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| Many features of the Standard Model can be investigated through multi-hadron decays
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| Many features of the Standard Model can be investigated through multi-hadron decays
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D> D(;k [See talks by C. Hahnhart and D. Mohler] = 9~ Sas ﬂ 5 |
< S0p- RE
> Roper, A(14 = o |
r per, A(1405) =R L EIRE |
w | e e
O Electromagnetic transitions 3 J( Il V. E #
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“Multi-hadron decays” is a general term that involves many different process
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| “Multi-hadron decays” is a general term that involves many different process
) " - - >~ " 5.'1 g
Strong decays of unstable hadrons : |
2 Initial hadron is not a state in QCD Fock space #
h , 2 Final state contains QCD stable hadrons
N 2> These are decays of hadronic resonances

p(770) - nx A(1232) - Nrn
N(1440) - Narn T..3875) - DDrx

2 oD T "o 8 - -9 f o .
o~ s s o - 5 B >Rt
. g - - y - B - =

| Fernando Romero-Lopez, Uni Bern

——

———



| “Multi-hadron decays” is a general term that involves many different process
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Electroweak transitions of

Strong decays of unstable hadrons
QCD-stable hadrons

2 Initial hadron is not a state in QCD Fock space 7 Initial and final states include stable hadrons #

2 Also includes initial vacuum states v

2 Final state contains QCD stable hadrons 1 7

7 Transition can be induced perturbatively

p(770) > 7x  A(232) >Nz § & rioax K — n
N(1440) - Nzz T..(3875) - DDm  § § K - znr D — KK
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O Hadronic resonances typically manifest themselves as enhancements in cross-sections
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O Hadronic resonances typically manifest themselves as enhancements in cross-sections

2 More rigorously, they are poles in scattering amplitudes |
|
JT JU ﬁ

P
MgN——g |
S — SR v

2000

[V
V)]
o
o

events/20 MeV
o
S
o

500 | '

o7 1.2 17 22
M(n*n~) GeV
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O EW decays (or transitions) involve only QCD stable hadrons in the initial and final states

Yy — T

YT — AT

K — 7w



O Lattice QCD is a first-principles numerical approach to the strong interaction

Lattice spaaihg

(O(1)0(0)) = % [Dl//Dl/‘/DA O(1)0(0)e
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O Lattice QCD is a first-principles numerical approach to the strong interaction

Latltice spaaing

(O(1)0(0)) = % [Dl//Dl/‘/DA O(1)0(0)e

Can we compute multi-hadron decays
from Euclidean correlation functions?
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O Lattice QCD is a first-principles numerical approach to the strong interaction

Latltice spaﬁing

(O(1)0(0)) = % [Dl//Dl/‘/DA O(1)0(0)e

Can we compute multi-hadron decays
from Euclidean correlation functions?

Yes, but nob thak s&m[v{@.!
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O The computation of multi-hadron decays faces two main complications in Lattice QCD

® Euclidean spacetime

2> Scattering and decay is a real-time process

> How can we define “incoming” and “outgoing” states?

® Finite volume

2 Cannot define free asymptotic states

2 Only stationary finite-volume states
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O The computation of multi-hadron decays faces two main complications in Lattice QCD

® Euclidean spacetime

2> Scattering and de

! > L :

> How can we di

® Finite volume

> Cannot define freé

2 Only stationary finite-volume states
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1. Properties of unstable hadrons from LQCD

2. Multi-hadron electroweak bransitions from LQCD
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O The rigorous definition of a hadronic resonance is a pole in the complex plane

pole residue: ?
9 a.k.a coupling I width of f

g srR = Mg — ZE the resonance
My~ ——T |
S — SR mass of

> < the resonance

—— . ————
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O The rigorous definition of a hadronic resonance is a pole in the complex plane

pole residue: ?
9 a.k.a coupling I width of f

g VSR — Mg — ZE the resonance

My~ ———— u
S — SR mass of ﬁ
the resonance

—< *t

V
‘ im(k) | m
| O Based on the location of the poles, they receive different names k |
X bound state
> Bound states: stable particles, e.g. the deuteron is an NN bound state el
> Resonances: unstable hadrons, e.g. the rho resonance e \’l' ’
X virtual state
2 Virtual states: “non-renormalizable QM states”, e.g. “dineutron” IMatuschek et al. EPJA 2021]

Fig. 1 Naming convention for the poles in the k-plane. The thick red
line for positive real valued k£ marks the physical momenta in the scat-
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' Lattice QCD

