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Some motivation: (preliminary) results from NA62 last week
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1011 × BR |SM = 7.73 ± 0.16pert ± 0.25non−pert ± 0.54param

1011 × BR |exp = 13.0(+3.0
−2.7)stat(+1.3

−1.2)sys

Four frontiers for precision in :


• Experiment! .. still statistically limited..

• Progress on the  puzzle in B sector:  rate is proportional to 

•   at higher order in perturbative QCD

• Intrinsic hadronic uncertainties (local and nonlocal FFs)

K+ → π+νν̄

|Vcb | K+ → π+νν̄ |Vcb |4

V*tsVtd Xt(mt)

This talk

Brod, Gorbahn, Stamou [2105.02868]




Scale separation in K+ → π+νν̄
Oq

1 = (d̄LγμsL)(q̄LγμqL) , q = u, c

Oq
2 = (d̄LγμTasL)(q̄LγμqL)

O3 = (d̄LγμsL)Σq′ (q̄′ γμq′ ) , q′ = u, d, s, c

O4 = (d̄LγμTasL)Σq′ (q̄′ γμTaq′ ) ,

O5 = (d̄LγμγνγλsL)Σq′ (q̄′ γμγνγλq′ ) ,

O6 = (d̄LγμγνγλTasL)Σq′ (q̄′ γμγνγλTaq′ ) ,

O9 = (d̄LγμsL)Σℓ′ (ℓ̄′ γμℓ′ ) ,

O10 = (d̄LγμsL)Σℓ′ (ℓ̄′ γμγ5ℓ′ ) ,

Oν = (d̄LγμsL)Σν(ν̄LγμνL)

Dominant contribution from  sensitive to large top 
quark mass (GIM), known at NLO QCD and NLO EW


Brod, Gorbahn, Stamou [1009.0947]


RGE invariant below the weak scale (CVC)

Oν
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Charm mass cannot be neglected at the matching 
scale, interplay of GIM suppression and CKM 
enhancement                      


 Resummation of  corrections to all 
orders in  and  at the matching scale

V*csVcd /V*tsVtd ∼ λ−4

→ x2
c αn

s (αs ln xc)k

k n = 0,1

Buras, Gorbahn, Haisch, Nierste [0603079]
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Nonlocal operators / matrix elements

from factorisation
Actual values of these FFs                    (??)



Local form factors

⟨π+(k) | d̄γμs |K+(p)⟩ = fK+π+

+ (q2)(p + k)μ + fK+π+

− (q2)qμ

⟨π+(k) | ūγμs |K0(p)⟩ = fK 0π+

+ (q2)(p + k)μ + fK 0π+

− (q2)qμ

Local vector form factors from V-A currents in SM 
(also V+A for FCNCs, hadronic current is the same)


Universal to charged-current and neutral-current 
 transitions up to isospin corrections 

(  complicated by  mixing LECs)
K → π+

K+ → π0 π0 − η
 
fK+π+

+ (0)
fK0π+
+ (0)

= 1.0015 ± 0.0007

 
λK+π+

+

λK0π+
+

= 0.9986 ± 0.0002

Mescia, Smith [0705.2025]

Charged-currents:

Neutral-currents:
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Local form factors
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+

λK0π+
+

= 0.9986 ± 0.0002

Mescia, Smith [0705.2025]

Charged-currents:

Neutral-currents:

Normalisation: LQCD

f+(q2) ≃ f+(0)[1 + λ′ +
q2

M2
π+

+ λ′ ′ 
q4

2M4
π+ ]

Slope parameters:  and  (analyticity)K → πℓν τ → Kπν̄τ

Boito, Escribano, Jamin [1007.1858]

FLAG [2111.09849] 4



Nonlocal form factors (Z, γ)

∫ d4x e−iqx ⟨π+ | TℒΔS(0) Jμ
γ (x) |K+⟩ = (qμp ⋅ q − pμq2) FK+π+

γ (q2)

∫ d4x e−iqx ⟨π+ | TℒΔS(0) Jμ
Z(x) |K+⟩ = (qμp ⋅ q − pμq2) FK+π+

Z∥ (q2) + qμFK+π+

Z⊥ (q2)

Electromagnetic form factor dominates  and 
can be extracted directly from the spectrum up to phase

K+ → π+ℓ+ℓ−

Weak neutral-current form factor in  K+ → π+νν̄

No  contribution ( )⊥ mν = 0
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Nonlocal form factors (Z, γ)
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Electromagnetic form factor dominates  and 
can be extracted directly from the spectrum up to phase

