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Introductions



in the quark level it corresponds to 𝒃 → 𝒄𝒍𝝂𝒍
it is a CKM-favoured decay corresponding to 
𝑽𝒄𝒃, a fundamental parameter in SM
we concentrate on the exclusive processes with 
𝑋$%	 being 𝑫𝒔, 𝑫𝒔∗ , 𝑫𝒔𝟎∗ , 𝑫𝒔𝟏, 𝑫𝒔𝟏* , 𝑫𝒔𝟐∗

for 𝑙, we only consider light leptons 
two problems

tension between inclusive and exclusive 𝑉$,
1/2 vs 3/2 puzzle
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Semi-leptonic decays

𝐵! → 𝑋"! + 𝑙	𝜈#

𝑣 =
𝑝!!
𝑀!!

𝑣" =
𝑝#"!
𝑀#"!

𝑞

𝜔 = 𝑣 ⋅ 𝑣" 𝑝!! = 𝑝# + 𝑞

Excited-state from inclusive, Lattice Meets Continuum
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Inclusive and exclusive determinations of 𝑽𝒄𝒃 𝟐

experimental data

inclusive
42 ± 1×10!"

exclusive
38 ± 1×10!"

Excited-state from inclusive, Lattice Meets Continuum
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Inclusive and exclusive determinations of 𝑽𝒄𝒃 𝟐

[Gambino et al.,PRD89.1(2014)]

experimental data
OPE expansion of 

moments for inclusive 
decays

inclusive
42 ± 1×10!"

exclusive
38 ± 1×10!"

Excited-state from inclusive, Lattice Meets Continuum

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.89.014022
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Inclusive and exclusive determinations of 𝑽𝒄𝒃 𝟐

[Gambino et al.,PRD89.1(2014)]
[Aoki et al.,PRD109.7(2024)]

experimental data
OPE expansion of 

moments for inclusive 
decays

inclusive
42 ± 1×10!"

exclusive
38 ± 1×10!" lattice data +

CLN/BGL parameterizations of 
exclusive form factors

Excited-state from inclusive, Lattice Meets Continuum

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.89.014022
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.109.074503
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Inclusive and exclusive determinations of 𝑽𝒄𝒃 𝟐

[Gambino et al.,PRD89.1(2014)]
[Aoki et al.,PRD109.7(2024)]

experimental data
OPE expansion of 

moments for inclusive 
decays

inclusive
42 ± 1×10!"

exclusive
38 ± 1×10!" lattice data +

CLN/BGL parameterizations of 
exclusive form factors

same theoretical basis?

from the same set of 
lattice data?

Excited-state from inclusive, Lattice Meets Continuum

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.89.014022
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.109.074503
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1/2 and 3/2 puzzle[Bigi et al.,EPJC52.4(2007)]

Excited-state from inclusive, Lattice Meets Continuum

https://doi.org/10.1140/epjc/s10052-007-0425-1
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1/2 and 3/2 puzzle
heavy quark limit 𝒎𝑸 → ∞
OPE+HQET

𝝉𝟏/𝟐 𝝎 = 𝟏 ≪ 𝝉𝟑/𝟐(𝝎 = 𝟏)
transition form factors from 
𝐵 to 𝐷)/*∗∗  and 𝐷,/*∗∗ , and 
thus their decay ratios, can 
be expressed by Isgur-Wise 
form factor 𝝉𝟏/𝟐 and 𝝉𝟑/𝟐

𝚪𝟏/𝟐 ≪ 𝚪𝟑/𝟐

[Uraltsev,PLB501.1-2(2001)]

[Bigi et al.,EPJC52.4(2007)]

Excited-state from inclusive, Lattice Meets Continuum

https://doi.org/10.1016/S0370-2693(01)00110-1
https://doi.org/10.1140/epjc/s10052-007-0425-1
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1/2 and 3/2 puzzle

what is the nature of the remaining 15%?
can we understand it from lattice? [Uraltsev,PLB501.1-2(2001)]

[Bigi et al.,EPJC52.4(2007)]

heavy quark limit 𝒎𝑸 → ∞
OPE+HQET

𝝉𝟏/𝟐 𝝎 = 𝟏 ≪ 𝝉𝟑/𝟐(𝝎 = 𝟏)
transition form factors from 
𝐵 to 𝐷)/*∗∗  and 𝐷,/*∗∗ , and 
thus their decay ratios, can 
be expressed by Isgur-Wise 
form factor 𝝉𝟏/𝟐 and 𝝉𝟑/𝟐