® Euclidean time

@® Stationary states in a box

T 2 —E t
r C(r) = <@DDﬂ(t)@DDﬂ(O)> = Z ‘<O| @DDH’?)‘ e

< 10¢
S r
% 60
oS r
Finite-volume formalism 2 500
. e B
‘ ' [LUSCher 89,] ” n 4+ data 3874 3876 ] m
— - [ T DDOrt MpODos+ [GeV/c?] _T \
30— | ——— backlground -
| tota —
20- ﬁ e b
o- |} gt H ! -
: | R SR A
3.87 3.88 3.89 3.9
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O Compute matrix of Euclidean correlation functions using operators with the same guantum numbers

O~nag n™
o o Mg=200 MeV
Zem 4 ot o
- T Mo S S
Ci(0) = (0,(00}(0)) - _—
3.5F
B w —E 1 ; o
‘ Cii(t) = (0| O |n){n| @j\O) e~ Fn o] D N |
‘ | O Variational techniques 2.5 e N
(Generalized EigenValue Problem, GEVP) 3 T ) |
[ Horz, Hanlon [arXiv:1905.04277]
> Extract (at most) as many levels as operators ? O_"'\;{'X@ RS ;--\;UXQ‘) ‘
S SSIELIEE S AT SR SRR SRR

’ Irreps = “finite-volume quantum numbers”
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Free scalar particles in finite volume
with periodic boundaries

. 27
p= T(nx’ Ny, 1,)

e —— ik

- , 4,
) Two particles: E = 24|/ m*“ + n
| L?
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Free scalar particles in finite volume ____) Interactions change the spectrum:
with periodic boundaries it can be treated as a perturbation

o 9 % K - S Ve ’ 78 arg S Ee o Panizs A s -~agd ’ 78 ang e~k
ANy - PR (Ros Bl o ; AN S N N S SR
P

Ground state to leading order

E, — 2m = (p(©)¢p0) | Hy| p(0)p(0))

[Huang, Yang, 1958]

p — T(nx, I/ly, I/lz)

| | , A7°
Two particles: E = 24|/ m*“ +
| L?
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Free scalar particles in finite volume ____) Interactions change the spectrum:
with periodic boundaries it can be treated as a perturbation

g e A - MA S - ‘, s t 5 ' ,l' oo = 4 e MR o ’ -» s t \E , ' .2
.'o-\“c..' - T Ty v oo 5 g 04 3 R 0 ey <D - e s & L v ol p Loy o - ) o -1 <D P
>

Ground state to leading order

E, — 2m = (p(©)¢p0) | Hy| p(0)p(0))

[Huang, Yang, 1958]

[ s .8 %y PR < e Fe T V. &7 3 S8 S SR dn £ < et « 5 5 L8 -
R B R JUGIE PU I AR BRSO PO I - o

. 2z
p = T(le, Ny, 1,)

e —— ik

) The energy shift of the two-particle ground state
’ Two particles: E = 24/ m? + am 772 is related to the 2 — 2 scattering amplitude

| L-
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Free scalar particles in finite volume
with periodic boundaries

Interactions change the spectrum:
., it can be treated as a perturbation ?

A o 9 Wi AN Ca rae ~_x Panizs ERY At
o 9o- &

LA skatbe ko Leac&&&xg order

R = ($(0)p(0) | Hy | p(0)(0))

[Huang, Yang, 1958]

r

[ s .8 %y SR < e E e S : L 7 RASET TG g 2 < e v 5 L e .
o . g - o ~ = e - . .' . . g - o ~ = e - . .' . . g — P

The energy shift of the two-particle ground state
m?2 + 22 is related to the 2 — 2 scattering amplitude

Two particles: E =2

*
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Volume dependence of finite-volume energy states contains scattering information

EMeV| 1600 [Lischer 897]
1400

1200

h ' 1000
800
600

Slightly attractive interactions

1.5 20 25 30 35 40 mlL
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O Find finite-volume states by computing finite-volume correlation function

CUEP) = | (01 00) = 3= f
- L P2-E} _—

n

\ Spectrum in FV is discrete

—— . ————
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O Find finite-volume states by computing finite-volume correlation function

CUEP) = | (01 00) = 3=
o I3 PZ_E% /

n

\ Spectrum in FV is discrete

‘ > Compute the FV correlation to all orders in a generic EFT

| i (/_C)) is regular: e Ml
Note: £ < E. .1astic > Keep only power-like FV effects

