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P-wave Production in NRQCD
• P-wave (𝜒c, 𝜒b) production at LO in v : 

 

•                and                describe perturbative production of QQ̅. 
Matrix elements (ME)                      and                       describe 
nonperturbative evolution of QQ̅ into quarkonium.


• Color-octet matrix elements are obtained from fits to data, which 
depend on normalization and pT dependence of cross section. 


• pT shapes of cross sections come from                 and               . 
Fixed-order calculations are known to have difficulty describing 
cross sections over a wide range of pT.
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In this work, we consider the inclusive production of P -wave heavy quarkonia in the
shape function formalism at NLO accuracy. We focus on the simpler case of production of
P -wave quarkonia, which involves only one unknown nonperturbative matrix element, and
the renormalization of the matrix elements is less complicated compared to the S-wave case.
The P -wave production rate is also important in understanding the feeddown contributions
in S-wave quarkonium production. In order to correctly incorporate the renormalization of
NRQCD matrix elements, we compute the shape functions in perturbative QCD at NLO
accuracy, which lets us obtain one-loop matching conditions for the shape function for-
malism that are necessary for computing the short-distance coefficients. This also gives
us the large-momentum asymptotic forms of the shape functions, which, together with the
normalization condition, help strongly constrain the nonperturbative form of the shape
function and significantly reduce the model dependence. Furthermore, we can compute
the shape functions in terms of quarkonium wavefunctions and universal gluonic operator
vacuum expectation values using the potential NRQCD (pNRQCD) formalism developed
in refs. [14, 16, 23–29]. Although such a calculation does not yet lead to a first-principles
determination of the shape functions due to our lack of knowledge of the nonperturbative
dynamics of gluons, the universality of the gluon operator vacuum expectation values can
enhance the predictive power of the formalism, similarly to the pNRQCD calculations of
NRQCD matrix elements. Based on the results for the shape functions and the correspond-
ing short-distance coefficients we obtain in this work, we resum the kinematical corrections
to inclusive �c and �b hadroproduction rates at small and large transverse momentum.

This paper is organized as follows. In sec. 2 we introduce the NRQCD and shape
function formalisms for P -wave quarkonium production. In sec. 3 we compute the shape
functions in perturbative QCD, which are necessary in deriving loop-level matching condi-
tions for the shape function formalism. In sec. 4 we compute the shape functions nonper-
turbatively in pNRQCD and obtain expressions in terms of quarkonium wavefunctions and
universal gluonic operator vacuum expectation values. In sec. 5 we establish the matching
conditions for the shape function formalism that allow us to obtain short-distance coeffi-
cients from the known results in NRQCD. By using these results we discuss phenomenolog-
ical applications of the shape function formalism for hadroproduction of �c and �b at large
and small transverse momentum in sec. 6. We conclude in sec. 7.

2 Shape function formalism for P -wave production

We first review the NRQCD factorization formalism for production of a �QJ for J = 0, 1,
and 2, where Q = c or b. At leading order in v, the inclusive production cross section of
�QJ is given by [1]

�[�QJ(P )] = (2J + 1)
⇣
c3P

[1]
J
(P )hO�Q0(3P [1]

0 )i+ c3S
[8]
1
(P )hO�Q0(3S[8]

1 )i
⌘
, (2.1)

where P is the momentum of the �QJ , c3P [1]
J
(P ) and c3S

[8]
1
(P ) are short-distance coefficients,

hOi denote the vacuum expectation value of an operator O, and the hO
�Q0(3P [1]

0 )i and
hO

�Q0(3S[8]
1 )i are NRQCD long-distance matrix elements that describe the evolution of a
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short-distance coefficients,  
generally available to NLO

(Q=c or b)

Bodwin, Braaten, Lepage,  
PRD51, 1125 (1995)
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P-wave Production in NRQCD
• P-wave (𝜒c, 𝜒b) production at LO in v : 

•                     : color-singlet QQ̅ evolve into 𝜒Q 
                    : color-octet QQ̅ evolve into 𝜒Q by soft radiation.


• Color-octet QQ̅ can also evolve into color-singlet QQ̅ by soft 
radiation before evolving into 𝜒Q. 
Two channels mix by soft gluon emission due to renormalization: 

• Same form of mixing happens for S-wave quarkonium 
production (𝝍, 𝛶) between color-octet 3PJ and 3S1 states
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(with or without soft radiation)

scale dependence  
of short-distance coefficient

scale dependence of  
renormalized color-octet ME
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Mixing in P-wave Production
• Mixing in dimensional regularization d=4−2 𝜖: 

 
 
 

•  
 
 
 

• Gluon momentum l>0 is included in the perturbative short-distance 
coefficient, while only l=0 is included in the nonperturbative ME. 
However, nonperturbative soft gluons can have nonzero momentum.

