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Inclusive tau decays



Motivations

> Inclusive hadronic 7 decays are phenomenologically interesting probes of both the leptonic and
hadronic flavour sectors of the Standard Model and allow for unitary checks of the CKM matrix
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Motivations
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There are important tensions
between OPE and unitarity Vs ~ /1 — |Via|? with [Via| = 0.97373(31) (B—decays)
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A direct lattice computation of the inclusive 7 — X, sv> has been reckoned unfeasible for several years



A direct lattice computation of the inclusive 7 — X, sv> has been reckoned unfeasible for several years

we did it



Kinematics

Amplitude in the Fermi effective theory !
X
GrVSEw “
AT = Xuprr) = == Vg el I5 - ) 17) (X T3 0)10) e
[
Electroweak V-A currents P
I =0yt (=) Jup=wy*(1=5)f v,
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Kinematics

Amplitude in the Fermi effective theory

GrvVSEw
A(r = Xugvr) = S5 Vg (ve I 2 (0) [7) (Xug | T(0)10)
2
Electroweak V-A currents
Jo = 0ry* (1 —y5)T Jop =y (1 —s)f

The inclusive decay rate is
G%Sew | Vugl? d3p,
4m (2m)32E,

e
Uf

F(T — Xufy‘r) =

with p spectral density of two hadronic weak currents

P (a) = (0] Jg(0)(2m)*6* (P — )75 1(0) [0) = (¢°¢® — ¢*9°)pr(a®) +

Lag(pr,p)p 7 (@),

q%q

B

q=DpPr —Pv

(g

%)

Vr
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. . . 2
In terms of the dimensionless variable s = -2
2

- GQS Vu 2 ?_ 1
FifZ%/ ds(1 — 8)*[(1 + 2s)pr(s) + pu(s)],
0

2 2
GEmZ
19273

Normalizing by I'(7 — eDev;) =

T'(r — Xusvr)
(7 +— elevy)

1
R) — omSewlVa[* [ ds(L = 5 [(1+ 25)p1(5) + ()]
0

with closure of the phase-space at ¢* = m?
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In terms of the dimensionless variable s =

G%Sew|Vaur|*m3

e [ a1 = P[0+ 2900 () + g1 (0],

(r) _
L=

.. _ G2 2
Normalizing by I'(7 — ever,) = ZE7F

T'(r — Xusvr)
I(7 — evev:)

1
R) — omSewlVa[* [ ds(L = 5 [(1+ 25)p1(5) + ()]
0

with closure of the phase-space at ¢* = m?

We need the non-perturbative hadronic spectral functions pr and pr,
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Spectral densities from Euclidean correlators

pjff is the spectral density associated with the two-point Euclidean correlation function

e —iq-x o o dE _ o
C*(t,q) = / dae™'T® (0] 2 (2)1}(0) [0) = / S (B
0
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Spectral densities from Euclidean correlators

pj? is the spectral density associated with the two-point Euclidean correlation function

« —iq-x « o0 dE — o
CP(t,q) = / d*ze ™" (0] T3¢ (2) 11 (0) 0) = / o€ P (E.q)
0

In particular at g =0

CL(t) = C"(t,0) = g—Ee*EtpL(EZ)EQ
0 ™

_ C"(t,0) _/wﬁ — Bt 2\ 72

Cr(t) = 3 =/, 2 e 'pr(E°)E
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Spectral densities from Euclidean correlators

pzf is the spectral density associated with the two-point Euclidean correlation function
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Ci=v,1(t) are computed in lattice simulations but the extraction of p; implies solving a numerically
ill-posed inverse Laplace transform.
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0

In particular at g =0

Cut) = C™(1,0) = %Ee*EtpL(E%E?
0 Yis

_ C"(t,0) _/ooﬁ _ Bt 2\ 2

Cr(t) = 3 ) e 'pr(E°)E

Ci=v,1(t) are computed in lattice simulations but the extraction of p; implies solving a numerically
ill-posed inverse Laplace transform.