S 2 jd% fk)
- ]_é -

£(k) with poles: 1/L"
2 Find location of poles in the finite-volume correlator
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' O In order to derive the full relation, consider the finite-volume correlator: o
| Finite-volume effects

sums from propagation
Skeelebon expansion of two on-shell particles

C,(E, P)=| eP{(0(x)|0(0)) =
L

[a la Kim, Sachrajda, Sharpe]

|
Finite-volume ﬁ
sums

e ——



' O In order to derive the full relation, consider the finite-volume correlator: o
| Finite-volume effects

sums from propagation
Skeelebon expansion of two on-shell particles

C,(E, P)=| eP{(0(x)|0(0)) =
L

[a la Kim, Sachrajda, Sharpe]
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' O In order to derive the full relation, consider the finite-volume correlator: o
| Finite-volume effects

sums from propagation
Skeelebon expansion of two on-shell particles

CLE, P) = | (0] 0(0) = (0]

L - -

[a la Kim, Sachrajda, Sharpe]

ﬂ
Bethe-Salpeter Kernels Finite-volume “
sums

Only exponentially
small effects in L
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' O In order to derive the full relation, consider the finite-volume correlator: o
| Finite-volume effects

sums from propagation
Skeelebon expansion of two on-shell particles

CLE, P) = | (0] 0(0) = (0]

L - -

[a la Kim, Sachrajda, Sharpe]

|
Only exponentially o - - ﬁ
small effects in L Bethe-Salpeter Kernels Finite-volume

\:><+>©<+ o

sums
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' O In order to derive the full relation, consider the finite-volume correlator: o
| Finite-volume effects
sums from propagation
Skeelebon expansion of two on-shell particles
D iPx - ’
CL(E, P)=[ " | ) = |

L - -

[a la Kim, Sachrajda, Sharpe]

Only exponentially
small effects in L

\ -
< o oS S ey (o Ve f3ea P at oo T T S kD 2o SR ey fo Ve Lem S
-4! .
|4\

1. Separation of finite-volume effects

Bethe-Salpeter Kernels Finite-volume

sums

(

‘ ' .l
; P
« 4
» t.

£ . Resumation of diagrams 3
b

: N =- L BD -

2 : 52 s
TN U =

| Fernando Romero-Lopez, Uni Bern
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' O In order to derive the full relation, consider the finite-volume correlator: o
| Finite-volume effects

sums from propagation

Skeelebon expansion of two on-shell particles
D iPx - ’
CL(E,P)=[ " | ) = |

L A .
[a la Kim, Sachrajda, Sharpe] ﬂ
Only exponentially Bethe-Salpeter Kernels ini _ _ ﬁ
small effects in L P Finite-volume

\ sSUums #
“ — X +ﬁ+ O T - Kinowh kinemabic [
W O AN I &fuv\f:ﬁmm ‘

1. Separation of finite-volume effects

. _, |
C,(E,P)=C_(E,P)+ A" A+ O(e ™™
L( ) oo( ) %2+F_1 ( )

D o
\
’

3 2 . Resumation of diagrams
’ o

= O . B F - e . S - o < . - A < e T
- S ST - W 2 e - > .o S ~ :

;
| Fernando Romero-Lopez, Uni Bern
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' C,(E, ? — some algebra ... — COO E, F _|_AJF
L( ) ( ) %2 + [

LFernando Romero-Lopez, Uni Bern
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' CL(E’ ?) — some algebra ... = COO(E, ?) + ,

So@p ey tok.

»

¥ K-matrix parametrized J ’
g interms of phase shift § ‘

T RN S
% £

S E Sy OB G~ Vs a ey ~ o - 35" N . - - . N . . - N . N . -
- U778 e -°€ e 4 o B g B . N - =3 g - ~ T = - - =3 - - > T = - - =3
S e L TR RSy T L TTNETRT - 5 R e 5 S . " S 5 S my 1 e " S
— a 0 o c— A - T o 2, v 2 ¢ - . >y - . . . . . . —_—

Twcw[@&r%mi.e Quantization Condition §

— 3
det | H,(E,) + FUE, PLD[ =0 1o ‘

PR #

Scattering Kinowi kinemakic
K-Makrix function

Finite-volume information

e i e T e - TS TSR TR 920 ¥5h g : o ST T e - T B CA R 20 ¥9% g : ST i
’ S S - S e _ = Lo ~ N ’ . Sa - oo e _I=as o - o 2 - .