𝚪𝟏/𝟐 ≪ 𝚪𝟑/𝟐

Excited-state from inclusive, Lattice Meets Continuum

https://doi.org/10.1016/S0370-2693(01)00110-1
https://doi.org/10.1140/epjc/s10052-007-0425-1


Methods
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Lattice setup

data from RBC/UKQCD
lattice size: 24!×64
lattice spacing: 𝑎 ≈ 0.11	fm, energy unit: "

#
≈ 1.785	GeV

2+1-flavour DWF actions with approximately physical 
masses are utilized for light quarks
relativistic-heavy quark action for 𝑏 and 𝑐 quarks

𝑀$ ≈ 330	MeV, 	 𝑀%# ≈ 5370	MeV, 	 𝑴𝑫𝒔 ≈ 𝟏𝟔𝟖𝟎	𝐌𝐞𝐕

Gauge ensemble

	𝑡-./ − 𝑡-01 = 20, 𝑡* − 𝑡-01 = 14, fixed
𝑡, range from 0 to 14	⟹ 𝒕 = 𝒕𝟐 − 𝒕𝟏 range from 14 to 0
we work in the rest frame of 𝐵-, 𝑣 ≡

2#!
3#!

= (1	, 0	, 0	, 0)

−𝒒 = (𝑞/ 	, 𝑞/ 	, 𝑞/)
almost non-perturbative renormalization for the current 
[El-Khadra et. al.,PRD.64(2001):014502]

Simulation of 4-pt correlators

more details from Alessandro’s 
talk on Thursday

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.64.014502
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Four-point correlators
inclusive process with 𝑩𝒔 

as initial state

see Alessandro’s talk 
on Thursday

𝐽! ≡ 𝑉! − 𝐴!, 𝑉! = 3𝑏𝛾!𝑐, 𝐴! = 3𝑏𝛾!𝛾"𝑐
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Four-point correlators
inclusive process with 𝑩𝒔 

as initial state

contributions from all 
possible final states

see Alessandro’s talk 
on Thursday

exclusive information 
could be extracted 

from 4-pt correlators

𝐽! ≡ 𝑉! − 𝐴!, 𝑉! = 3𝑏𝛾!𝑐, 𝐴! = 3𝑏𝛾!𝛾"𝑐
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Four-point correlators
inclusive process with 𝑩𝒔 

as initial state

contributions from all 
possible final states

see Alessandro’s talk 
on Thursday

exclusive information 
could be extracted 

from 4-pt correlators

• pro: don’t need to construct the 
complicated operators representing the 
final state

• con: need to perform multi-state fit of the 
four-point correlators

𝐽! ≡ 𝑉! − 𝐴!, 𝑉! = 3𝑏𝛾!𝑐, 𝐴! = 3𝑏𝛾!𝛾"𝑐
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Decomposition of four-point correlators
four-point correlators 
as the summations of a 
series of three-point 
correlators
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Decomposition of four-point correlators
four-point correlators 
as the summations of a 
series of three-point 
correlators

three-point correlators 
parameterized by form 
factors and final-state 
masses/energies
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Decomposition of four-point correlators
four-point correlators 
as the summations of a 
series of three-point 
correlators

three-point correlators 
parameterized by form 
factors and final-state 
masses/energies

four-point correlators parameterized by a series of 
exponentials with form factors and masses/energies 
of different final states as prefactors
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Decomposition of four-point correlators
four-point correlators 
as the summations of a 
series of three-point 
correlators

three-point correlators 
parameterized by form 
factors and final-state 
masses/energies

four-point correlators parameterized by a series of 
exponentials with form factors and masses/energies 
of different final states as prefactors

lattice simulation of 
four-point correlators

values of the masses/energies of the final states 
and the corresponding form factors
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Zero-recoil results
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Four-point correlators at zero recoil
at zero recoil limit, 𝑞⃗# = 0 , 𝜔 = 1,

parity is well defined, thus parity symmetry dedicates the isolation of final states

the magnitudes of 𝑃-wave contributions 
are around 1/10 smaller than those of the 
𝑆 -wave contributions, but, information 
can still be extracted from the lattice 
simulation