This is challenging

We know how to overcome the problem
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We first extend the upper integration bound to infinity

2 oo
R() = 12n5EW% / dE [KT( £
m 0

] —T)EQpT(EQ)+KL(m£)E2pL(E2)] N E

-

by introducing the convolution kernels

Ki(z) = %(1 —2%)%0(1 - )
Kr(z) = (1 + 22°) K1 (z)
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We first extend the upper integration bound to infinity

2 o]
R) = 127 Spw L“J;' / dE {KT (£>E2pT(E2) + Ky (5) EQpL(EQ)] iz 2
m 0 m m

T T T

by introducing the convolution kernels
Ki(z) = %(1 —2%)%0(1 - )

Kr(z) = (1 + 22°) K1 (z)

We're almost there, to apply our method we need to regularize the non-analiticity at x = 1
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The smeared Rfjf)(a)

> The convolution kernels are replaced by smeared
versions

1

> Smearing is needed to deal with C* kernels

> Axiomatically, spectral densities are distributions
and must be smeared

> o +— 0 must be done after L — oo

R<T> = lim lim lim R<T)( )

o0 a0 L—oco

Longitudinal

—— unsmeared

—— smeared, 0=0.1

Transverse

unsmeared

—— smeared, 0=0.1
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The HLT method |

Our target is the convolution of the spectral
density with a given kernel

Stone—Weierstrass theorem: Schwartz kernels
admit exact polynomial expressions. Choosing the
exponential basis
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The HLT method |

Our target is the convolution of the spectral
density with a given kernel

Stone—Weierstrass theorem: Schwartz kernels
admit exact polynomial expressions. Choosing the
exponential basis

Assuming the knowledge of the exact correlator at
infinite discrete times

The exact (model independent) solution is given
by
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Of course in Lattice QCD
> C(an) is affected by statistical noise

> The number of time slices is finite: n =0,1,2,---,T

9/27



Of course in Lattice QCD
> C(an) is affected by statistical noise

> The number of time slices is finite: n =0,1,2,.--,T

By choosing an optimal finite set of g (n) we can at most write

pIK](E)~> " gk (n)C(an) + dp
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Of course in Lattice QCD
> C(an) is affected by statistical noise

> The number of time slices is finite: n =10,1,2,--- ,7T

By choosing an optimal finite set of g (n) we can at most write

E:QK C(an) + dp

Up to systematic and statistical errors, a linear estimator for our solution is then

RV ()

24n25 -
EW o * —na
ViE E g1 (n)Cr(an) K{ (E) ~ E gt (n)e ¥ I=L,T

9/27



Compute g by searching for optimal balance
between systematic and statistical error

10/27



Compute g by searching for optimal balance
between systematic and statistical error
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Compute g by searching for optimal balance

A
olg + ABlg| between systematic and statistical error

A.[0

Wlg) = (1- )

> 12 needed to reduce the typically large magnitude of g

gl = gt . .
Blgl=g" - Cov[C]-g > Cov: Backus-Gilbert. Alternatives: Tikhonov, ...

) > A, family of weighted Ls-norms

Em: T . .
max ) E > Emin > Miigh
u[g} / dE eaah 2 :g(n)e—anE _ KI( ) ghtest

Emin n=1 mr > Fmax = Tmax/a UV cutoff
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Aalg] Compute g by searching for optimal balance
Ao (0] + AB[g] between systematic and statistical error

Wlg) = (1- )

> 12 needed to reduce the typically large magnitude of g

Mgl = gt . .
Blgl=g" - Cov[C]-g > Cov: Backus-Gilbert. Alternatives: Tikhonov, ...