7 i i 1 &k
L Foo(gT) ~ 2" | oy
Note: only valid for two particles below inelastic thresholds. 2 ok i

17/42
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[Bulava, Hanlon, H6rz, Morningstar, Nicholson, FRL, Skinner, Vranas, Walker-Loud, 2208.03867] ?

O Key ingredient: reliable variational extractions of the lattice QCD energy levels:

¢ (n-1,8a,16a)

§ (n,8a,16a)
(n,6a,12a)

Y (o

5

[ =3/2 1

:
%

. finite-volume quantum |
numbers (irreps)

————— R —



| LO&&& L@ QC%

[Bulava, Hanlon, H6rz, Morningstar, Nicholson,
FRL, Skinner, Vranas, Walker-Loud, 2208.03867]

)
M=200 M@,\; | mmmmmmmmIIIIIT ‘
/,/,/ ﬂ
+ m/2 /// ﬁ
A y
& ”
l/, M
‘ | lattice QCD m
energies ‘
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' Lattice QCD

[Bulava, Hanlon, H6rz, Morningstar, Nicholson,
FRL, Skinner, Vranas, Walker-Loud, 2208.03867]

140

== 120
/ 100 |

80

| / lattice QCD
energies

~ Op33 (deg)

scattering
phase

| Fernando Romero-Lopez, Uni Bern
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O The two-body formalism is restricted to few interesting resonances
> Exotics: T,. = DD*, DDn
> Roper: N(1440) - Anx — Nzarx

O Many-body nuclear physics: 3N force, tritium nucleus

K—-3r, K'oe3reK

‘ O CP violation:
|
| M Major developments in the three-particle finite-volume formalism

[Hansen, Sharpe, PRD 2014 & 2015], [Hammer, Pang, Rusetsky, JHEP 2017] x 2
[Mai, Doring, EPJA 2017]

[...]
3 [Blanton, FRL, Sharpe, JHEP 2019], [Hansen, FRL, Sharpe, JHEP 2020]
! [Hansen, FRL, Sharpe, JHEP 2021], [Blanton, FRL, Sharpe, JHEP 2022]
;S

[Hansen, FRL

harpe, JHEP 2023]

20/42
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Resonance I .. J¥
w(782) 0 1~
h1(1170) 0 1T
w3(1670) 0 3~
7(1300) 1 0”
a1 (1260) 1 1+
7T1(1400) 1 1™
7T2(1670) 1 2"
a2(1320) 1 2T
a,4(1970) 1 4+

(with >3 decay modes)
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Separation of finite and infinite volume terms:

|
=C_ (P)+ A AL+ O(e ML
o (P) 3=%df,3+F3‘1 ; (e ™) ?

Easier derivation: Blanton, Sharpe [2007.16188]

Fernando Romero-Lopez, Uni Bern




Separation of finite and infinite volume terms:

|
= C_(P) + A, ~ —Aj+ O(e ™) |
dr3 T ’

%

|
Thf@.@“?&f&bﬁt@ Qu&mhaaham L(}Mdpho—m ﬁ
for identical scalars with G-parity (

P s LI T
L H =
L - et - )

I

B

det | (E) + F (£, P L)] =0 i
3
J

-

CEEITE TS Ty TV ST e 6Ty A7 SR M0 Yo : ST T e T Ty O TR
: S e - E= e S TS ~ ‘. w. 2 L e - TS e - . — :

G
NN
d.;.“ p

“Formally” similar to the two-particle case
Easier derivation: Blanton, Sharpe [2007.16188] but several new features

Fernando Romero-Lopez, Uni Bern




[Hansen, Sharpe, PRD 2014 & 2015]

T ~—

Fwo-meson
spectrum |

Three-meson
spea&rum

—— . ————

— E,
| £
| E,

e ———

kg
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[Hansen, Sharpe, PRD 2014 & 2015]

T ~—

Fwo-meson A

, spectrum

|
L,
? Quantizakion ?
‘Ef €Kby\Ci£%££)V\S i
E(l) (%et [ICZ -+ F2_1} =0

f Three-meson “
spea&rum

22 /42
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[Hansen, Sharpe, PRD 2014 & 2015]

Fwo-meson
spectrum |

K—mwakrices
Quankizakion ?
condikions ,

(%et [ICZ -+ Fz_l} =0

Three-meson
spea&ru,m

FParamebrize:
ICo :CO—|—Clk‘2—|—...