4

IR pole at l=0 produces  
scale dependence

plus distribution, 
singular at l=0

vanishes  
for l>lmax

IR
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• Nonzero soft gluon momentum implies that  
quarkonium momentum is smaller than QQ̅ momentum 

• In large-pT hadroproduction, |PQQ̅ | 
Cross section is sensitive to small changes in Bjorken x.  
QQ̅ cross section is singular at maximum P (lsoft=0). 
Hence, quarkonium cross section can be  
sensitive to soft gluon momentum.

Production Kinematics

5

Maximum available 
momentum 

P

Beam axis parton CM

PQQ̅ lsoft
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• Soft radiation is “soft (∼mv)” in the quarkonium rest frame.  
Need to boost from quarkonium rest frame to CM frame.


• Soft radiation has no preferred direction in the P=0 rest frame,  
but after a large boost (P≫m𝜒) the only relevant direction of  
soft radiation is lightlike and anti-parallel to P.  
This effect can be resummed!

Production Kinematics

6

P

parton CM

PQQ̅

Quarkonium 
rest frame

P=0

PQQ̅ boost

soft  
radiation 
l*~mv

Pmax

l=l *✕ P/m
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Shape Functions
• Schematic form of lowest-dimensional NRQCD matrix elements, 

defined in quarkonium rest frame: 

• We can have operator matrix elements that read off the QQ̅ 
momentum in a specific direction l given by 

• These matrix elements are generated by the “shape function” 

• In practice, we only need color-octet shape functions, because 
due to vacuum-saturation approximation, color-singlet shape 
functions are trivial : 

7

some combination of  
Pauli and color matrices,  

covariant derivatives
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Shape Function Formalism
• NRQCD formalism :  

• Shape function formalism (NRQCD with kinematical corrections) : 


• Formally                                                               ,  

but both sides are UV divergent and require renormalization.


• Knowledge of the nonperturbative shape function  
needed to compute cross sections.

8

Beneke, Rothstein, Wise, PLB408 (1997) 373
Fleming, Leibovich, Mehen, PRD68, 094011 (2003)

l=momentum lost  
by soft radiation

https://doi.org/10.1016/S0370-2693(97)00832-0
https://doi.org/10.1016/S0370-2693(97)00832-0
https://doi.org/10.1103/PhysRevD.68.094011
https://doi.org/10.1103/PhysRevD.68.094011
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Renormalization
• Renormalization of color-octet matrix element 

• Normalization of the shape function must reproduce this integral. 
This gives the asymptotic behavior at large l+

9

+

the nonperturbative color-octet shape function must take the following asymptotic form

S
�Q0

3S
[8]
1

(l+)
���
asy, d=4

= hO
�Q0(3P [1]

0 )i ⇥
4↵sCF

3Nc⇡m
2

1

l+
, (2.10)

so that the integral
R lmax

+
0 dl+S

�Q0

3S
[8]
1

(l+) diverges logarithmically at large l
max
+ in the form

hO
�Q0(3P [1]

0 )i ⇥ 4↵sCF
3Nc⇡m2 log lmax

+ . Because the perturbative calculation of S
QQ̄(3P

[1]
0 )

3S
[8]
1

(l+)

depends only on one scale l+, the above expression for the color-octet shape function is
valid at d = 4 for all l+ when the �Q0 state is replaced by the perturbative QQ̄(3P [1]

0 ) state;
hence we obtain eq. (2.8).

With the short-distance coefficients obtained from perturbative calculations, P -wave
quarkonium cross sections can be computed in the shape function formalism once the
nonperturbative shape functions S

�Q0

3P
[1]
0

(l+) and S
�Q0

3S
[8]
1

(l+) are determined. In the case
of the color-singlet shape function, the fact that effects of emissions of order mv gluons
are suppressed by v

2 at the amplitude level leads to the observation that S
�Q0

3P
[1]
0

(l+) =

�(l+)hO�Q0(3P [1]
0 )i up to corrections suppressed by v

4 (the same conclusion can be ob-
tained from the vacuum-saturation approximation, as was done in ref. [21]). On the other
hand, it has been argued that the nonperturbative color-octet shape function S