) > A, family of weighted Ls-norms

Eme T ) )
max 3 — E > Emm > Milightest

Aa — dE aak ankE K

[g} V/Emin ‘ Z g(n)e ! (mT) > Emax = Tmax/a UV cutoff

n=1

Algorithmic parameters to tune: {\, &, rmax} at fixed {7, Emin}
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Stability analysis to find the optimal g's

Quantify the quality of the
approximation

Aolg?]

dlg*] = 20[0]

Search for statistically dominated
regime (plateau)

Independence of the algorithmic
parameters

High-quality kernel approximation
Residual systematic error

estimated by considering two
reference points

0.9

|

Wi}mu...‘._,_‘: :i )

s Tmaz =4 ——

s Tmaa

s Tnaz =9

Tmar =4~

r K7 (z)

0.1

Exact kernel —
Reconstructed kernel —

b
w
-
[
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ETMC: lattice setup and ensembles
[ ]

ID ‘ L3 x T a [fm] L [fm] ‘ T(us) T(ud) DS
B48 | 48° x96  0.07951  3.82 X X

B64 | 64% x 128 0.07951  5.09
B9 | 96% x 192 0.07951  7.63
C80 | 80%x 160 0.06816  5.45

C112 | 112° x 224 0.06816  7.63 X X
D96 96 x 92 0.05688  5.46
E112 | 1123 x 224 0.04801  5.47 X

> Ny =2+ 1+ 1 dynamical Wilson-clover twisted-mass quarks (O(a) improvement)
> My ~ 140 MeV

> Two regularizations for currents: twisted mass (tm) and Osterwalder-Seiler (OS)
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Finite Size Effects (FSE): limg.0 limg 0 limpz, 00

> Check for independence of the
volume on two different ensembles
and quote the spread as systematic
error

> FSE are relevant in less than 1% of
the cases: L +—> oo limit achieved

> FSE are O(e~7"
quantities

) for smeared

R (0)/ Vi ?

0.9

Al

B64, tm ——

H{miix;, . ‘,x&. B96, tm ——

-

=

dilg})

MHHW k- -

80, OS =
C112, 08

®

*

0.01

drlg})
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Lattice meets continuum: limg, g limg,, 0 limy, o0

tm, L = oo 0S, L = ool
tm raw-data, L ~ 5 fm 0S8 raw-data, L ~ 5 fmé| |
tm raw-data, L~ 7.5 fm%  OS raw-data, L =~ 7.5 fm¥|

w

o)/ |VasP?

3.38

(T
us

o
o
i<

153
io
=3

| | L | L |
0 0.001 0.002 0.003 0.004 0.005 0.006
a? [fm")]

> Constant, linear and quadratic fits by requiring the same continuum limit for tm and OS

> Fits combined by using Bayesian Akaike Information Criterion

Ntig Niig
Wk ~ eXp{i(Xi + 2N[])€aram - N§oints)/2} 02 = Gs2tat + Zwk(xk - E)Q T = Zwkxk
k=1 k=1
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Limit of vanishing smearing parameter: lim,, o limg o limz, o0

Piloted by asymptotic expansion of Ap(c) = [5° da (1 — 2)" [0s(1—2) — (1 — 2)]p()
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Limit of vanishing smearing parameter: lim,, o limg o limz, o0

Piloted by asymptotic expansion of Ap(c) = [5° da (1 — 2)" [0s(1—2) — (1 — 2)]p()

‘ p(z) regularat z =1 ‘ p(z) =261 — z)

> n=0,1: Ap(c) = O(c?)+ even powers > n=0 Ap(o) %Z
> n=23 Ap(c)=0O(c*)+ even powers >n>0: Ap(oc)=0
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Limit of vanishing smearing parameter: lim,, o limg o limz, o0

Piloted by asymptotic expansion of Ap(c) =

‘ p(z) regularat z =1 ‘

> n=0,1: Ap(o)=

> n=2,3 Ap(o)

L (0)/[Vus|?

