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The future of the theory of charm…
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My thoughts…

I definitely want to go to this conference

It’s fun to think about what lattice can do in 10 - 20 years

I am probably not the best person to summarise the future of theory in general

accept invitation and hope for the best!



Landscape of non-lattice charm theory
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Future of non-lattice charm theory
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Improve precision/reliability for pre- and post-dictions of 
hadronic spectra, properties (Svjetlana)
decays (Svjetlana, Fu-Sheng)

Constrain new physics parameters using charm experiment + theory (Svjetlana) 

Revisit methods and extend available orders in  and  expansions (Blazenka, Keri)

Use lattice to determine inputs for such expansions (Blazenka, Keri)
Progress methods for  mixing,  multi-hadron decays (Blazenka)
Improve techniques and theoretical defintions for nature of states,   e.g. X,  Y,  Z (Polosa)

Take advantage of improved experimental data inputs, especially for
 physics + charm (Pich)

intrinsic charm (Ramona)
charmonia in media (Krista)
heavy quark expansions (Keri)
multi-hadron decays (Fu-Sheng)

1/mQ αs

D0 ↔ D0

τ
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Will endeavour to connect to this at the end of the talk ✓ 

The following will be lattice motivated… but keep an eye out for non-lattice theory



Lattice QCD:   Recipe for strong force predictions
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Formal / numerical machinery (lattice QCD)
LQCD =
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Wide range of precision pre-/post-dictions
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MS
(MZ) = 0.1182(8)
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MS
(MZ) = 0.1174(16) PDG 18 (non-lattice)

lattice average

Overwhelming evidence for QCD ✓              Lattice QCD as a reliable tool ✓ 

More challenging observables? 😮 



Observables for lattice QCD
Essential to classify by types of states and inserted operators
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1. Single-hadron form factors

2. Multi-hadron scattering and decays

3. Intermediate multi-hadron states

<latexit sha1_base64="6koHxDfzTLCbTW2CVUMIhOCqTKw=">AAACNnicfVA9SwNBEN3z2/gVtbRZDIKN4U5ELUUbG0HBfEAuhLnNJFnc2zt258Rw5FfZ+DvsbCwUsfUnuIkpNIoDC4/33szsvChV0pLvP3lT0zOzc/MLi4Wl5ZXVteL6RtUmmRFYEYlKTD0Ci0pqrJAkhfXUIMSRwlp0czbUa7dorEz0NfVTbMbQ1bIjBZCjWsWLUIHuKuQh4R3lcaZI7vWgbRIdcktAOOA8dBOI/2cJzWhKq1jyy/6o+G8QjEGJjeuyVXwM24nIYtQkFFjbCPyUmjkYkkLhoBBmFlMQN9DFhoMaYrTNfHT2gO84ps07iXFPEx+x3ztyiK3tx5FzxkA9O6kNyb+0Rkad42YudZoRavG1qJMpTgkfZsjb0qAg1XcAhJHur1z0wIAgl3TBhRBMnvwbVPfLwWH54OqgdHI6jmOBbbFttssCdsRO2Dm7ZBUm2D17Yi/s1Xvwnr037/3LOuWNezbZj/I+PgH8CK1L</latexit>

hmulti-hadron state|multi-hadron statei

<latexit sha1_base64="U43YApkmf7blNVUTeaS7ATMgQjg=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoioh6LehC8VLAf0ISy2W7apZtN2N0INfSXePGgiFd/ijf/jZs2B219MPB4b4aZeUHCmdKO822VVlbX1jfKm5Wt7Z3dqr2331ZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML7O/c4jlYrF4kFPEupHeChYyAjWRurb1Rvk6RjdIS9hefXtmlN3ZkDLxC1IDQo0+/aXN4hJGlGhCcdK9Vwn0X6GpWaE02nFSxVNMBnjIe0ZKnBElZ/NDp+iY6MMUBhLU0Kjmfp7IsORUpMoMJ0R1iO16OXif14v1eGlnzGRpJoKMl8UphyZV/MU0IBJSjSfGIKJZOZWREZYYqJNVhUTgrv48jJpn9bd8/rZ/VmtcVXEUYZDOIITcOECGnALTWgBgRSe4RXerCfrxXq3PuatJauYOYA/sD5/APZnkgI=</latexit>

D ! K⇡⇡

<latexit sha1_base64="7878TrHE3Loh2sRTQoztdY10fzY=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QwWwVVJpKjLoi5cVrAXaEKZTCft0MkkzEyEGvokblwo4tZHcefbOE2z0NYfBj7+cw5zzh8knCntON9WaW19Y3OrvF3Z2d3br9oHhx0Vp5LQNol5LHsBVpQzQduaaU57iaQ4CjjtBpObeb37SKVisXjQ04T6ER4JFjKCtbEGdvUWeQlDno5RTgO75tSdXGgV3AJqUKg1sL+8YUzSiApNOFaq7zqJ9jMsNSOczipeqmiCyQSPaN+gwBFVfpYvPkOnxhmiMJbmCY1y9/dEhiOlplFgOiOsx2q5Njf/q/VTHV75GRNJqqkgi4/ClCNz5jwFNGSSEs2nBjCRzOyKyBhLTLTJqmJCcJdPXoXOed29qDfuG7XmdRFHGY7hBM7AhUtowh20oA0EUniGV3iznqwX6936WLSWrGLmCP7I+vwB7IWR+w==</latexit>