2
__ 1-1s0,0 iso,1 s —9m
’Cdf,i% — de,3 T ,Cdf,3 ( 9 ) T ...
Im
[Blanton, FRL, Sharpe, JHEP 2019]

| Fernando Romero-Lopez, Uni Bern 22 /42
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[Hansen, Sharpe, PRD 2014 & 2015]

Fwo-meson
spectrum |

K-=makrices Scattering

Quankizakion amgt&&udes ’
&OMdi&EOMS )

Umiﬁariﬁv
relakions

(%et [ICZ -+ Fz_l} =0

Three-mesoin
spea&rum
Integral j}
‘ equa&&ons @
‘ [Bricefio et al., PRD 2018] m
' [Hansen et al., PRL 2021] ‘
[Jackura et al., PRD 2021]

[Dawid et al., 2303.04394]
Poaramwetbrize: [See talk by S. Dawid @ LAT24]

ICQZCO—|—Clk2—|—...

2
__ 1-1s0,0 iso,1 s —9m
’Cdf,3 — ,Cdf,3 + ,Cdf,3 ( 9 ) T ...
Im
[Blanton, FRL, Sharpe, JHEP 2019]
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' O Compare to chiral perturbation theory Kaea = Ko + K (5 — 9M7? )
3 = 0 1

NLO ChPT: [Baeza-Ballesteros, Bijnens, Husek, FRL, Sharpe, Sjo, JHEP 202: [Talk by M. Sjo @ LAT24] 9M7g
ETMC: [ Fischer, Kostrzewa, Liu, FRL, Ueding, Urbach, EPJC 2021 ] ?
)
2 ,/ 2 |
--- LO ChPT This work --- LO ChPT This work ﬂ
| NLO ChPT O ETMC - . — NLOChPT O ETMC ﬁ
1 M_ =340 MeV

Phenomenological LECs

M= 130 MeV __Preliminary! Preliminary! . .
0 50 100 150 0 50 100 150
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| O Physical amplitudes that are consistent with unitary are obtained after solving integral equations:

Mas =D + Mdf,g

“divergence-free amplitude” "

two-body rescattering

| At least one

| D=-—-MGM-y — /MQGD three-body interaction

24./42
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| Lattice QCD predictions for physical three-meson scattering amplitudes

Preliminar ! Equilateral kinematic configuration
1010- y B =3y/m? + p? g
—10% ﬁ
Divergent 3 “
at threshold - 8
& 10° |
B, i
‘ < 107 K Ktnt — KKt Pion interactions n
<§ / are chirally suppressed |
6
10™; M?Ms = O(M;/F})
3 107 : i KT K™
| 0.0 0.2 0.4 0.6 0.8 1.0 1.2

| (V'8 = V/Sthweshold) /M

25/42
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Experiment 2 For physical quark masses Is a three-body resonance

“ “ Energy

, DDr DD

e ——

Ni=2+1+1 QCD
h (heavier quarks)
i

‘ ‘ Energy

3 DD DDr

e ———

e —— ik
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[Padmanath, Prelovsek, arXiv:2202.10110]

' O Several works study the Tcc channel in this setup ~ 9-2°
[Chen et al., 2206.06185] [Lyu et al. (HALQCD), 2302.04505] *
Padmanath & Prelovsek, 2202.10110] 8
'Whyte, Thomas, Wilson, 2405.15741] L] O 1 -
= 0
» ° ° o
> Signature of virtual bound state? )
-
O
o 00 —— N, =32
= N, =24

‘ —0.1
' (p/Epp+)?

Fernando Romero-Lopez, Uni Bern
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[Padmanath, Prelovsek, arXiv:2202.10110]

' O Several works study the Tcc channel in this setup ~ 9-2°
[Chen et al., 2206.06185] [Lyu et al. (HALQCD), 2302.04505] *
Padmanath & Prelovsek, 2202.10110] 8
'Whyte, Thomas, Wilson, 2405.15741] L] 0.1
= 0
» ° ° o
> Signature of virtual bound state? )

Ut-channel cut

> But two-particle formalism breaks down S 0.0
i.e. complex phase shift <

|
—o— N,;=32 ﬁ
NL=24

()

: : , —0.1
h ' one-pion exchange creates non-analytic behavior: —0.008 -O0.
|

004 0.000 0.004 0.008 0.012
(p/Epp*)?