T
U,

(

R

(’)(02) + even powers

= 0(04)+ even powers

oo dz(1—2)"[0,(1 —x)

> n=0: Ap(oc)=

1
2
>n>0: Ap(oc)=0

—0(1 - o)) p(x)

plx) =

Z5(1 — )

ot fit, 0 < 0.12 a =4, Ty = d—e— QO =5, Ty = 4r—a—i
ot + oY fit a =3, Ty = 4t =4, oy = 5—8—]
3487 ‘ ‘ s
34 EER [RER
3.32¢ . . [
0.005 0.01 0.015 0.02
w
e L L sl
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16
o
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Results: us channel [PRL 132 (2024) 26, 261901]

We found | R, /|Vus|? = 3.407(22) | (0.6%) and by using Rys = 0.1632(27) HFLAV
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Results: us channel | ]

We found | R /|Vas|? = 3.407(22) ‘ (0.6%) and by using Rys = 0.1632(27)

[Vus|r—1att—inct = 0.2189(7)¢n (18)exp(19)tot  (0.9%)

p—e—— 7+ X,V inclusive
F—e— 7-0PE-1
—e—— 7-OPE-2
—e— 7 —latt — disp
—e— 7 — Kv, exclusive
e+ K semileptonic
Fe4 K/ leptonic

F—e— /1 — [V,uf?, B—decays

s ' L L
0.215 0.220 0.225 0.230 0.235 0.240

“/US|

> Our result confirms OPE determinations
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Results: us channel | ]

We found | R /|Vus|? = 3.407(22) ‘ (0.6%) and by using Rys = 0.1632(27)

IVus |r—latt—incl = 0-2189(7)th (18)exp(19)tot (0~9%)

F—4—— 7+ X, inclusive
p—e+— 7—OPE+1
—e—— 7-OPE-2
—e—H 7 —latt — disp
—e— 7 Kv, exclusive
e semileptonic

HH K/ leptonic

F—— /1 —[V,4|?, f—decays

s s L s
0.215 0.220 0.225 0.230 0.235 0.240

[Vis

> Our result confirms OPE determinations and tension with K and K/m decays

16/27


https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.132.261901
https://arxiv.org/abs/2206.07501

Results: us channel | ]

We found | R7 /|Vus|? = 3.407(22) ‘ (0.6%) and by using Rys = 0.1632(27)

|Vus |T—1att—incl = 0-2189(7)th (18)exp(19)t0t (0-9%)

—%— 7+ X, incliisive
—e— 7—OPE-—-1
—e—— 7-OFE-2

—e— 7+ latt — disp
—e— 7+ K, exclusive
ke K semileptonic
Fed  Ki/7 leptonic
—%— 1 — |Vial?, B—decays
3.80

s L n L
0.215 0.220 0.225 0.230 0.235 0.240

‘V;le

> Our result confirms OPE determinations and tension with unitarity from S—decays
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We miss isospin breaking corrections (planned) which are important at this level of precision.

Even though, a O(~ 5%) effect would be needed to reconcile with K/ ...



Results: ud channel [PRD 108 (2023) 7, 074513]

e ALEPH = ALEPH = ALEPH
[ OPAL —=— OPAL = OPAL
L] HFLAV
This work This work This work
TT l.‘TS 1.8 1.8 19 19 2 1.85 1.9 1.95 2 3.6 365 37 37 38 38
LA o WV : 2
R WVl R Vaal? B WVadl?

> ALEPH and OPAL are divided by |Viq| = 0.97373(31) from superallowed nuclear J—decays
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Results: ud channel |

HH ALEPH =

= OPAL —=—

This work

ALEPH

OPAL

This work

L7 175 18 18 19 1.9 2 1.85 1.9 1.95 2
R WVl R Waal?
> and are divided by |Vy,q| = 0.97373(31) from
> Alternatively: use the average R,q = 3.471(7) to get

|Va| = 0.9752(39)

3.6

L= o] ALEPH
= OPAL
L] HFLAV

This work
3.65 3.7 375 38 38
(T 2
R/ Val
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Inclusive charm decays