D⇡ ! D⇡

<latexit sha1_base64="+ELQ6OZeoLC0fyN7Wlp4CAGGei0=">AAACQnicdVDLSgMxFM34rPU16tJNsAgupMxIUZdFXQhuKtiHtLVk0kwbmpkMyR2lDP02N36BOz/AjQtF3Low0xbRVm+4cDj33EeOFwmuwXGerJnZufmFxcxSdnlldW3d3tisaBkryspUCqlqHtFM8JCVgYNgtUgxEniCVb3eaVqv3jKluQyvoB+xZkA6Ifc5JWColn19duNg3EifYD4o3ukCUUrejbiIp7mPL3BDmjHplhT/J//WmKktO+fknWHgaeCOQQ6No9SyHxttSeOAhUAF0bruOhE0E6KAU8EG2UasWURoj3RY3cCQBEw3k6EFA7xrmDb2pTIZAh6yPzsSEmjdDzyjDAh09WQtJf+q1WPwj5sJD6MYWEhHi/xYYJA49RO3uWIURN8AQhU3t2LaJYpQMK5njQnu5JenQeUg7x7mC5eFXPFkbEcGbaMdtIdcdISK6ByVUBlRdI+e0St6sx6sF+vd+hhJZ6xxzxb6FdbnFyMQrj4=</latexit>

D0 $ ⇡⇡,KK $ D
0

<latexit sha1_base64="Buhu6orvx2GAD/wft1Ju4y6Cjt4=">AAACB3icbVDLSgMxFM34rPU16lKQYBFclRkp6rLoxoWLCvYBnWHIZO60oZnMkGSEUrpz46+4caGIW3/BnX9j2s5CWw8ETs65l+ScMONMacf5tpaWV1bX1ksb5c2t7Z1de2+/pdJcUmjSlKeyExIFnAloaqY5dDIJJAk5tMPB9cRvP4BULBX3epiBn5CeYDGjRBspsI+8WzMckYBiT6e4uGEPOMeeyAO74lSdKfAicQtSQQUagf3lRSnNExCacqJU13Uy7Y+I1IxyGJe9XEFG6ID0oGuoIAkofzTNMcYnRolwnEpzhMZT9ffGiCRKDZPQTCZE99W8NxH/87q5ji/9ERNZrkHQ2UNxzrFJPCkFR0wC1XxoCKGSmb9i2ieSUG2qK5sS3PnIi6R1VnXPq7W7WqV+VdRRQofoGJ0iF12gOrpBDdREFD2iZ/SK3qwn68V6tz5mo0tWsXOA/sD6/AF++phz</latexit>

⇤c ! ⇤`⌫

<latexit sha1_base64="vdd6TSFwyavWGlsQxU9PLYgFsrI=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5JIUY9Fe/BYwX5AE8pmu2mXbjZhd6KU2J/ixYMiXv0l3vw3btsctPXBwOO9GWbmBYngGhzn2yqsrW9sbhW3Szu7e/sHdvmwreNUUdaisYhVNyCaCS5ZCzgI1k0UI1EgWCcY38z8zgNTmsfyHiYJ8yMylDzklICR+na5gbGXcOxBjBvYY0D6dsWpOnPgVeLmpIJyNPv2lzeIaRoxCVQQrXuuk4CfEQWcCjYtealmCaFjMmQ9QyWJmPaz+elTfGqUAQ5jZUoCnqu/JzISaT2JAtMZERjpZW8m/uf1Ugiv/IzLJAUm6WJRmAps/pzlgAdcMQpiYgihiptbMR0RRSiYtEomBHf55VXSPq+6F9XaXa1Sv87jKKJjdILOkIsuUR3doiZqIYoe0TN6RW/Wk/VivVsfi9aClc8coT+wPn8AATGSkA==</latexit>

D⇡ ! D⌘
<latexit sha1_base64="ftvUgLEFd9CQJh9wgcm96GjZu4s=">AAAB+HicbZDLSsNAFIZPvNZ6adSlm8EiiIuSSFGXRV0IbirYC7SxTKaTduhkEmYmQg19EjcuFHHro7jzbZymWWjrDwMf/zmHOef3Y86Udpxva2l5ZXVtvbBR3Nza3inZu3tNFSWS0AaJeCTbPlaUM0EbmmlO27GkOPQ5bfmjq2m99UilYpG41+OYeiEeCBYwgrWxenbp+uEE3aKujlBGPbvsVJxMaBHcHMqQq96zv7r9iCQhFZpwrFTHdWLtpVhqRjidFLuJojEmIzygHYMCh1R5abb4BB0Zp4+CSJonNMrc3xMpDpUah77pDLEeqvna1Pyv1kl0cOGlTMSJpoLMPgoSjsyZ0xRQn0lKNB8bwEQysysiQywx0SarognBnT95EZqnFfesUr2rlmuXeRwFOIBDOAYXzqEGN1CHBhBI4Ble4c16sl6sd+tj1rpk5TP78EfW5w+/npE3</latexit>

D⇤K ! D⇤K

<latexit sha1_base64="Zbv9R0MqRHtIcnG1m51FCwhVbHs=">AAAB9HicbVBNS8NAEJ3Ur1q/oh69LBbBU0mkqMeiHjxWsB/QhLLZbtqlm03c3RRK6O/w4kERr/4Yb/4bN20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW3Kzu7e/sH9uFRW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB+Db3OxMqFYvFo54m1I/wULCQEayN5N8hT8fIS1hefbvq1Jw50CpxC1KFAs2+/eUNYpJGVGjCsVI910m0n2GpGeF0VvFSRRNMxnhIe4YKHFHlZ/OjZ+jMKAMUxtKU0Giu/p7IcKTUNApMZ4T1SC17ufif10t1eO1nTCSppoIsFoUpR+bRPAE0YJISzaeGYCKZuRWREZaYaJNTxYTgLr+8StoXNfeyVn+oVxs3RRxlOIFTOAcXrqAB99CEFhB4gmd4hTdrYr1Y79bHorVkFTPH8AfW5w+Lv5FS</latexit>