• 𝑆 − wave : 𝑪𝑽𝟎𝑽𝟎 ≈ 𝒉%𝟐 	𝒆'𝑴𝑫𝒔𝒕	, 𝑪𝑨∥𝑨∥ ≈ 𝒉𝑨𝟏𝟐 	𝒆'𝑴𝑫𝒔∗𝒕

• 𝑃,/# −	wave : 𝑪𝑨𝟎𝑨𝟎 ≈ 𝒈%𝟐 	𝒆
'𝑴𝑫𝒔𝟎

∗ 𝒕

• 𝑃./# −	wave : 𝑪𝑽∥𝑽∥ ≈
𝒇𝑽𝟏
𝟐

𝟒
	𝒆'𝑴𝑫𝟏𝒕
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Comparison of the effective mass and the fitted mass

• 𝑀A ≈ 330	MeV
• 𝐷BC/𝐷BD∗  and 𝐷(∗)𝐾

we obtain reasonable 
results for the masses

• 𝑆 − wave : 𝑪𝑽𝟎𝑽𝟎 ≈ 𝒉%𝟐 	𝒆'𝑴𝑫𝒔𝒕	, 𝑪𝑨∥𝑨∥ ≈ 𝒉𝑨𝟏𝟐 	𝒆'𝑴𝑫𝒔∗𝒕

• 𝑃,/# −	wave : 𝑪𝑨𝟎𝑨𝟎 ≈ 𝒈%𝟐 	𝒆
'𝑴𝑫𝒔𝟎

∗ 𝒕

• 𝑃./# −	wave : 𝑪𝑽∥𝑽∥ ≈
𝒇𝑽𝟏
𝟐

𝟒
	𝒆'𝑴𝑫𝟏𝒕
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Comparision of the fitted and effective form factor
𝑆-wave form factors at zero recoil (𝜔=1)

𝐵B 𝑉F 𝐷B ∝ ℎG(𝜔) 𝑣F + 𝑣FH

𝐵B 𝐴F 𝐷B∗	, 𝜖F ∝ 𝜔 + 1 ℎIC(𝜔)𝜖F

ℎG 𝜔 = 1 = 0.987 14
	ℎIC 𝜔 = 1 = 0.822(17)

compatible with the zeroth order 
calculations from the heavy quark 
effective theory (HQET)

ℎG 𝜔 = 1 ≈ ℎIC(𝜔 = 1) ≈ 1
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𝑃-wave form factors at zero recoil

𝐵A 𝐴B 𝐷AC∗ ∝ 𝑔E(𝜔) 𝑣B + 𝑣BF

𝐵A 𝑉B 𝐷AG	, 𝜖B ∝ 𝑓HG(𝜔)𝜖B

according to HQET [Leibovich et. 
al.,PRD.57.1], at lowest non-zero order

𝑔E 1 = 3 𝜖I + 𝜖J Λ∗ − 6Λ 𝜏G/L 1
𝑓HG 1 = M

L
𝜖I 6ΛF − 6Λ 𝜏N/L 1

heavy quark mass

𝜀1 =
1
2𝑚1

≈ 0.801

𝜀9 =
1

2𝑚9
≈ 0.12

difference of spin-
averaged hadron mass

𝑃,/* − 𝑆 ∶ Λ∗ − SΛ
𝑃)/* − 𝑆 ∶ 	 SΛ’ − SΛ

[Bernlochner et al.,PRD95.1(2017)]

Comparision of the fitted and effective form factor

https://doi.org/10.1103/PhysRevD.57.308
https://doi.org/10.1103/PhysRevD.95.014022


it is valid at infinite heavy quark mass, or zeroth 
order of HQET
we perform calculations at finite heavy quark mass, 
thus consistent but not exactly the same results
it is a conclusion valid in the zero-recoil limit

                  what about non-zero 𝒒𝟐? 
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C𝐨𝐦𝐦𝐞𝐧𝐭𝐬	𝐚𝐛𝐨𝐮𝐭	𝝉𝟏/𝟐 ≪ 𝝉𝟑/𝟐 
𝝉𝟏/𝟐 = 𝟎. 𝟏𝟖𝟏 𝟓𝟎
𝝉𝟑/𝟐 = 𝟎. 𝟑𝟏𝟓 𝟒𝟐

𝝉𝟏/𝟐 ≲ 𝝉𝟑/𝟐

[Uraltsev,PLB501.1-2(2001)]

https://doi.org/10.1016/S0370-2693(01)00110-1


Non-zero recoil
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Multi-state (?) 