[Padmanath, Prelovsek, arXiv:2202.10110]

' O Several works study the T¢c channel in this setup 0.2- 3

[Chen et al., 2206.06185] [Lyu et al. (HALQCD), 2302.04505] * 0
Padmanath & Prelovsek, 2202.10110] S = ?
'Whyte, Thomas, Wilson, 2405.15741] LH 0.1 - _g "

> Signature of virtual bound state? § 7

+J
. . . O - |
> But two-partlcle.formallsrln brehaks dc:\v.\;? g 0.0 —o— N,=32 “
i.e. complex phase shi
P P > NL=24

. . -0l . , , , |
| one-pion exchange creates non-analytic behavior: ~0.008 —0.004 0.000 0.004 0.008 0.012 v

(P/Epp~)?

1 Several solution have been proposed [See talk by V. Baru]

— M2
U Mﬂ [Du et al (2408.09375), Abolnikov et al. (2407.04649), Bubna et al. (2402.12985),
D Meng et al. (2312.01930), Raposo, Hansen (2311.18793)]
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FRL, Sh , BI , Briceno, H 908.02
: 0 In the presence Of a [4.0- arpe, Blanton, Briceno answen1 411]
% ® [ [ ] [ 3.5
2> Below the three-particle threshold, effective “particle-dimer” \

[FRL et al 2302.04505] [Jackura et al 2010.09820]

[Dawid, Islam, Briceho, 2303.04394]
[Briceno, Jackura, Pefkou, FRL 2402.12167]

3.01
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FRL, Sh , BI , Bricefno, H 1908.02411
: 0 In the presence Of a [4.0- arpe, Blanton, Briceno answen ]
> Below the three-particle threshold, effective “particle-dimer” —
)

[FRL et al 2302.04505] [Jackura et al 2010.09820]

[Dawid, Islam, Bricefio, 2303.04394] 307 |
[Briceno, Jackura, Pefkou, FRL 2402.12167]
| 25
O This solves the left-hand cut problem: 2.0¢ : . —

2 Finite-volume effects from one-pion exchange naturally incorporated

| Fernando Romero-Lopez, Uni Bern
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[Hansen, FRL, Sharpe, arXiv:2401.06609]

| Two-meson
spectra

D* as a "
— bound state

' 3\ or resonance
Iy, =12 \ b,

LFernando Romero-Lopez, Uni Bern
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[Hansen, FRL, Sharpe, arXiv:2401.06609]

| Two-meson
spectra
?
D* as a L »
___ _—% bound state Three-meson Quantization |
or resonance spectrum Conditions
I, =1/2 ,, . J—

_[T=0] ~[I=0]
1+ Kaz F =0 "

: : v
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[Hansen, FRL, Sharpe, arXiv:2401.06609]

Two-meson

spectra
D* as a L »
% bound state Three-meson Quantization |
or resonance spectrum Conditions

. [I=0] ~[I=0]
1+ Kaz F =0

fit

DD DD D
de,S 7’C2 7’C2




[Hansen, FRL, Sharpe, arXiv:2401.06609]

Two-meson

spectra
D* as a L »
% bound state Three-meson Quantization Tetraquark |
or resonance spectrum Conditions properties

[I=0] ~[I=0]

[Dawid, FRL, Sharpe (in prep)]

fit Integral equations ‘

DD DD D
de,S 7’C2 7’C2




[ FRL, S. Sharpe, arXiv:2409.17059 ]

O Published data only provides DD* energies ?
[Padmanath, Prelovsek, 2202.10110] ‘

b b

| O Dr and DD interactions from “educated guesses

> HChPT and lattice results
2> Neglect DD interactions

é—%—_&-t

O Only “free” parameter in the three-body K matrix

Katz = Kg(pr — pl)°

e —— — 4
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[ FRL, S. Sharpe, arXiv:2409.17059 ]

m.L = 2.925 m.L = 3.900
2.15 2.15
. . * . ¢ _DDW|thr - © QC3 | ¢ _DD7T|thr ?
O Published data only provides DD* energies 20477770 o Lattice || |
[Padmanath, Prelovsek, 2202.10110] 2131 2131 2 3
""" [3]