D ! ⇡⇡

<latexit sha1_base64="csv7K3j6ve8fOjJf6Xc/bZw15UQ=">AAAB+3icbVDLSgNBEOyNrxhfMR69DAbBU9iVoB6DevAYwTwgu4TZSW8yZHZ2mZkVQ8ivePGgiFd/xJt/4+Rx0MSChqKqm+6uMBVcG9f9dnJr6xubW/ntws7u3v5B8bDU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+HwZuq3HlFpnsgHM0oxiGlf8ogzaqzULZZuiW8S4qec+CgE8WXWLZbdijsDWSXegpRhgXq3+OX3EpbFKA0TVOuO56YmGFNlOBM4KfiZxpSyIe1jx1JJY9TBeHb7hJxapUeiRNmShszU3xNjGms9ikPbGVMz0MveVPzP62QmugrGXKaZQcnmi6JMEPvtNAjS4wqZESNLKFPc3krYgCrKjI2rYEPwll9eJc3zindRqd5Xy7XrRRx5OIYTOAMPLqEGd1CHBjB4gmd4hTdn4rw4787HvDXnLGaO4A+czx+BHZN4</latexit>

D ! ⇡`⌫



<latexit sha1_base64="5uUZ8NngouIUuTw0NASTklZCHa0="></latexit>

hmulti-hadron state|O(0)|hadroni

<latexit sha1_base64="6koHxDfzTLCbTW2CVUMIhOCqTKw=">AAACNnicfVA9SwNBEN3z2/gVtbRZDIKN4U5ELUUbG0HBfEAuhLnNJFnc2zt258Rw5FfZ+DvsbCwUsfUnuIkpNIoDC4/33szsvChV0pLvP3lT0zOzc/MLi4Wl5ZXVteL6RtUmmRFYEYlKTD0Ci0pqrJAkhfXUIMSRwlp0czbUa7dorEz0NfVTbMbQ1bIjBZCjWsWLUIHuKuQh4R3lcaZI7vWgbRIdcktAOOA8dBOI/2cJzWhKq1jyy/6o+G8QjEGJjeuyVXwM24nIYtQkFFjbCPyUmjkYkkLhoBBmFlMQN9DFhoMaYrTNfHT2gO84ps07iXFPEx+x3ztyiK3tx5FzxkA9O6kNyb+0Rkad42YudZoRavG1qJMpTgkfZsjb0qAg1XcAhJHur1z0wIAgl3TBhRBMnvwbVPfLwWH54OqgdHI6jmOBbbFttssCdsRO2Dm7ZBUm2D17Yi/s1Xvwnr037/3LOuWNezbZj/I+PgH8CK1L</latexit>

hmulti-hadron state|multi-hadron statei

<latexit sha1_base64="kwooCaGKOPw15gHz5OBUPDN1jRw=">AAACNXicbVDLSgMxFM34tr6qLt0Ei6CbMiNFXYpuXAhWsCp0SrmT3rbBTGZI7ohl6E+58T9c6cKFIm79BdPHwteFkMM5597knihV0pLvP3sTk1PTM7Nz84WFxaXlleLq2qVNMiOwJhKVmOsILCqpsUaSFF6nBiGOFF5FN8cD/eoWjZWJvqBeio0YOlq2pQByVLN4GirQHYU8JLyjvAstk+g+56FrIu7uGKgrQPGzbX+Hf+N/2EMzHNIslvyyPyz+FwRjUGLjqjaLj2ErEVmMmoQCa+uBn1IjB0NSKOwXwsxiCuIGOlh3UEOMtpEPt+7zLce0eDsx7mjiQ/Z7Rw6xtb04cs7BEva3NiD/0+oZtQ8audRpRqjF6KF2pjglfBAhb0mDglTPARBGur9y0QUDglzQBRdC8Hvlv+BytxzslSvnldLh0TiOObbBNtk2C9g+O2QnrMpqTLB79sRe2Zv34L14797HyDrhjXvW2Y/yPr8ALB6qeg==</latexit>

hhadron|O(0)|hadroni

<latexit sha1_base64="YeqH7IRcwuYIKAtsZg6Fw2iBS1A="></latexit>

hhadron|J (x)O(0)|hadroni

Can multi-hadron states propagate between the currents?

single two-
particle channel

many two-
particle channels

channels with 
> two particles

mesons baryons
quark bilinear four-quark operators
light-quarks heavy-quarks

easier harder

easier harder

easier harder

no yes

everything above… plus:

four-point functions are difficult 

easier

harder

6

precision

(Incomplete) landscape of lattice observables



Single-hadron quantities
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masses decay constants form factors

Partly covered in excellent talks at this conference by…

Sara Collins — Meson and baryon spectroscopy with charm quarks from lattice QCD
Will Jay — Lattice Results for Semileptonic Decays of Charmed Hadrons

Felix Erben — D-meson mixing from lattice QCD
Juan Andreas Urrea Nino — Toward the physical charmonium spectrum with improved distillation 
Brian Colquhoun — Precise determination of the decay rates of  ,   ,  
                              , from lattice QCD 
Tomas Korzek — Iso-scalar states from LQCD 
Roman Höllwieser  — Charmonium and glueballs including light hadrons 