�Q0

3S
[8]
1
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cannot be computed except within models. Even so, the model dependence can be signifi-
cantly reduced by using the large-l+ asymptotic form (2.10) and the normalization conditionR1
0 dl+S
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3S
[8]
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(l+) = hO
�Q0(3S[8]

1 )i. As the normalization condition requires the integral to

be infrared (IR) finite, the integrand must not grow like 1/l+ as l+ ! 0, while it must
reproduce the asymptotic form for large l+. Although describing the behavior of the color-
octet shape function at small l+ may still require models, model parameters can be fixed
from the color-octet NRQCD matrix element by using the normalization condition. As
renormalization of NRQCD matrix elements is usually done in the MS scheme, we have
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where we define the MS scheme at scale ⇤ by subtracting the UV pole and rescaling the
MS scale µ through the relation µ

2 = ⇤2
e
�E/(4⇡). This expression is not very useful as

it is, because it requires use of a model shape function in d dimensions. Instead, we may
regulate the UV divergence by cutting off the l+ integral as
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which is valid to order ✏0. For large enough l
max
+ , the last term can be computed in perturba-

tion theory, because the large-l+ behavior is fixed by the renormalization of the color-octet
matrix element. That is,

Z 1

lmax
+

dl+S
�Q0

3S
[8]
1

(l+)
���
d=4�2✏

hO�Q0(3P [1]
0 )i

=

Z 1

lmax
+

dl+S
QQ̄(3P

[1]
0 )

3S
[8]
1

(l+)
���
d=4�2✏

hOQQ̄(3P
[1]
0 )(3P [1]

0 )i
, (2.13)
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Nonperturbative Shape Function
• Asymptotic behavior from renormalization:


• Nonperturbative normalization must be IR finite:


• Form of nonperturbative  
shape function is strongly 
constrained from  
renormalization and  
IR finiteness. 


• l+→0 behavior is model dependent.
10

large-l+ 
asymptote

IR-finite 
nonperturbative 
behavior
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Corrections to Cross Section
• P-wave short-distance coefficients have plus distributions with 

large subtractions, and color-singlet production rates are negative. 
 
 
 

• Nonperturbative shape  
function makes subtractions 
softer at l+=0, color-singlet  
cross section is less negative 

• Hence, nonperturbative effects  
enhance large-pT cross section

11

large-l+ 
asymptote

IR-finite 
nonperturbative 
behavior

negative
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Models for Shape Function
• We can constrain models for the color-octet shape function using 

the asymptotic form and the normalization condition:


• l+→0 behavior is not 
strongly constrained,  
but it should not diverge  
like 1/l+ to ensure the  
IR-finiteness of the  
color-octet ME.


• All models shown here  
reproduce the color-octet  
matrix elements from NLO fits. 
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Figure 5. Shapes in l
⇤
+ of the model functions for the color-octet shape function S

�Q0

3S[8]
1

(l⇤+) divided

by hO
�Q0(3P [1]

0 )i/m2 for model 1 (black solid line), model 2 (red dashed line), model 3 (blue dot-
dashed line), and model 4 (thin magenta line), compared to the asymptotic form (thin dotted line).
The model parameter for each model is determined from the normalization eq. (4.21) and the NLO
best-fit value m

2
hO

�c0(3S[8]
1 )i/hO�c0(3P [1]

0 )i = 0.043 at ⇤ = 1.5 GeV.

In model 1, the model shape function vanishes linearly as l+ ! 0, while in model 2 the model
function becomes a finite constant. The model 3 shape function coincides the asymptotic
form for l+ > a+, while it vanishes for l+ < a+. In model 4, the model function diverges as
l+ ! 0 like 1/l1�↵

+ , more slowly than the asymptotic form, to ensure the IR finiteness of the
normalization integral. We use the value ↵ = 0.8 so that the model function slowly diverges
at l+ = 0, and recovers the asymptotic form at large l+. The model parameters a+, which
transforms under boosts like l+, can be determined from the normalization condition. By
using the value ↵s = 0.33 at scale 1.5 GeV, and the best-fit value for �cJ matrix elements
giving m

2
hO

�c0(3S[8]
1 )i/hO�c0(3P [1]

0 )i = 0.043 at ⇤ = 1.5 GeV [29, 60], we obtain the model
parameters at the rest frame of the �Q0 given by a

⇤
+ = 0.74, 1.7, 0.64, and 2.6 in units of

GeV for models 1, 2, 3, and 4, respectively. The shapes in l
⇤
+ of theses model functions for

fixed values of the model parameters are shown in fig. 5 compared to the asymptotic form.