Motivations

> A systematic study of inclusive semi-leptonic decay of heavy mesons has started in the last years
A. Barone's talk, JHEP 07 (2023) 145, R. Kellermann's Lattice2024 talk
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Motivations

> A systematic study of inclusive semi-leptonic decay of heavy mesons has started in the last years
A. Barone's talk, JHEP 07 (2023) 145, R. Kellermann's Lattice2024 talk

— VAETMC Exploratory study of the H +— X /v decay done in JHEP
— V-AOPE 07 (2022) 083 via HLT, but
i 5 > Unphysical ensemble
> L+ oo and a +— 0 limits missing
> Comparison only with OPE
0.5 0.6 0.7
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Motivations

> A systematic study of inclusive semi-leptonic decay of heavy mesons has started in the last years

— V-A ETMC

— V-A OPE

The experimental precision of Dg — X /v
data, achievable from the lattice, offers the
opportunity to do a complete
phenomenologically relevant calculation
and at the same time to validate the
method

Exploratory study of the H +— X /v decay done in

via HLT, but

> Unphysical ensemble
> L+ oo and a > 0 limits missing

> Comparison only with OPE

Dsemi—lep. = 8.27(21) x 10714 GeV (2.5%)

a2
83
3 3

© [T e T T T
AL AR R L L L

| | | | |
200 400 600 800 1000 1200
p (MeV/c)
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: ]

Conceptually similar to 7 decays
[

) ¢
Xu./'
q b
— I Ds
T Pr P c(s)
v ,cm( X,
9(()) oo :E) fe
l/T
D) ep. = G2 (\Vcdl2F<D )4 Ve PP P9 4 Vi 2122 +disc.)
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: ]

Conceptually similar to 7 decays
[

) ¢
Xu_/'
q X >
— I Ds
T Pr P c(s)
v Jd,( )( X,
9(()) oo :E) fe
l/T
(D) p. = GE (\VchZF(D )4 Ve PP P9 4 Vi 2122 +disc.)

> The kinematics is determined by a three-body phase space: differential decay rate

3 3
(r) d°p, aB (D) / d3p, d°pg aB
Tr ——L , ) —— = L , H
o /(%)QEV I A AC) o (on)32E, (2m)P2E, ap(Pe, pv)H{ ) (a)
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> The meson now shows up in the external states of the spectral density

s 4
027 @) = 012, 020 8P — )7 0)10) —— H3 (@) = 27 (D] 73,064(P - 077 0) D)

s
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> The meson now shows up in the external states of the spectral density

T 4
027 @) = 012, 020 8P — )7 0)10) —— H3 (@) = 27 (D] 73,064(P - 077 0) D)

s

> The spectral density can be still associated with an Euclidean correlation function

© dE _ o0 _
CcoP(t, q) = /0 5o P (Ba) —— M (ta) = /0 dEe B HP (B, q)
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> The meson now shows up in the external states of the spectral density

_ (2m)*

P (@) = (0] Jg(0)(2m) 6% (P — q)J1(0) [0) —— H{P (q) = (D3| J3,(0)8* (P — q)J7 1 (0) | D:)

2mp

s

> The spectral density can be still associated with an Euclidean correlation function

© dE _ o0 _
CcoP(t, q) = /0 5o P (Ba) —— M (ta) = /0 dEe B HP (B, q)

> but this is given by a four-point function

CL8 (tonies t2, 81, tsre; @
C¥(tq) —— MjJ(t2—t1,9) =, lim ipulle i)
g tank— o0 Clapy (tsnk — t2)Capt (t1 — tsrc)
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After algebra and regularizations

,dr(P -
24 fg _ hm Z ‘q|3 k/ dE(Emax o E)kec(Emax o )ZIEO])cg
0

> Z,E?}lg) are linear combinations of H]‘Z‘gﬁ(E7 q) +— direct application of HLT
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After algebra and regularizations