ηc → γγ J/ψ → γηc
J/ψ → ηce+e−
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Single-hadron quantities
<latexit sha1_base64="kwooCaGKOPw15gHz5OBUPDN1jRw=">AAACNXicbVDLSgMxFM34tr6qLt0Ei6CbMiNFXYpuXAhWsCp0SrmT3rbBTGZI7ohl6E+58T9c6cKFIm79BdPHwteFkMM5597knihV0pLvP3sTk1PTM7Nz84WFxaXlleLq2qVNMiOwJhKVmOsILCqpsUaSFF6nBiGOFF5FN8cD/eoWjZWJvqBeio0YOlq2pQByVLN4GirQHYU8JLyjvAstk+g+56FrIu7uGKgrQPGzbX+Hf+N/2EMzHNIslvyyPyz+FwRjUGLjqjaLj2ErEVmMmoQCa+uBn1IjB0NSKOwXwsxiCuIGOlh3UEOMtpEPt+7zLce0eDsx7mjiQ/Z7Rw6xtb04cs7BEva3NiD/0+oZtQ8audRpRqjF6KF2pjglfBAhb0mDglTPARBGur9y0QUDglzQBRdC8Hvlv+BytxzslSvnldLh0TiOObbBNtk2C9g+O2QnrMpqTLB79sRe2Zv34L14797HyDrhjXvW2Y/yPr8ALB6qeg==</latexit>

hhadron|O(0)|hadroni
<latexit sha1_base64="350J3v0eBeabt6Ehn0mDxx43E3E="></latexit>

hhadron|O(0)|vacuumi
<latexit sha1_base64="t0CcXKVkB41/ezV1YioT/axVbQ4=">AAACIHicbVDLSgMxFM3UV62vqks3wSK4KjNS1KXoxmUF+4BOKZn0tg3NZIbkjliGfoobf8WNC0V0p19jpu3Cth4IOZxzD8k9QSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gbqJEc6jxSEa6GTADUiiooUAJzVgDCwMJjWB4k/mNB9BGROoeRzG0Q9ZXoic4Qyt1ihe+ZKovgfoIj5gOWFdHakwz+DaH2T3n+Hoy3ymW3LI7AV0m3oyUyAzVTvHL70Y8CUEhl8yYlufG2E6ZRsEljAt+YiBmfMj60LJUsRBMO50sOKYnVunSXqTtUUgn6t9EykJjRmFgJ0OGA7PoZeJ/XivB3mU7FSpOEBSfPtRLJMWIZm3RrtDAUY4sYVwL+1fKB0wzjrbTgi3BW1x5mdTPyt55uXJXKV1dz+rIkyNyTE6JRy7IFbklVVIjnDyRF/JG3p1n59X5cD6nozlnljkkc3B+fgEzv6MF</latexit>

hhadron|hadroni
masses decay constants form factors

Precision is always very challenging
Managing large data sets

Blinding data

Difficult fits and uncertainty determination/interpretation

Lowering statistical uncertainty → new systematics become important

Incorporating QED

Enhanced logarithmic lattice spacing dependence

More detailed knowledge of pion-mass/volume dependence

Figure by M. Di Carlo,   see Boyle et al., 2211.12865
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Can multi-hadron states propagate between the currents?

single two-
particle channel

many two-
particle channels

channels with 
> two particles

mesons baryons
quark bilinear four-quark operators
light-quarks heavy-quarks

easier harder

easier harder

easier harder

no yes

everything above… plus:

four-point functions are difficult 

easier

harder

precision

(Incomplete) landscape of lattice observables
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What is the role of the                     ?

Resonances
If multi-hadron states play a role… resonances could be relevant

9

CP violation in charm

B ! K⇤ `` ! K⇡ ``

Meson decays

Resonant D and B decays

f0(1710) �ACPcould enhance
   •   Soni (2017)   •   D ! ⇡⇡,KK

CP violation in strange
<latexit sha1_base64="a/LQYSwWhJCoOGgx/LSnCuZBVjA=">AAAB9HicbVBNS8NAEJ3Ur1q/oh69LBbBU0mkqMeiF8FLBfsBTSib7aZdutnE3U2hhP4OLx4U8eqP8ea/cdPmoK0PBh7vzTAzL0g4U9pxvq3S2vrG5lZ5u7Kzu7d/YB8etVWcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTjG9zvzOhUrFYPOppQv0IDwULGcHaSP498nSMvITl1berTs2ZA60StyBVKNDs21/eICZpRIUmHCvVc51E+xmWmhFOZxUvVTTBZIyHtGeowBFVfjY/eobOjDJAYSxNCY3m6u+JDEdKTaPAdEZYj9Syl4v/eb1Uh9d+xkSSairIYlGYcmQezRNAAyYp0XxqCCaSmVsRGWGJiTY5VUwI7vLLq6R9UXMva/WHerVxU8RRhhM4hXNw4QoacAdNaAGBJ3iGV3izJtaL9W59LFpLVjFzDH9gff4Alq+RWQ==</latexit>

K ! ⇡⇡
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�/f0(500)

Any reliable approach should consider whether such effects are relevant

Can be both a challenge and an opportunity (also for lattice QCD)



Charmonium resonances
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 •  Liu et al. (Hadron Spectrum Collaboration), Excited and exotic charmonium spectroscopy from lattice QCD JHEP, 2012  • 

heavier than physical Mπ

Height of rectangle = 
statistical uncertainty

States created using local 
operators

Remarkable progress… but not the complete picture!

Not quite right to say 
“States cannot decay”

(more later)

<latexit sha1_base64="MzuYuqXdSZ+Xk3J/kgVoy3923Zg=">AAACCHicbVA9SwNBEN3z2/h1amnhYhAsJNxJUEvRxiYQwUQhd4S9zSQu7t0tu3OScKS08a/YWChi60+w89+4iVdo9MHA470ZZuZFSgqDnvfpTE3PzM7NLyyWlpZXVtfc9Y2mSTPNocFTmerriBmQIoEGCpRwrTSwOJJwFd2ejfyrO9BGpMklDhSEMeslois4Qyu13e1aO1CCBkwpnfZp1fNosE8DhD7mNWgO227Zq3hj0L/EL0iZFKi33Y+gk/IshgS5ZMa0fE9hmDONgksYloLMgGL8lvWgZWnCYjBhPn5kSHet0qHdVNtKkI7VnxM5i40ZxJHtjBnemElvJP7ntTLsHoe5SFSGkPDvRd1MUkzpKBXaERo4yoEljGthb6X8hmnG0WZXsiH4ky//Jc2Din9YqV5UyyenRRwLZIvskD3ikyNyQs5JnTQIJ/fkkTyTF+fBeXJenbfv1imnmNkkv+C8fwGoTph+</latexit>