K+ → π+ℓ+ℓ−

Weak neutral-current form factor in  K+ → π+νν̄

No  contribution ( )⊥ mν = 0

Jμ
γ =

2
3

(ūγμu + c̄γμc) −
1
3

(d̄γμd + s̄γμs)

Jμ
Z = cu

v (ūγμu + c̄γμc) + cd
v (d̄γμd + s̄γμs)

Weak and electric charges are not aligned

cu
V

cd
V

=
1 − 8/3 sin2 θw

−1 + 4/3 sin2 θw
= − 0.58

Qu

Qd
= − 2
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Nonlocal form factors (Z, γ)
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can be extracted directly from the spectrum up to phase

K+ → π+ℓ+ℓ−

Weak neutral-current form factor in  K+ → π+νν̄

No  contribution ( )⊥ mν = 0

More information needed to isolate the 
isospin contribution unique to the weak 
current..


.. but still may be interesting since  
absorbs UV divergence in  (including 
charm penguin) and can be fixed to data in a 
phenomenological approach

Fγ
FZ∥

FZ∥(q2) =
3cu

V

2
Fγ(q2) + (cd

V +
cu

V

2 )∫ d4xe−iqx⟨π+ |TℒΔS(0)Jμ
d+s(x) |K+⟩

Jμ
d+s = d̄γμd + s̄γμs

Absorbs u,c 
contributions (UV)

Residual (light) d,s 
contributions (IR)

Jμ
γ =

2
3

(ūγμu + c̄γμc) −
1
3

(d̄γμd + s̄γμs)

Jμ
Z = cu

v (ūγμu + c̄γμc) + cd
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Hadronic amplitudes

a, b, c = 0, ± 1 : (π0, π±)

s = (pK − pa)2 = (pb + pc)2

⟨πbπc |TΔI |Kiπa⟩ = Cia;bc
ΔI ⟨Iππ∥TΔI∥IKπ⟩

 operators decompose into isospin s → dqq̄ ΔI = 1/2, 3/2

i = ± 1/2 : (K+, K0)

[Wigner-Eckart]

t = (pK − pb)2 = (pa + pc)2pK = pa + pb + pc

Reduced amplitudes functions of  and can be expanded in 
partial waves 

s, t

TIKπ Iππ
ℓ,ΔI (s) = ∫

1

−1
dz Pℓ(z) TIKπ,Iππ

ΔI (s, t(z))

6
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Discontinuity of  from the hadronic 
amplitude and pion vector form factor

K+ → π+ℓ+ℓ−(νν̄)

Disc Fγ,Z(q2) ∼ ρπ(s)T1(q2)F*π (q2)
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Discontinuity of  from the hadronic 
amplitude and pion vector form factor

K+ → π+ℓ+ℓ−(νν̄)

Disc Fγ,Z(q2) ∼ ρπ(s)T1(q2)F*π (q2)
Fγ,Z(s) = Fγ,Z(−Q2

0)

+
s + Q2

0

π ∫
∞

4M2
π

dt
Disc[Fγ,Z(t)]

(t + Q2
0)(t − s)

+ LH cuts

With one subtraction:

Hadronic amplitudes recently available in 
Khuri-Treimann formalism (pion 
rescattering in s,t,u-channel)
Bernard, Descotes-Genon, Knecht, Moussallam 

[2403.17570]



Discontinuity of FFs (Resonance Region)
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 and  phase shifts included in VFF but not in KT (yet)πK KK

• P-wave amplitude vanishes at various (pseudo)-thresholds 
, , 


• Error from  Dalitz parameters negligible, theory 
errors from KT should be scrutinised (PW truncation)..

q2 = 4M2
π (MK − Mπ)2 (MK + Mπ)2

K → 3π

• Phase of the  amplitude and pion VFF are 
dominated by the (770) above  threshold


• In the decay region the  amplitude determines 
the phase of the discontinuity (VFF phase is small)

K → 3π
ρ Kπ

K → 3π

Gonzalez-Solis, Roig [1902.02273]

Preliminary

Preliminary



Discontinuity of FFs (Decay Region)
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Electromagnetic Form Factor

9

dΓ
dq2

=
α2MK

12π(4π)4
λ3/2 (1,

q2

M2
K

,
M2

π

M2
K ) 1 −

4m2
ℓ

q2 (1 +
2m2

ℓ

q2 ) |W(q2) |2

 including Fermi constant 
and Cabibbo angle normalisation 
∼ Fγ(q2)

W(q2) = G2
FM2

K (a+ + b+
q2

M2
K ) + Wππ(q2)