> > Db D
B

| O Dr and DD interactions from “educated guesses” -~ ol - j'g"“é “““ § N . E
2 HChPT and lattice results *S 2.10 1 R 2.10 4 °
2 Neglect DD interactions ~ o0t | {2001 i}

v O Only “free” parameter in the three-body K matrix j:? i av " j:? *ig:f*::“ﬁ: N
/' \9 DD* |y, . QC3 DD* |y
}Cdf,3 — ]CE (pﬂ' o pﬂ') P 111// 206 e lhe ,
11,00,/ A1, (0)  Ay(1)  E(1) 0 Ti4(0)  Ap(0) Ay(1)  E(1)
Lattice QCD ‘
J
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[ FRL, S. Sharpe, arXiv:2409.17059 ]

m.L = 2.925 m.L = 3.900
2.15 2.15
. . * . ¢ _DDW|thr - © QC3 | ¢ _DD7T|thr ?
O Published data only provides DD* energies 20477770 o Lattice || |
[Padmanath, Prelovsek, 2202.10110] 2131 2131 2 3
""" [3]

> > Db D
B

: : « ’ 2. A ... A !

| O Dr and DD interactions from “educated guesses ~ 211} DDr state (1) _ : ﬁ
2> HChPT and lattice results *S 2.10 1 @ 2.104 °

2 Neglect DD interactions ~ 22021 S (R {2001 i}

v O Only “free” parameter in the three-body K matrix j:? i av " j:? *ig:f*::“ﬁ: N
/' \9 DD* |y, . QC3 DD* |y
}Cdf,3 — ]CE (pﬂ' o pﬂ') P 111// 206 e lhe ,
11,00,/ A1, (0)  Ay(1)  E(1) 0 Ti4(0)  Ap(0) Ay(1)  E(1)
Lattice QCD ‘
J
| Fernando Romero-Lépez, Uni Bern o 30/42 —— — -
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O With simple parametrizations we are able to reproduce lattice QCD energies.
Data from: [Padmanath, Prelovsek, arXiv:2202.10110]

[

0.4

, FRL, S. Sharpe, arXiv:2409.17059 ]

lhe

DD* ‘thr

——
-——
——
[
e

IP=17 (Tee channel) pprly,

Need a genuine three-body study of the T¢c !

2 DD and Dr calculation on the same ensemble

> DD operators in lattice QCD calculations
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O From three-point function, it is possible to extract the

C(t) = (0 (0)H, (1) O, (t,)) —— (K|H, |7m), ,

- (K|H,|z1), = —¢< + —0<+ —(>O< + ...

2 Final-state interactions induce finite-volume effects

Finite-volume effects from on-shell > Volume-dependent corrections are calculable!
’ propagation of two-body states [Lellouch, Liischer, hep-lat/0003023]

Fernando Romero-Lopez, Uni Bern




O Need volume-dependent factors to correct for final state interactions

T(K — nm) = F(L) X (K|H,, | nr); \’

Lellouch-Liischer Factor Valid when only two-hadron

\ final states are possible!

47rmK d50 d¢
F(L)* = k |
(L) dk S

—— . ————

e —— — 4

Depends on two- body scattering
Kinematic and volume-dependent function

34/42
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O Need volume-dependent factors to correct for final state interactions

T(K — nm) = F(L) X (K|H,, | nr); \’

Lellouch-Liischer Factor Valid when only two-hadron

final states are possible!

LFernando Romero-Lopez, Uni Bern

——

———— ———
—
———— R —

L ——— e —— _



O CP violation in kaon decays for precision tests of the Standard Model

> Computation of matrix elements ?

2 Requires dedicated scattering calculation! |

S RBC/UKQCD —@—
r + 10 Lat GPBC 2015 o ’ Experiment —ll— - ﬂ
|+ 12 Lat ﬁ
AI o K|Hw| ﬂ-ﬂ- > —— 10, Colangelo et al. |
12, Colangelo et al. GPBC 2020 + : o ; . ”
40 -
- ‘ “
‘ Pé 20 -
1 © This work 2023 | @ | - ‘m
BT f«( — ,
’ 20 PDG 2012-22 } - I
3 300 350 400 450 500 550 600 650 r 0' _'5 ' 0 ' 5 ' 1'0' 1'5' 2'0' 2'5' 3'0' 3'5' 4'd 45
’ Vs (MeV)

Re(e'e) [x 1074

\
3 [Blum et al, RBC/UKQCD 2103.15131]

J

[Blum et al, RBC/UKQCD 2306.06781]
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' O Relatedtoete™ — 777~ transitions [Ortega-Gama et al, HadSpec 2407.20617]
O|Vyu|m(p1)m(p2)) = (P1 — p2)" fr(8)