M⇡ ⇡ 400MeV



QCD Fock space 
At low-energies QCD = hadronic degrees of freedom ⇡ ⇠ ūd, K ⇠ s̄u, p ⇠ uud

Overlaps of multi-hadron asymptotic states → S matrix

0 0

00

0 0

|⇡⇡, ini

h⇡⇡, out|

s = E2
cmdepends on

and angular variables

diagonal in angular momentum

S(s) ⌘

e2i�0(s)

e2i�1(s)

e2i�2(s)

|KK, ini|⇡⇡⇡⇡, iniAn enormous space of information · · ·

M`(s) / e2i�`(s) � 1

11

Poles on the second Riemann sheet give resonances

Full QCD demands this description… lattice QCD cannot escape it



Unitarity and Analyticity

12

⇢(s)|M`(s)|2 = ImM`(s)

⇢(s) =

p
1� 4m2/s

32⇡

For , the optical theorem tells us…s < (2Mπ)2

where                                      is the two-particle phase space

Unique solution is…

K matrix (short distance) phase-space cut (long distance)

Amplitude has a branch cut ✓           K-matrix is useful for parametrizing ✓

M`(s) =
1

K`(s)�1 � i⇢(s)



To proceed we have to make three modifications

Euclidean

signature

3
nonzero lattice spacing1

finite volume,2 L

ImE

ReE

M⇡,lattice > M⇡,our universeAlso…

(but physical masses → increasingly common)

=

Z
dN� e�S

h
interpolator


for observable

i
observable?

Lattice QCD

13



Difficulties for multi-hadron observables

The finite volume…

Discretizes the spectrum

Eliminates the branch cuts and extra sheets

Hides the resonance poles

Finite-volume analytic structure Infinite-volume analytic structure
Sheet I

Sheet II

Note: cannot count finite-volume 
energies to count resonance poles!

14

The Euclidean signature…
Prevents usual on-shell approach      (want ,    but have only )p2

4 = − E(p)2 p2
4 > 0



The finite-volume as a tool
Finite-volume set-up

L

L

L

E0(L)

E1(L)

E2(L)

cubic, spatial volume (extent L)

periodic

L is large enough to neglect e�M⇡L

Scattering leaves an imprint on finite-volume quantities

E0 = 2M⇡
Infinite-volume threshold

M`=0(2M⇡) = �32⇡M⇡a

Finite-volume ground state

E0(L) = 2M⇡ +
4⇡a

M⇡L3
+O(1/L4)

   •   Huang, Yang (1958)   •   
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The finite-volume as a tool
Finite-volume set-up

L

L

L

E0(L)

E1(L)

E2(L)

cubic, spatial volume (extent L)

periodic

L is large enough to neglect e�M⇡L

Scattering leaves an imprint on finite-volume quantities

E0 = 2M⇡
Infinite-volume threshold

M`=0(2M⇡) = �32⇡M⇡a

Finite-volume ground state

E0(L) = 2M⇡ +
4⇡a

M⇡L3
+O(1/L4)

   •   Huang, Yang (1958)   •   

scattering length

15



Holds only for two-particle energies(2m)2 < s < (4m)2

General relation

Generalized to non-degenerate masses, multiple channels, spinning particles

Neglects e�mL

det[K�1(s) + F (P,L)] = 0

16

F (P,L) ⌘ Matrix of known 
geometric functions

Encodes angular momentum mixing

E0(L)

E1(L)

E2(L)

M2K2

finite volume unitarity

   •   Lüscher (1989)   •   many others   •



⇡⇡ ! ⇡⇡

   •   Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505   •   

Using the result
Single-channel case (pions in a p-wave)

K(sn)
�1 = ⇢ cot �(sn) = �F (En, ~P ,L)

17
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Using the result
Single-channel case (pions in a p-wave)

K(sn)
�1 = ⇢ cot �(sn) = �F (En, ~P ,L)
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⇡⇡ ! ⇡⇡vary box-size + total momenta 
to ensure results are robust

   •   Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505   •   

Using the result
Single-channel case (pions in a p-wave)

K(sn)
�1 = ⇢ cot �(sn) = �F (En, ~P ,L)
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ϕ

ω ρ

JP = 1�

0.42 0.48 0.54 0.60
a
p

s

0

45

90

135

180

± 1
[± ]

amΩ = 0.4609(16)(14)
gΩºº = 5.69(13)(16)

Leskovec et al. (2017)
Nf=2+1, mπ=316 MeV

⇢ ! ⇡⇡

IG(JPC) = 1+(1��)
Guo et al. (2016)
Nf=2, mπ=226 MeV

Andersen et al., (2019) 
Nf=2+1, mπ=220 MeV



19

Two types of spectroscopy
Explore the spectrum of compact QCD 

excited states  
(via quark-model inspired local operators)

Dudek, Edwards (2012) Wilson, Briceño, Dudek, Edwards, Thomas (2015)

Extract the full finite-volume 
energy spectrum

local operators

+ many multi-hadron operators

<latexit sha1_base64="WdYHCN4uKD9HVscsg/pg5suIRVc="></latexit>
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Two types of spectroscopy

Wilson, Briceño, Dudek, Edwards, Thomas (2015)

local operator spectrum = 
not suitable for phase shift extraction

Dudek, Edwards (2012)

Explore the spectrum of compact QCD 
excited states  

(via quark-model inspired local operators)
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⇡⇡ ! ⇢ ! ⇡⇡