3 dr}qu) : & 3—k - max k max (0
U’ = lim > " q| ; dE(E™ — E)*0,(E™™ — E)Z,)},
k=0

> Z,7\) are linear combinations of H{ (E, q) + direct application of HLT

Analogously for the first lepton moment

4871

darg o [ K (1)

3 . - max max

R /0 dE(E™™ — )0, (E™ — £)2{),
k=0
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After algebra and regularizations

dF(D s)

247 = lim Z lq>~* / dE(E™™ — E)*0, (E™™ — B)Z{°},

> Z,E?}lg) are linear combinations of H?gﬁ (E, q) — direct application of HLT

Analogously for the first lepton moment

darg Zs ak [T s (1)
3 g 1 — max : max

48T T = ;E}% 2 |q| /0 dE(E — E) 9(7(E — E)Zk,fg
Comments:

> k: this organization is useful to employ the asymptotic expansion for small o

> E™(q%) = mp, — /¢
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HLT stability analysis

. 1 "
0.52
' ! 2. B64, g2 = 0.56 [GeV]?, & = 198 MeV
} } (]
< i 51 RIm
|
i
0.42 |
0.40
0.02 0.01 0.06 0.08 0.10 0.12
[A]
digh] = /2]

—— Target kernel
0.04F —— Approximated kernel
0.03f

g
< 002f
001
000 L L L L L L L
1 2 3 5 6 7

I
E [GeV]

Good control over stability regimes

0.0035
0.0030
0.0025
@ 0.0020
l'{: 0.0015
0.0010
0.0005

0.0000

251, B64, g% = 0.03 [GeV]?, o = 118 MeV

ITTT T99Tmiess ¢ 5 ¢
T T T Y
1
1
1
1
1
1
H H
00125 00150 00175 00200 0.0225 00250 0.0275 0.0300
A = /el
3 Target kernel
b —— Approximated kernel
2 1 6 8 10
E [GeV]
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Finite Size Effects

ool Z o = 0.56 [GeV]?, 0 = 39 [MeV] 0.250F 7z g2 = 0.71 [GeV]?, o = 39 [MeV]
0.225
055 F 0.200

0175

0.150

(dl‘”’*’)
aq? ),

0.125

0.45 0.100

0.075

0.40 + + - + + +

> Interpolation at reference volume L ~ 5.46 fm for ensemble B
> Three volumes to assess volume dependence
> Very mild dependence on the volume in all the cases: L +— oo achieved

> FSE systematic error from maximum spread between different volumes
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Lattice meets continuum

0.34 r

@ 2. q? =0.428 [GeV2], 0 =277 [MeV]

0.000

> Bayesian Akaike IC with constant, linear and quadratic fits

0.001

0.002  0.003 0.004 0.005 0.006
o [fm]?

> Relevant lattice artifacts absent in most of the cases

B 2. > =0.314 [GeV?2), 0 =197 [MeV]

0.000

0.001  0.002 0.003 0.004 0.005 0.006
a? [fm]?
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Limit of vanishing smearing parameter

2, gt = 0.03 [GeV]?, 02+even powers

00161 §  sigmoid § et
—So0051
g ‘%
=S
Z oouf
0013} }
0.0 01 02 03 0.4 0.5 0.6 0.7
o [GeV]
20k Z., g = 0.79 [GeV]2, 0% even powers [
§  sigmoid T ef
3
0151
8
o
2
€ 010
5
N
005}
000
0.0 01 02 03 0.4 0.5 0.6 07
o [GeV]

0.05F

0208 7O g2 = 0.56 [GeV]?, o*+even powers &
—025F ¥  sigmoid i af 3
0.0 0.1 0.2 03 0.4 0.5 0.6 0.7
o [GeV]
0.000
~0.025
~0.050
8
~0.075
212 —0100
E
3
~— 0125
—0.150F 7D g2 = 056 [GeV]?, o' +even powers
—0175 3 sigmoid i ef
0.0 0.1 02 03 0.4 05 06 0.7
o [GeV]