T —  ——

20 25 30 35 40 E*/m,
f=(I[T |

)
I .
: Be

@
] ()
— ) Z2

I !
I i
I !
! {

2 Need p(770) phase shift

lllll
““‘iss::‘

(5f7r . 511'71')/0 . o o®°
|
O I I MR e )
—10 . ~ '

| 010 012 014 016 gFE*
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O Decays to three-hadrons also have phenomenological interest

Isospin = 0,1,2 Isospin =0 Isospin 1 ?

|

K — nrnr y* — AR N — AT ,
CP violation related to HPV in g-2 Isospin-breaking “

effect
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O Decays to three-hadrons also have phenomenological interest

Isospin = 0,1,2 Isospin =0 Isospin 1 ?

|

K — nrnr y* — AR N — AT ,

CP violation related to HPV in g-2 Isospin-breaking |
effect

e ———

‘( O Treating finite-volume effects needs accounting for intermediate three-hadron states
1 [Hansen, FRL, Sharpe, arXiv:2101.10246] [Pang et al, arXiv:2312.04391] [Muller, Rusetsky, arXiv:2012.13957]

Fernando Romero-Lopez, Uni Bern
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O Infinite-volume amplitude can be obtained via “generalized Lellouch-Luscher Factor”

|TK—>37T(E*7 m%m m%B)‘z — F327r| <3777 L|%w|K> |2

—————— R —



O Infinite-volume amplitude can be obtained via “generalized Lellouch-Luscher Factor”

Tiy3n(E*,m2y, m2s)|? = F2|(3m, L|Hu | K)| ?

Volume dependence

i

{,—#—_&-t

h * 1 8F3(E P,L)! 8K3(E*)
| Fs. = 2Eg(P)L°|L(E*, mi,, m3s) 1 + F®(E")K3(EY) OF I )
’ Three-body

l Interactions

Fernando Romero-Lopez, Uni Bern
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O Consider a three-particle system where two particles can form bound states

2 For instance, pr at heavier than physical pion masses

O Formalism for three-body decays should reduce to two-body Lellouch-Liischer

|

r 3 +

() S o ﬁ

P < I [Briceno, Jackura, Pefkou, FRL, 2402.12167]
y>x<- - - = - - % 0 : ; = J
S 14 O FV two-body formalism

h T TU 2, == [V integral equation !

|

numerical (and analytical) agreement
between 2 and 3 body approaches

0.0 L |
E —0.1- \ (@ [ : . { |
g
"g_ i
&
»—18 K

, Descriptions of finite-volume
effects should match!

75 8.0
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O In principle, a similar analysis could could be possible for D decays

oI\, = —e + —O + — OO
| + —©< + —@< + ...

O Main complication is the mixing between 27 < 47 < 67 states in finite volume

2 Needs knowledge of four, six and higher scattering amplitudes.

2 Thus, Lellouch-Luscher approach might not be feasible beyond 3 or 4 hadron.

40/42
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| O Finite-volume scattering formalism allows to treat two and three-body amplitudes

2> Connection between energy levels and scattering amplitudes

2> Resonances (a.k.a. strong multi-hadron decays) obtained via poles in scattering amplitudes

— T ——— —

O Many applications:

|
> N scattering, 37 scattering, ch ﬁ |
O Formalism for two and three-hadron decays is known j&

‘( ' 2 Volume-dependent corrections to finite-volume matrix elements m

2> Electroweak hadronic decays need a dedicated calculation of final-state scattering amplitudes |

|

O Itis yet not know how to do scattering or decays beyond three hadrons from lattice QCD

2 Unclear if (Lellouch-)Luscher-like approaches will be the optimal way forward

42 /42
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| O Finite-volume scattering formalism allows to treat two and three-body amplitudes

2> Connection between energy levels and scattering amplitudes

2> Resonances (a.k.a. strong multi-hadron decays) obtained via poles in scattering amplitudes

— T ——— —

O Many applications:

|
> nN scattering, 37 scattering, 7. ﬁ |
O Formalism for two and three-hadron decays is known ‘&

‘( ' 2> Volume-dependent corrections to finite-volume matrix elements m
\

> Electroweak hadronic decays need a dedicated calculation of final-state scattering amplitudes

|

O Itis yet not know how to do scattering or decays beyond three hadrons from lattice QCD

2 Unclear if (Lellouch-)Luscher-like approaches will be the optimal way forward

- Thanks! |

*
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