Note: cannot count finite-volume 
energies to count resonance poles!
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Two types of spectroscopy

Wilson, Briceño, Dudek, Edwards, Thomas (2015)

local operator spectrum = 
not suitable for phase shift extraction

Dudek, Edwards (2012)

Explore the spectrum of compact QCD 
excited states  

(via quark-model inspired local operators)
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Note: cannot count finite-volume 
energies to count resonance poles!
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I(JP ) = 1/2(0+)

I(JP ) = 1/2(1�)

,K⇤ ! K⇡

391 MeV

327 MeV
284 MeV

239 MeV

20

κ(700)

K*(892)

   •   Wilson et al.	 Phys.Rev.Lett. 123 (2019) 4, 042002   •   See also Nelson Lachini, Lattice2022   •   



   •   Wilson et al.	 Phys.Rev.Lett. 123 (2019) 4, 042002   •   See also Nelson Lachini, Lattice2022   •   

I(JP ) = 1/2(1�)

,K⇤ ! K⇡

391 MeV

327 MeV

284 MeV

239 MeV

140 MeV

21

K*(892)



CP-PACS/PACS-CS 2007, 2011
ETMC 2010
Lang et al. 2011
HadSpec 2012, 2016
Pellisier 2012
RQCD 2015
Guo et al. 2016
Fu et al. 2016
Bulava et al. 2016
Alexandrou et al. 2017
Andersen et al. 2018
Fischer et al. 2020
Erben et al. 2020

⇢ ! ⇡⇡ K⇤ ! K⇡
Lang et al. 2012
Prelovsek et al. 2013
Wilson et al. 2015
RQCD 2015
Brett et al. 2018
Wilson et al. 2019
Rendon et al. 2020

K*(892)

ϕ

ω ρ

κ(700)

σ(500) a0(980)

f0(980)

JP = 1�

JP = 0+

� ! ⇡⇡
Prelovsek et al. 2010
Fu 2013
Wakayama 2015
Howarth and Giedt 2017
Briceño et al. 2017
Guo et al. 2018

See the recent review by 
Briceño, Dudek and Young

 ! K⇡

Dudek et al. 2016
a0(980) ! ⇡⌘,KK

�, f0, f2 ! ⇡⇡,KK, ⌘⌘
Briceño et al. 2017

22

b1 ! ⇡!,⇡�
Woss et al. 2019

https://inspirehep.net/literature/759221
https://inspirehep.net/literature/944159
https://inspirehep.net/literature/879349
https://inspirehep.net/literature/901738
https://inspirehep.net/literature/1205306
https://inspirehep.net/literature/1382163
http://inspirehep.net/record/1411662?ln=en
https://inspirehep.net/literature/1458955
https://inspirehep.net/literature/1484163
https://inspirehep.net/literature/1449090
https://inspirehep.net/literature/1683416
https://inspirehep.net/literature/1687570
https://inspirehep.net/literature/1802679
https://inspirehep.net/literature/1757265
http://inspirehep.net/record/1122549?ln=en
http://inspirehep.net/record/1241426?ln=en
http://inspirehep.net/record/1326652?ln=en
http://inspirehep.net/record/1411662?ln=en
http://inspirehep.net/record/1654342?ln=en
https://inspirehep.net/literature/1728655
https://inspirehep.net/literature/1802829
http://inspirehep.net/record/854248?ln=en
http://inspirehep.net/record/1222343?ln=en
http://inspirehep.net/record/1618009/references
http://inspirehep.net/record/1389182?ln=en
http://inspirehep.net/record/1477214
https://inspirehep.net/literature/1659102
http://inspirehep.net/record/1606083
http://inspirehep.net/record/1606083
http://inspirehep.net/record/1606083
http://inspirehep.net/record/1421934#
http://inspirehep.net/record/1618009
https://inspirehep.net/literature/1728779
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Dπ → Dπ, I = 1/2

—  Isospin-1/2 Dπ scattering and the lightest D0* resonance from lattice QCD  —  		

Hadron Spectrum Collaboration  —  (2021) JHEP 07 (2021) 123
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Can multi-hadron states propagate between the currents?

single two-
particle channel

many two-
particle channels

channels with 
> two particles

mesons baryons
quark bilinear four-quark operators
light-quarks heavy-quarks

easier harder

easier harder

easier harder

no yes

everything above… plus:

four-point functions are difficult 

easier

harder

precision

(Incomplete) landscape of lattice observables



Formal progress: Transition amplitudes 

h⇡⇡, out|H|Ki ⌘

Lellouch, Lüscher (2001)  •  Kim, Sachrajda, Sharpe (2005)  •  Christ, Kim, Yamazaki (2005)  •  MTH, Sharpe (2012)

Weak decay

h⇡⇡, out|Jµ|0i ⌘
Meyer (2011)

hK⇡, out|J↵� |Bi ⌘

Agadjanov et al. (2014)  •  Briceño, MTH, Walker-Loud (2015)  •  Briceño, MTH (2016)

hN⇡, out|Jµ|Ni ⌘

`+
`�

Time-like form factors

Resonance form factors

Particles with spin

24



h⇡⇡, out|Jµ|⇡i ⌘

get this from the lattice experimental observable

|hn, L|Jµ|⇡i|2 = h⇡|Jµ|⇡⇡, iniR(En, L)h⇡⇡, out|Jµ|⇡i
<latexit sha1_base64="RHnewmCDOBd77WNnl1O9MZGN524="></latexit><latexit sha1_base64="RHnewmCDOBd77WNnl1O9MZGN524="></latexit><latexit sha1_base64="RHnewmCDOBd77WNnl1O9MZGN524="></latexit><latexit sha1_base64="RHnewmCDOBd77WNnl1O9MZGN524="></latexit>

Pion photo-production
Formal relation

Briceño, MTH, Walker-Loud (2015)

