS renormalization of composite operators

application: check for AF = 2 four-quark operators Buras, Gorbahn, Haisch, Nierste (2006)
RH, Lange (2022)
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MS renormalization of composite operators

application: check for AF = 2 four-quark operators Buras, Gorbahn, Haisch, Nierste (2006)
RH, Lange (2022)

d1
d4

q3
q2
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MS renormalization of composite operators

A
scalar QCD: OCZSQCD — OCZQCD + (Dﬂ¢)T(Dﬂ¢) — Zgb%b
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MS renormalization of composite operators

A
scalar QCD: OCZSQCD — oCZQCD + (Dﬂ¢)T(Dﬂ¢) — ZCbTCb

0
flowed gauge field: EB”(L xX)=9 G, (t,x) flowed quark field:

Vv

Bﬂ(t =0,x) = Aﬂ(x)
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MS renormalization of composite operators

A
scalar QCD: oCZSQCD — OCZQCD + (Dﬂ¢)T(Dﬂ¢) — ZCbTCb

0 0
flowed gauge field: EB”(L x)=92,G,,(tx) flowed quark field: E%(t’ x) = Dy(t, x)

B,(t = 0,x) = A,(x 71 = 0,%) = y(x)

0
flowed squark field: Eqa(t, x) = Dp(t, x)

@(t = 0,x) = ¢p(x)
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MS renormalization of composite operators

A
scalar QCD: OCZSQCD — oCZQCD + (Dﬂ¢)T(Dﬂ¢) — ZCbTCb

Vv

0
flowed gauge field: EB”(L xX)=9 G, (t,x) flowed quark field:

Bﬂ(t =0,x) = Aﬂ(x)

0
flowed squark field: Eqa(t, x) = Dp(t, x) B}f(t) = Bﬂ(t) )(R(t) = Z)}/ 2 x(1)

@(t = 0,x) = ¢p(x)
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MS renormalization of composite operators

A
scalar QCD: OCZSQCD — oCZQCD + (Dﬂ¢)T(Dﬂ¢) — ZCbTCb

Vv

0
flowed gauge field: EB”(L xX)=9 G, (t,x) flowed quark field:

Bﬂ(t =0,x) = Aﬂ(x)

0
flowed squark field: Eqa(t, x) = Dp(t, x) B}f(t) = Bﬂ(t) )(R(t) = Z)}/ 2 x(1)

p(t = 0,x) = p(x) (1) = Z,)% (1)
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MS renormalization of composite operators

A
scalar QCD: OCZSQCD — OCZQCD + (Dﬂ¢)T(Dﬂ¢) — ZCbTCb

0
flowed gauge field: 2 ﬂ(t, xX)=9 G, (t,x) flowed quark field:

Vv

Bﬂ(t =0,x) = Aﬂ(x)

0
flowed squark field: Eqa(t, x) = Dp(t, x) B}f(t) = Bﬂ(t) )(R(t) = Z)}/ 2 x(1)

p(t = 0,x) = p(x) (1) = Z,)% (1)

1
Z,0" 000 = n0O—1 + 2, G0+ -
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MS renormalization of composite operators

A
scalar QCD: OCZSQCD — oCZQCD + (Dﬂ¢)T(Dﬂ¢) — ZCbTCb

0 0
flowed gauge field: EB”(L x)=92,G,,(tx) flowed quark field: E%(t’ x) = Dy(t, x)
B,(t=0,x) =A,x)

X =0,%) = yw(x)

0
flowed squark field: Eqa(t, x) = Dp(t, x) B}f(t) = Bﬂ(t) )(R(t) = Z)}/ 2 x(1)

p(t = 0,x) = p(x) (1) = Z,)% (1)

1
Z(p(pT(t)go(t) = (D=1 + Z;:,C1(0) O'p+ - Gorishnii, Kataev, Larin (1987)
! Borgulat, Felten, RH, Kohnen (in prep)
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The GF scheme

geff — Z Cn@n
needs renormalization; = Z (CH)(Z27'0), = Z Co Oy
| | d d
anomalous dimension: u—C, = ¥umC Yom = H——1InZ
du du
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The GF scheme

geff — Z Cn@n
needs renormalization: = Z (C2),(Z7'0), = Z CL0,
| | d d
anomalous dimension: —C, = 7,mC, Yom = H——1InZ
du du
gradient-flow scheme: L ofp = Z C‘n(t) 5n(t)

R. Harlander, Gradient Flow and SFTX, Lattice meets continuum, Siegen 2024 meoretiesl ee

oooooooooooo



The GF scheme

geff — Z Cn@n
needs renormalization: = Z (C2),(Z710), = Z CrON
anomalous dimension: —C, = ¥mCp, Yom = H——InZ
dy dy
gradient-flow scheme: L=, C 0,0 =) (CL7' 1), L1)0),0)
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The GF scheme

geff — Z Cn@n
needs renormalization: = Z (C2),(Z710), = Z CrON
anomalous dimension: —C, = ¥mCp, Yom = H——InZ
dy dy
gradient-flow scheme: L=, C 0,0 =) (CL7' 1), L1)0),0)
td C(t) = 7 C(1) 7 zd In &(7)
— — = I— 11N
dt ! ! dt

RH, Lange, Neumann (2020)
see also Hasenfratz, Monahan, Rizik, Shindler, Witzel (2021)
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Conclusions and Outlook

e (Gradient flow provides ideal basis tfor combining lattice and perturbation theory
e \Many perturbative tools can be adapted

® Several proofs of principle already available

e ull potential still to be exploread
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