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. Preliminary results
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Inclusive tau decays



Motivations

. Inclusive hadronic τ decays are phenomenologically interesting probes of both the leptonic and
hadronic flavour sectors of the Standard Model and allow for unitary checks of the CKM matrix

. The current situation is quite a mess
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A direct lattice computation of the inclusive τ 7→ Xufντ has been reckoned unfeasible for several years

we did it
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Kinematics

Amplitude in the Fermi effective theory

A(τ 7→ Xufντ ) =
GF
√
SEW√
2

Vuf 〈ντ | Jαντ τ (0) |τ〉
〈
Xuf

∣∣ Jα†uf (0) |0〉

Electroweak V-A currents

Jαντ τ = ν̄τγ
α(1− γ5)τ Jαuf = ūγα(1− γ5)f

3

•

•

τ−

ντ

Xuf

f

u

pτ pν

q

The inclusive decay rate is

Γ
(τ)
uf = Γ(τ 7→ Xufντ ) =

G2
FSEW|Vuf |2

4mτ

∫
d3pν

(2π)32Eν
Lαβ(pτ , pν)ραβuf (q), q = pτ − pν

with ρ spectral density of two hadronic weak currents

ραβuf (q) = 〈0| Jαuf (0)(2π)4δ4(P− q)Jβ†uf (0) |0〉 = (qαqβ − q2gαβ)ρT(q2) + qαqβρL(q2)
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In terms of the dimensionless variable s = q2

m2
τ

Γ
(τ)
uf =

G2
FSEW|Vuf |2m5

τ

32π2

∫ 1

0

ds(1− s)2
[
(1 + 2s)ρT(s) + ρL(s)

]
,

Normalizing by Γ(τ 7→ eν̄eντ ) =
G2
Fm

2
τ

192π3

R
(τ)
uf ≡

Γ(τ 7→ Xufντ )

Γ(τ 7→ eν̄eντ )
= 6πSEW|Vuf |2

∫ 1

0

ds(1− s)2
[
(1 + 2s)ρT(s) + ρL(s)

]

with closure of the phase-space at q2 = m2
τ

We need the non-perturbative hadronic spectral functions ρT and ρL
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Spectral densities from Euclidean correlators

ραβuf is the spectral density associated with the two-point Euclidean correlation function

Cαβ(t, q) =

∫
d3xe−iq·x 〈0| Jαuf (x)Jβ†uf (0) |0〉 =

∫ ∞
0

dE

2π
e−Etραβuf (E, q)

In particular at q = 0

CL(t) = C00(t,0) =

∫ ∞
0

dE

2π
e−EtρL(E2)E2

CT(t) =
Cii(t,0)

3
=

∫ ∞
0

dE

2π
e−EtρT(E2)E2

CI=L,T(t) are computed in lattice simulations but the extraction of ρI implies solving a numerically
ill-posed inverse Laplace transform.
This is challenging
We know how to overcome the problem
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We first extend the upper integration bound to infinity

R
(τ)
uf = 12πSEW

|Vuf |2

m3
τ

∫ ∞
0

dE

[
KT

(
E

mτ

)
E2ρT(E2) +KL

(
E

mτ

)
E2ρL(E2)

] √
s =

E

mτ

by introducing the convolution kernels

KL(x) =
1

x
(1− x2)2Θ(1− x)

KT(x) = (1 + 2x2)KL(x)

We’re almost there, to apply our method we need to regularize the non-analiticity at x = 1
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The smeared R
(τ)
uf (σ)

. The convolution kernels are replaced by smeared
versions

Θ(1− x) 7→ Θσ(1− x) =
1

1 + e−(1−x)/σ

. Smearing is needed to deal with C∞ kernels

. Axiomatically, spectral densities are distributions
and must be smeared

. σ 7→ 0 must be done after L 7→ ∞

R
(τ)
uf = lim

σ 7→0
lim
a7→0

lim
L 7→∞

R
(τ)
uf (σ)

x = E
mτ

0.0

0.2

0.4

0.6

0.8

1.0

x
K
L
(x

)

Longitudinal

unsmeared

smeared, σ=0.1
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mτ

0.0

0.2

0.4

0.6

0.8

1.0

x
K
T

(x
)

Transverse

unsmeared

smeared, σ=0.1

7 / 27



The HLT method [Hansen M.,Lupo A.,Tantalo N. (2019)]