Briceño et. al., Phys. Rev. D93, 114508 (2016) Alexandrou et. al., Phys. Rev. D98, 074502  (2018)

m⇡ ⇡ 320MeV
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m⇡ ⇡ 400MeV
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Numerical implementation
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Hadronic D decays

cū

ūs

s̄
u K+

K�

D0
cū

ūs

s̄
u K+

K�

D0

L

L

Lh2|H|1i

Integrating out electroweak physics  →  basis of four-quark operators

See the RBC/UKQCD calculation of K→ππ
Complicated: non-perturbative renormalization, many operators and contractions

⇡⇡,KK,⇡⇡⇡⇡, · · · have same quantum numbers + no asymptotic separation in the box

How do we interpret             ?hn, L|

hn, L| HMS
weak |D,Li

renormalized weak Hamiltonian

multi-hadron final state
incoming D meson

e�M⇡L volume effects
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The finite-volume as a tool
Coupled channels leave an imprint on finite-volume energies
infinite-volume 

scattering amplitudes
finite-volume energies

know field theoretic relation,
exact up to              .e�M⇡L

⇡⇡ ! KK

(i) given these 
experimentally

(ii) predict from 
first principles

can predict finite-volume signature

given lattice energies

KK like

ππ like

•   MTH, Sharpe, Phys.Rev. D86 (2012) 016007  •

L

L

L

cū

ūs

s̄
u K+

K�

D0

|n, Li = c(n)⇡ (L) |⇡⇡, outi+ c(n)K (L) |KK, outi
path to physical amplitude
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How far in the future?

Pilot calculation underway at the University of Edinburgh

Funded by UKRI Future Leaders Fellowship

Wilson-quark ensembles at the  symmetric pointSU(3)F

L

L

L

cū

ūs

s̄
u K+

K�

D0

|n, Li = c(n)⇡ (L) |⇡⇡, outi+ c(n)K (L) |KK, outi

hn, L| HMS
weak |D,Li

See Fabian Joswig talks:   Lattice2022 and MIT Colloquium

28

biggest challenge = still missing strategy for treating  etc, channelsππππ
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Towards >2 hadrons
Multiple three-particle finite-volume formalisms developed (so far only spin zero)

MTH, Sharpe (2014-2016)          See also Döring, Mai, Hammer, Pang, Rusetsky

MTH, Briceño, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001

First lattice calculations appearing… e.g.   π+π+π+ → π+π+π+

Extract reliable spectrum

Use formalism to fit 
scheme-dependent K-matrix

Solve integral equations to 
reach physical amplitude

See Blanton et al. 2022 and 2023 for pion and kaon results

See Sadasivan et al. 2022 for application to a1(1260)
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(Incomplete) landscape of lattice observables

<latexit sha1_base64="5uUZ8NngouIUuTw0NASTklZCHa0="></latexit>

hmulti-hadron state|O(0)|hadroni
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hmulti-hadron state|multi-hadron statei
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hhadron|J (x)O(0)|hadroni

Can multi-hadron states propagate between the currents?

single two-
particle channel

many two-
particle channels

channels with 
> two particles

mesons baryons
quark bilinear four-quark operators
light-quarks heavy-quarks

easier harder

easier harder

easier harder

no yes

everything above… plus:

four-point functions are difficult 

easier

harder

precision
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Formal & numerical progress: Long-distance matrix elements 
Formal method understood… assuming only two-hadron intermediate states

Christ, Feng, Martinelli, Sachrajda (2015)  •  Christ et al. (2016) 
  •  Briceño, Davoudi, MTH, Schindler, Baroni (2019)  •  Erben, Gülpers, MTH, Hodgson, Portelli (2022)
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Issue of growing exponentials (Christ et al.)

Issue of power-like finite-volume effects (after discarding exponential)
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Formal & numerical progress: Long-distance matrix elements 

Christ, Feng, Martinelli, Sachrajda (2015)  •  Christ et al. (2016) 
  •  Briceño, Davoudi, MTH, Schindler, Baroni (2019)  •  Erben, Gülpers, MTH, Hodgson, Portelli (2022)
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(Incomplete) landscape of lattice observables
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hhadron|J (x)O(0)|hadroni

Can multi-hadron states propagate between the currents?

single two-
particle channel

many two-
particle channels

channels with 
> two particles

mesons baryons
quark bilinear four-quark operators
light-quarks heavy-quarks

easier harder

easier harder

easier harder

no yes

everything above… plus:

four-point functions are difficult 

easier

harder

precision
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A more inclusive perspective…
Finite-volume as a tool

Spectral function method

hOj(⌧)O
†
i (0)i =

X

n

h0|Oj(⌧)|EnihEn|O
†
i (0)|0i =

X

n

e�En(L)⌧Zn,jZ
⇤
n,i

LQCD → Energies and matrix elements

Our task is relate             and                            to experimental observablesEn(L)
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An answer to the question…   “Can’t you just analytically continue?”