“Standard” parameterisation NLO SU(3) ChiPT

Subtractions (fit) Explicit pion loop function 
(chiral logs)
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K+ → π+μ+μ− K+ → π+e+e−NA62 [2209.05076] NA48/2 [0903.3130]

BSM+non-pert non-pert(Roughly):



Electromagnetic Form Factor
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FM2

K (a+ + b+
q2
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K ) + Wππ(q2)

“Standard” parameterisation NLO SU(3) ChiPT

Subtractions (fit) Explicit pion loop function 
(chiral logs)

K+ → π+μ+μ− K+ → π+e+e−NA62 [2209.05076] NA48/2 [0903.3130]

BSM+non-pert non-pert(Roughly):

Pion loop function depends on  Dalitz 
parameters. KT can resolve their phase

K → 3π



Nonlocal form factors (WW)

Wμν = ∫ d4x e−iqx ⟨π+ | T [Jμ
u (0) Jν

u(x) − Jμ
c (0) Jν

c (x)] |K+⟩ = Wi(q2)Tμν
i

Also the double insertion of charged-current semileptonic 
operators (nonlocal WW box)

V*usVud + V*csVcd + V*tsVtd = 0Nice property of CKM hierarchy: 
CKM phase factors out

10
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• Discontinuity of  is given in terms of decay constants  (lepton pole), form factors   and the 
muiltihadron continuum.


• The issue is the subtractions (in this case not constrained from phenomenology, e.g ), but 
fortunately the nonlocal WW is numerically smaller than the nonlocal Z-penguin (from SU(3) ChiPT or VMD)

Wi(q2) fK,π fK+π0
± (q2)

K+ → π+ℓ+ℓ−

δPc,u = (3.1 ± 0.3ρ ± 0.3W) × 10−2

δPc,u = (3.0 ± 1.5χp4) × 10−2

Lunghi, Soni [2408.11190]

(0.3 ± 0.3)W

δPc,u = (4.0 ± 2.0χp4) × 10−2

Isidori, Mescia, Smith [0503107]

Constructive ~5% contribution to the rate 
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UV divergences of the nonlocal operators are absorbed by the local 
current, the transition vector form factor f+(q2)

∫ e−iqx⟨π+ |T[O†
i (0)Oj(x)] |K+⟩ ∼ ⟨π+ | d̄γμs |K+⟩Tμ

ij × Cij(−Q2, μ) + O(Λ2/Q2)

Take  for the 
subtractions, minimise logs in 
the WC and match to PT at 

. 


Try to avoid SU(3) ChiPT and 
 corrections. Stay 

Q0 ∼ μ ≫ Λ

μ ∼ mc ≫ Λ

Λ /mc Nf = 4
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B → Xs(d)ℓ+ℓ−
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B → Xs(d)ℓ+ℓ−
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Pheno Overview (Exp+Th)
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Belle

BaBar

BaBar+Belle

LHCb (isospin)

Exp: Average

SM: BR

SM: R*BR(bulν)

SM: Average

4.2±1.3

5.8±1.6

4.8±1.0

2.73±0.18

2.79±0.35
[rescaling factor = 2.0]

2.67±0.70

3.91±0.79

3.21±0.63
[rescaling factor = 1.2]

2 3 4 5 6 7

Belle

BaBar

Exp: Average

SM: BR

15.2±6.2

16.2±4.6

15.8±3.7

17.3±1.3

10 15 20



Summary
•  amplitudes from KT approach are on the market, which opens the door to 

determinations of the nonlocal Z-penguin form factor in 


•  as a first/complementary step. The idea is to fix the normalisation of the 
electromagnetic FF to data for the charged lepton mode to constrain the long distance 
effect in the  mode using the universality of the pion vector form factor


• External determinations for at least a single value of  needed (subtractions are 
unconstrained in dispersive approach), e.g.  with  to match to  
perturbation theory

K → 3π
K+ → π+νν̄

K+ → π+ℓ+ℓ−

νν̄

q2

q2 = − Q2 Q ∼ mc Nf = 4

14

• Long distance effects in  are more difficult to control especially at high- 


• Needs HQE parameters (including weak annihilation) at higher precision: fits and 
four-quark operators).


• Experimental situation is a bit scattered, updates from Belle (II) and LHCb would be nice 
to clarify the saturation of the inclusive mode by  and 

B → Xs(d)μ+μ− q2

|Vcb |

K K*



Backup
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Phase shifts
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ππ Kπ



QED corrections



Mescia, Smith [0705.2025]
K+ → π+νν̄(γ)

 (similar for )

Kubis, Schmidt [1007.1887]
Ks → π0ℓ+ℓ−(γ) K+ → π+
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