Our target is the convolution of the spectral
density with a given kernel ρ[K](E) =

∫ ∞
0

dωK(E;ω)ρ(ω)

Stone–Weierstrass theorem: Schwartz kernels
admit exact polynomial expressions. Choosing the
exponential basis

K(E;ω) =
∞∑
n=1

gK(n)e−naω

Assuming the knowledge of the exact correlator at
infinite discrete times C(an) =

∫ ∞
0

dω e−anωρ(ω) n = 0, 1, · · · ,∞

The exact (model independent) solution is given
by ρ[K](E) =

∞∑
n=1

gK(n)C(an)
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Of course in Lattice QCD

. C(an) is affected by statistical noise

. The number of time slices is finite: n = 0, 1, 2, · · · , T

By choosing an optimal finite set of g?K(n) we can at most write

ρ[K](E)'
T∑
n=1

g?K(n)C(an) + δρ

Up to systematic and statistical errors, a linear estimator for our solution is then

R
(τ,I)
uf (σ)

|Vuf |2
=

24π2SEW

m3
τ

T∑
n=1

g?I (n)CI(an) Kσ
I (E) '

T∑
n=1

g?I (n)e−naE I = L,T
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W [g] = (1− λ)
Aα[g]

Aα[0]
+ λB[g]

Compute g by searching for optimal balance
between systematic and statistical error

B[g] = gT · Cov[C] · g
. B needed to reduce the typically large magnitude of g

. Cov: Backus-Gilbert. Alternatives: Tikhonov, ...

Aα[g] =

∫ Emax

Emin

dE eαaE

 T∑
n=1

g(n)e−anE −KI

(
E

mτ

)2
. Aα family of weighted L2-norms

. Emin > mlightest

. Emax = rmax/a UV cutoff

Algorithmic parameters to tune: {λ, α, rmax} at fixed {T,Emin}
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Stability analysis to find the optimal g’s

. Quantify the quality of the
approximation

d[gλ] =

√
A0[gλ]

A0[0]

. Search for statistically dominated
regime (plateau)

. Independence of the algorithmic
parameters

. High-quality kernel approximation

. Residual systematic error
estimated by considering two
reference points
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ETMC: lattice setup and ensembles
[ PRD 107, 074506 (2023) PRD 98, 054518 (2018) PRD 104, 074520 (2021)]

ID L3 × T a [fm] L [fm] τ(us) τ(ud) Ds

B48 483 × 96 0.07951 3.82 % % !

B64 643 × 128 0.07951 5.09 ! ! !

B96 963 × 192 0.07951 7.63 ! ! !

C80 803 × 160 0.06816 5.45 ! ! !

C112 1123 × 224 0.06816 7.63 ! % %

D96 963 × 92 0.05688 5.46 ! ! !

E112 1123 × 224 0.04891 5.47 ! % !

. Nf = 2 + 1 + 1 dynamical Wilson-clover twisted-mass quarks (O(a) improvement)

. Mπ ∼ 140 MeV

. Two regularizations for currents: twisted mass (tm) and Osterwalder-Seiler (OS)

12 / 27
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Finite Size Effects (FSE): limσ 7→0 lima7→0 limL7→∞

. Check for independence of the
volume on two different ensembles
and quote the spread as systematic
error

. FSE are relevant in less than 1% of
the cases: L 7→ ∞ limit achieved

. FSE are O
(
e−σL

)
for smeared

quantities
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Lattice meets continuum: limσ 7→0 lima7→0 limL7→∞

0 0.001 0.002 0.003 0.004 0.005 0.006

3.26
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3.56

a2 [fm2]

tm, L = ∞
tm raw-data, L ≃ 5 fm

tm raw-data, L ≃ 7.5 fm

OS, L = ∞
OS raw-data, L ≃ 5 fm

OS raw-data, L ≃ 7.5 fm

R
(τ
)

u
s
(σ
)/
|V

u
s|2

. Constant, linear and quadratic fits by requiring the same continuum limit for tm and OS

. Fits combined by using Bayesian Akaike Information Criterion

ωk ∼ exp{−(χ2
k + 2Nk

param −Nk
points)/2} σ2 = σ2

stat +

Nfit∑
k=1

ωk(xk − x̄)2 x̄ =

Nfit∑
k=1

ωkxk
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Limit of vanishing smearing parameter: limσ 7→0 lima7→0 limL7→∞