Formally applies for any number of particles / any energy range

Still important challenges and limitations to consider

Applicable only in limited energy range for two- and three-hadron states
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Correlation functions → observables

33

Lattice QCD gives finite-volume Euclidean correlators
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h0| O1(0) f(Ĥ)O2(0) |0i1

Complete physical information is contained in…

have

want
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π π  → π π  amplitude j → π π  amplitude

Bulava, MTH (2019)

Detailed choice of f(E) and operators determines the observable
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R-ratio D-meson total lifetime

MTH, Meyer, Robaina (2017)Meyer • Bailas, Hashimoto, Ishikawa (2020) 
Alexandrou et al. (2022)



Linear, model-independent reconstruction (e.g. Backus-Gilbert-like, Chebyshev)

G(τ) =

∫
dω e−ωτ ρ(ω)

have want
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Linear reconstruction



Linear reconstruction

Linear, model-independent reconstruction (e.g. Backus-Gilbert-like, Chebyshev)

δ is exactly known

Neural networks

Maximum Entropy Method (MEM)
Direct fits

See multiple ECT* and CERN workshops, work by  
Aarts, Allton, Amato, Brandt, Burnier, Del Debbio, Francis, 

Giudice, Hands, Harris, Hashimoto, Jäger, Karpie, Liu, 
Meyer, Monahan, Orginos, Robaina, Rothkopf, Ryan, …

G(τ) =

∫
dω e−ωτ ρ(ω)
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Role of the finite volume

GL(⌧) =

Z
d! e�!⌧ ⇢L(!)b⇢L(!̄) ⌘

Z 1

0
d! b��(!̄,!) ⇢L(!)

Any reconstructed spectral function that ≠ forest of deltas…
contains implicit smearing (or else L → ∞)

We require…

smearing function 
covers many delta peaks

smearing does not overly 
distort observable

MTH, Meyer, Robaina (2017)
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Integrable theory with some nice similarities to QCD
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1+1 O(3) Model

Dynamically generated mass gap

Asymptotically free

Conserved iso-vector vector current

Iso-spin like symmetry conserved current

spectral function



Monte-Carlo test
Full lattice calculation in two-dimensional O(3) non-linear sigma model

Data + theory driven analysis of finite-L and -T effects and discretization

Bulava, MTH, Hansen, Patella, Tantalo (2021)

Demonstrating the modified Backus-Gilbert (HLT) method for the “R-ratio”
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Smeared spectral function vs analytic result
Construct different smearings of ρ(ω)
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Bulava, MTH, Hansen, Patella, Tantalo (2021)



Extrapolation

Bulava, MTH, Hansen, Patella, Tantalo (2021)

Targeting  for  hereρ(E) E = 14m

Use known relations between different smearing kernels
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Result

Bulava, MTH, Hansen, Patella, Tantalo (2021)
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Many QCD applications already published… see work by									A. Barone, S. Hashimoto, A. Jüttner, T. 
Kaneko, R. Kellermann, R. Frezzotti, G. Gagliardi, V. Lubicz, F. Sanfilippo, S. Simula …



Future of lattice QCD

42

Semi-leptonics with QED completely understood and included
Smaller lattice spacings → confident to treat heavy and light quarks the same way

Many collaborations (with different set-ups) calculating multi-hadron scattering
Scattering calculations reaching maturity to appear in FLAG
Deeper understanding of formalism for many hadron states 

First publications with heavy to light resonances (rigorously treating width)
First pilot studies of multi-hadron D decays and mixing
First calculations of three-hadron decays
Multi-hadron decay calculations reaching maturity to appear in FLAG

Spectral methods reaching maturity with fully controlled uncertainties
More common use of algorithms to exponentially enhance signal-to-noise ratios
Machine learning to improve gauge field generation (and observable extraction?) 
(see work by P Shanahan and MIT group)
Zettascale computing



Closing remarks

Need something more exciting to end…

Funded by UKRI Future Leaders Fellowship

Asked NightCafe Creator about the future of charm…

Lattice QCD is progressing by improving precision and unlocking new observables

Full control of many exciting quantities (especially those involving multi-hadrons)  
is still many years away 

We should continue to pursue unexpected/more direct collaborations between
- lattice QCD - heavy quark and EFT methods - light cone sum rules - factorisation 
- amplitude analysis - dispersive methods - quark models -



3. Intermediate multi-hadron states

lattice like patterns

lattice like patterns

charm in media 

analytic methods

Intrinsic charm

form factor

Thanks for listening!

NightCafe Creator



Coupled channels
The cubic volume mixes different partial waves…

…as well as different flavor channels…
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Workflow…

Correlators with a large 
operator basis 

Reliably extract 
finite-volume energies

Vary L and P to recover a 
dense set of energies 

hOa(⌧)O
†
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h⌦m(⌧)⌦†
m(0)i ⇠ e�Em(L)⌧

[000],A1

[001],A1

[011],A1

En(L)

Identify a broad list of K-matrix parametrizations
Perform global fits to the 
finite-volume spectrumEFT basedpolynomials 

and poles
dispersion 

theory based

spec



3-particle amplitudes

Applications…

!(782), a1(1420) ! ⇡⇡⇡ X(3872) ! J/ ⇡⇡ X(3915)[Y (3940)] ! J/ ⇡⇡

and much more!… (3-body forces, weak transitions, gluons content)

form factors and transitions

exotic resonance pole positions, couplings, quantum numbers

JP 0+ 1� 2+ · · ·2-to-2 only samples

Goal: finite-volume + unitarity formalism for generic two- and three-particle systems

X

J/ 

many interesting resonances have significant 3-body decays



Status…

E0(L)

E1(L)

E2(L)

M3

M2

Kdf,3

K2

finite volume unitarity

Identical spin-zero,   no 2-to-3,   no K2 poles

as above… but including 2-to-3

as above… but including K2 poles

Non-identical, non-degenerate spin-zero

Multiple three-particle channels… Spin!

17

⇡⇡⇡ ! ⇢⇡ ! ! ! ⇢⇡ ! ⇡⇡⇡
  •   MTH, Romero-López, Sharpe (2020)   •   Blanton, Sharpe (2020, 2021)

   •   Briceño, MTH, Sharpe (2017)   •   

   •   MTH, Sharpe (2014, 2015)   •   

   •   Briceño, MTH, Sharpe (2018)   •  



MTH, Briceño, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001,

see also work by… Culver, Döring, Hanlon, Hörz, Mai, Morningstar, Romero-Lopez, Sharpe + ETMC

 energiesπ+π+π+



MTH, Briceño, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001
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