𝑞⃑G = 0.08, 0.16, 0.25	GeVG

excited-state contribution estimations
ignoring the 𝜔/𝑞⃑. dependence of form factors

𝑓(𝜔) ≈ 𝑓(1)
use the lowest order relation from HQET

ℎ/" ≈ ℎ/!	, ℎ/. ≈ 0

𝑔0 ≈ −
3
2
𝜖1 + 𝜖2 Λ∗ − [Λ 𝑔3

we only need the values of ℎ/"(1) and 𝑔0(1) to 
estimate the prefactors and thus the 
contributions from different states

contributions from excited state
𝑨𝟎𝑨𝟎(~𝟓𝟎%) > 𝑨𝟎𝑨∥(~𝟏𝟎%) > 𝑨∥𝑨∥(< 𝟏𝟎%)
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Let the data talk
we fit 𝐴D𝐴D, 𝐴D𝐴∥ and 𝐴∥𝐴∥ separately with multiple exponentials without 
assuming the functional forms of the prefactors

𝐶W*W* =L
XYC

Z+,-

𝐴X	[\	W*W.
] exp −𝐸X	[\	W*W.×𝑡

𝑁^[_ = 1, 2, 3, …… step-by-step fitting, with prior from the outcomes of the previous 
fit
full loop over 𝑡`[\ and 𝑡`ab, the fitting range

chose the best fit to be the fit with smallest 𝝌𝟐

𝐝.𝐨.𝐟. 	− 𝟏 and
𝑡`ab to be fairly large for all fits
𝑡`[\	to be fairly large for 𝑵𝒇𝒊𝒕 = 𝟏 fits
𝑡`[\ to be fairly small for 𝑵𝒇𝒊𝒕 > 𝟏 fits

look at the fitting results to manually the physics of the fitting results are correct



The fitted parameters are occupied by error and/or the central values 
are extremely small 

2024/10/1 Excited-state from inclusive, Lattice Meets Continuum 29

Clear sign of non-existence of excited states



the turn in the correlators at small time slice and clear portion of 
contributions from the excited states
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Positive sign for the existence of excited states

𝐶H!H! 	𝑎𝑡	𝑞⃑
G = 0.08	GeVG



 steps in the effective energies

2024/10/1 Excited-state from inclusive, Lattice Meets Continuum 31

Positive sign for the existence of excited states

effective energies for the original 𝐶1414
effective energies for

𝐶1414  – the fitted ground-state contribution



changes of the parameters vs 𝑡KLM and 𝑡KNO
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Positive sign for the existence of excited states
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¬2/d.o.f. = 0.537 , tfitted = [9, 13]
¢Efitted = {1.072(50)} , A2

fitted = {0.029(17)}

fitted value of the ground-state 
energy in 1-state fit for 
𝐶;$;$	𝑎𝑡	𝑞⃑

* = 0.08	GeV* 



changes of the parameters vs 𝑡KLM and 𝑡KNO
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Positive sign for the existence of excited states
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tmin = 3

tmin = 4
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¬2/d.o.f. = 0.472 , tfitted = [3, 13]
¢Efitted = {1.068(30), 0.59(30)}
A2

fitted = {0.0274(98), 0.125(88)}

fitted value of the excited-state 
energy in 2-state fit for 
𝐶;$;$	𝑎𝑡	𝑞⃑

* = 0.08	GeV* 
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Consistency check
• Do we recover the estimation from the previous estimations of the 

contribution ratio?

estimations of the contributions from excited state

𝑨𝟎𝑨𝟎(~𝟓𝟎%) > 𝑨𝟎𝑨∥(~𝟏𝟎%) > 𝑨∥𝑨∥(< 𝟏𝟎%)
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Consistency check
• Do we recover the estimation from the previous estimations of the 

contribution ratio?

fitted contributions from excited state
𝑨𝟎𝑨𝟎 ~𝟓𝟎% > 𝑨∥𝑨∥ < 𝟏𝟎% > 𝑨𝟎𝑨∥(~𝟎%)
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Consistency check
• are there the same set of states?
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Resulting form factors



Summary and prospect
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as a preliminary study, we show the feasibility to extract exclusive 
informations from inclusive correlator

Summary

can we do the fit just blindly using the functional form? 
we should investigate the continuum and infinite volumn limit

Prospect