The theoretical asymptotic expansion for small o captures well the data behaviour
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Preliminary results of the differential rates

0.30

0.25

0.00

00 0.2 0.1 06 08 0.0 0.2 0.6 08

q* [GeV]? q20 [‘GeV]2
> Spline cubic interpolation + trapezoid integration with boundaries determined from the lattice
> cd channel is Cabibbo suppressed, su channel has a microscopic phase space

> Disconnected contribution (expected to be small) in production

> Non-vanishing decay rate at the end-point due to isolated pole
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Preliminary results of the integrated differential rates

—m— Lattice QCD

—e— BES-II1

——e—— Cleo

0.70 0.75 0.80 0.85 0.90 0.95 1.00

) cev] o

semi—lep.

p——a— Lattice QCD

——e— BES-III (to check)

——e—— Cleo

0.43 0.44 0.45 0.46 0.47 0.48

(Ds)(1) (Ds)
A’{scmi—lcu/Fscmi—lcpA [Gev]

> Achieved the required accuracy on the lattice to compare with experiments

> Nice agreement with experimental data

> The HLT method is successful also in this case
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Conclusions

> Inclusive processes from Lattice QCD are no longer
impracticable

> Inclusive tau and charm decays are only two classes of
phenomenologically interesting processes

> Extension to B physics on top of next-to-do list

> Many other applications: ,

€eccC.

——t
——

—— 7

7+ Xur inclusive

7-OPE~1

o4 K semileptonic

Fed K/ leptonic
i /T [Veal?, f—deccays

0225 0230 0235 0210

}—a—{ Lattice QCD

e BESI1I
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Conclusions

—e—i 7+ Xy inclusive

p—e—oa 7-O0PE-1
> Inclusive processes from Lattice QCD are no longer o
impracticable 1

> Inclusive tau and charm decays are only two classes of
phenomenologically interesting processes

> Extension to B physics on top of next-to-do list
—m— Lattice QCD
> Many other applications: ,

e BESI1I
' '

€eccC.

Thank you for the attention!!!
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Definition of ZIEO) (decay rate)

7 = Ya + Vs — 2y 7% = 2(Y; - 2vi - Ya) 2" =Y; — 21

Form factors decomposition of the hadronic tensor
mb, H" (p,ps) = ¢"“mb_ h1 + p"p"ha + (b — px)"(p — px)" hs
+p"(p — px)” + (p — px)"p"Tha — i€ P pa(p — px)shs

Yi=-mp, » a'WHY =h

ij

2
YQZmDSH00:h1+h2+(17 do ) h3+2(17q70)h4

mp, mp o )
S A2
Yy =mp, Y §'¢H? = —hamp, + |al*hs )
7 n-q=0
. a=aq/|q|
Yi= —mp, S G HY = (1 _ >|q|h3 T lalhs
mpg

i

__imp, ijk Ak 1yij
Y5772 ZE ¢ H" =lqlhs

ijk




Definition of Z,gl) (first lepton moment)

N
=~
[
Z
I

—4Y1 + Ya + 3Y; — 4Y4 + 2Y5
Z{P = —6Y1 +3Y5 — 2Yi + Y5
z{" = —2v1 + Y3



Partial contributions to decay rate

fg=cs
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Partial contributions to first lepton moment

fg=cs
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The final hadron phase-space

qQ € [, /m%, +a? mp, — |q|} m7, lightest mass in the spectrum

0.8 081
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Decay rate at the end-point

> qo € [\/m?g + 492, mp, — |Q|}

.22
> q2 c [O, (mDs47‘fg) :|, Trg = myg

MpDg

> The spectral function has an isolated pole,
separated by the multi-particle states, and by
construction at g2, this coincides with the
end-point: Z{" -vanishi
point: Z;";  non-vanishing

q* [GeV]?
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[— qS-(-x(qZ)
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