Piloted by asymptotic expansion of ∆ρ(σ) =
∫∞
0 dx (1− x)n

[
Θσ(1− x)−Θ(1− x)

]
ρ(x)

ρ(x) regular at x = 1

. n = 0, 1: ∆ρ(σ) = O
(
σ2
)
+ even powers

. n = 2, 3: ∆ρ(σ) = O
(
σ4
)
+ even powers

ρ(x) = Zδ(1− x)

. n = 0: ∆ρ(σ) = 1
2
Z

. n > 0: ∆ρ(σ) = 0
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Results: us channel [PRL 132 (2024) 26, 261901]

We found Rτus/|Vus|2 = 3.407(22) (0.6%) and by using Rus = 0.1632(27) HFLAV

|Vus|τ−latt−incl = 0.2189(7)th(18)exp(19)tot (0.9%)

0.215 0.220 0.225 0.230 0.235 0.240

|Vus|

√
1− |Vud|2, β−decays

K/π leptonic

K semileptonic

τ 7→ Kντ exclusive

τ − latt− disp

τ −OPE− 2

τ −OPE− 1

τ 7→ Xusντ inclusive

. Our result confirms OPE determinations
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τ − latt− disp
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. Our result confirms OPE determinations and tension with unitarity from β−decays
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We miss isospin breaking corrections (planned) which are important at this level of precision.

Even though, a O
(
∼ 5%

)
effect would be needed to reconcile with K/π ...



Results: ud channel [PRD 108 (2023) 7, 074513]
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This work

. ALEPH and OPAL are divided by |Vud| = 0.97373(31) from superallowed nuclear β−decays

. Alternatively: use the HFLAV average Rud = 3.471(7) to get

|Vud| = 0.9752(39)
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Inclusive charm decays



Motivations
. A systematic study of inclusive semi-leptonic decay of heavy mesons has started in the last years

A. Barone’s talk, JHEP 07 (2023) 145, R. Kellermann’s Lattice2024 talk
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Exploratory study of the H 7→ X`ν decay done in JHEP
07 (2022) 083 via HLT, but

. Unphysical ensemble

. L 7→ ∞ and a 7→ 0 limits missing

. Comparison only with OPE

The experimental precision of Ds 7→ X`ν
data, achievable from the lattice, offers the

opportunity to do a complete
phenomenologically relevant calculation

and at the same time to validate the
method

Γsemi−lep. = 8.27(21)× 10−14 GeV (2.5%) BES-III
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Conceptually similar to τ decays
[P. Gambino and S. Hashimoto (2020), S. Hashimoto (2017)] 3

•

•

τ−

ντ

Xuf

f

u

pτ pν

q

−−−−−−−−−→

4

•

•
`

ν`
Ds

c(s)

s(c)
Xfg

s, d, (u)

Γ
(Ds)
semi−lep. = G2

F

(
|Vcd|2Γ

(Ds)
cd + |Vcs|2Γ

(Ds)
cs + |Vus|2Γ

(Ds)
su + disc.

)

. The kinematics is determined by a three-body phase space: differential decay rate

Γ
(τ)
uf ∝

∫
d3pν

(2π)32Eν
Lαβ(pτ , pν)ραβuf (q) −−−−−−→ Γ

(Ds)
fg =

∫
d3pν

(2π)32Eν

d3p`

(2π)32E`
Lαβ(p`, pν)Hαβ

fg (q)
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. The meson now shows up in the external states of the spectral density

ραβuf (q) = 〈0| Jαuf (0)(2π)4δ4(P− q)Jβ†uf (0) |0〉 −−−−−→ Hαβ
fg (q) =

(2π)4

2mDs
〈Ds| Jαfg(0)δ4(P− q)Jβ†fg (0) |Ds〉

. The spectral density can be still associated with an Euclidean correlation function

Cαβ(t, q) =

∫ ∞
0

dE

2π
e−Etραβuf (E, q) −−−−−→Mαβ

fg (t, q) =

∫ ∞
0

dE e−EtHαβ
fg (E, q)

. but this is given by a four-point function

Cαβ(t, q) −−−−−→Mαβ
fg (t2 − t1, q) = lim

tsnk 7→+∞
tsrc 7→−∞

Cαβ4pt(tsnk, t2, t1, tsrc; q)

C2pt(tsnk − t2)C2pt(t1 − tsrc)
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C2pt(tsnk − t2)C2pt(t1 − tsrc)
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. The meson now shows up in the external states of the spectral density

ραβuf (q) = 〈0| Jαuf (0)(2π)4δ4(P− q)Jβ†uf (0) |0〉 −−−−−→ Hαβ
fg (q) =

(2π)4

2mDs
〈Ds| Jαfg(0)δ4(P− q)Jβ†fg (0) |Ds〉

. The spectral density can be still associated with an Euclidean correlation function
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After algebra and regularizations

24π3
dΓ

(Ds)
fg

dq2
= lim
σ 7→0

2∑
k=0

|q|3−k
∫ ∞
0

dE(Emax − E)kθσ(Emax − E)Z
(0)
k,fg

. Z
(0,1)
k,fg are linear combinations of Hαβ

fg (E, q) 7→ direct application of HLT

Analogously for the first lepton moment

48π3
dM

(Ds)(1)
fg

dq2
= lim
σ 7→0

3∑
k=0

|q|4−k
∫ ∞
0

dE(Emax − E)kθσ(Emax − E)Z
(1)
k,fg

Comments:

. k: this organization is useful to employ the asymptotic expansion for small σ

. Emax(q2) = mDs −
√

q2
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HLT stability analysis
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Good control over stability regimes
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Finite Size Effects
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. Interpolation at reference volume L ∼ 5.46 fm for ensemble B

. Three volumes to assess volume dependence

. Very mild dependence on the volume in all the cases: L 7→ ∞ achieved

. FSE systematic error from maximum spread between different volumes
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Lattice meets continuum
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. Bayesian Akaike IC with constant, linear and quadratic fits

. Relevant lattice artifacts absent in most of the cases
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Limit of vanishing smearing parameter
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The theoretical asymptotic expansion for small σ captures well the data behaviour
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Preliminary results of the differential rates
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. Spline cubic interpolation + trapezoid integration with boundaries determined from the lattice

. cd channel is Cabibbo suppressed, su channel has a microscopic phase space

. Disconnected contribution (expected to be small) in production

. Non-vanishing decay rate at the end-point due to isolated pole
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Preliminary results of the integrated differential rates
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. Achieved the required accuracy on the lattice to compare with experiments

. Nice agreement with experimental data

. The HLT method is successful also in this case
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Conclusions

. Inclusive processes from Lattice QCD are no longer
impracticable

. Inclusive tau and charm decays are only two classes of
phenomenologically interesting processes

. Extension to B physics on top of next-to-do list

. Many other applications: R-ratio, general scattering
amplitudes, Meson spectroscopy, electroweak
amplitudes, glueball spectrum, Sphaleron Rate, ecc.
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Thank you for the attention!!!
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Backup



Definition of Z
(0)
k (decay rate)

Z
(0)
0 ≡ Y2 + Y3 − 2Y4 Z

(0)
1 ≡ 2(Y3 − 2Y1 − Y4) Z

(0)
2 ≡ Y3 − 2Y1

Form factors decomposition of the hadronic tensor

m3
DsH

µν(p, px) = gµνm2
Dsh1 + pµpνh2 + (p− pX)µ(p− pX)νh3

+[pµ(p− pX)ν + (p− pX)µpν ]h4 − iεµναβpα(p− pX)βh5

Y1 = −mDs

∑
ij

n̂in̂jHij = h1

Y2 = mDsH
00 = h1 + h2 +

(
1− q0

mDs

)2

h3 + 2

(
1− q0

mDs

)
h4

Y3 = mDs

∑
ij

q̂iq̂jHij = −h1m
2
Ds + |q|2h3

Y4 = −mDs

∑
i

q̂iH0i =

(
1− q0

mDs

)
|q|h3 + |q|h4

Y5 =
imDs

2

∑
ijk

εijk q̂kHij = |q|h5

n̂2 = 1

n̂ · q = 0

q̂ = q/|q|



Definition of Z
(1)
k (first lepton moment)

Z
(1)
0 = Y2 + Y3 − 2Y4

Z
(1)
1 = −4Y1 + Y2 + 3Y3 − 4Y4 + 2Y5

Z
(1)
2 = −6Y1 + 3Y3 − 2Y4 + Y5

Z
(1)
3 = −2Y1 + Y3



Partial contributions to decay rate
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Partial contributions to first lepton moment
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The final hadron phase-space

q0 ∈
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Decay rate at the end-point
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. The spectral function has an isolated pole,
separated by the multi-particle states, and by
construction at q2
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