In order to investigate the model dependence of the cross section in the shape function
formalism, we compute d�[�QJ ]/dpT

��
NP

from the four model shape functions. In order to
assess the impact of the nonperturbative corrections, we compute the dimensionless ratios
of the color-octet channel contributions in the NRQCD and shape function formalisms

r
Q
octet =

d�[�QJ ]

dpT

���
octet, shape

d�[�QJ ]

dpT

���
octet, NRQCD

, (6.28)
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Corrections to Cross Section
• Nonperturbative corrections are almost independent of model.
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Figure 6. The ratio of the color-octet channel contributions in the shape function and NRQCD
formalisms r

c
octet for production of �c computed from model shape functions with model 1 (black

solid line), model 2 (red dashed line), model 3 (blue dot-dashed line), and model 4 (thin magenta
line).

Figure 7. The ratio of the color-octet channel contributions in the shape function and NRQCD
formalisms r

b
octet for production of �b(1P ) (left) and �b(2P ) (right) computed from model shape

functions with model 1 (black solid line), model 2 (red dashed line), model 3 (blue dot-dashed line),
and model 4 (thin magenta line).

values of pT , because the 2P state is heavier than the 1P state. Because in all cases model
dependences are smaller than the usual estimates of theoretical uncertainties, we neglect
the model dependence and compute d�[�QJ ]/dpT |NP using shape function model 1, which
gives results that are close to the average of all models considered here. Model 1 seems to
be a reasonable choice, since if we were to interpret the nonlocal gluonic operator vacuum
expectation value E/11(l+) as the probability for a gluon with momentum l to propagate to
spacetime infinity, we would expect the probability to vanish as l ! 0 due to confinement.

We now compute the cross sections for �c at pp collisions at center-of-mass energy
p
s =

7 TeV with rapidity cut 2 < y < 4.5. For this we need to determine the values of NRQCD
matrix elements. We compute the color-singlet matrix element from the well-known result
hO

�c0(3P [1]
0 )i = 3Nc

2⇡ |R
0(0)|2, which is also consistent with pNRQCD calculations of the

color-singlet matrix element, and use the determination |R
0(0)|2 = 0.057 GeV5 obtained in
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values of pT , because the 2P state is heavier than the 1P state. Because in all cases model
dependences are smaller than the usual estimates of theoretical uncertainties, we neglect
the model dependence and compute d�[�QJ ]/dpT |NP using shape function model 1, which
gives results that are close to the average of all models considered here. Model 1 seems to
be a reasonable choice, since if we were to interpret the nonlocal gluonic operator vacuum
expectation value E/11(l+) as the probability for a gluon with momentum l to propagate to
spacetime infinity, we would expect the probability to vanish as l ! 0 due to confinement.

We now compute the cross sections for �c at pp collisions at center-of-mass energy
p
s =

7 TeV with rapidity cut 2 < y < 4.5. For this we need to determine the values of NRQCD
matrix elements. We compute the color-singlet matrix element from the well-known result
hO

�c0(3P [1]
0 )i = 3Nc

2⇡ |R
0(0)|2, which is also consistent with pNRQCD calculations of the

color-singlet matrix element, and use the determination |R
0(0)|2 = 0.057 GeV5 obtained in
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r =
octet cross section in NRQCD

octet cross section in  
shape function formalism

• Ratio is constant at large pT,  
and diminish as pT decreases.


• Overall normalization decrease 
due to use of quarkonium mass 
instead of quark pole mass
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• Small-pT data available from 
LHCb measurements of 𝝈(J/𝝍), 𝝈(𝝍(2S)), 𝝈(𝛶) 
LHCb measurements of 𝝈(𝜒c)/𝝈(J/𝝍), 𝝈(𝜒b)/𝝈(𝛶) 
𝝈(𝜒c) and 𝝈(𝜒b) can be obtained from their products.
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Figure 3: Fractions R�b(mP)
⌥(nS) as functions of p⌥T . Points with blue open (red solid) symbols

correspond to data collected at
p
s = 7(8)TeV, respectively. For better visualization the data

points are slightly displaced from the bin centres. The inner error bars represent statistical
uncertainties, while the outer error bars indicate statistical and systematic uncertainties added
in quadrature.

is measured to be
m�b1(3P) = 10 511.3± 1.7± 2.5MeV/c2,

where the first uncertainty is statistical and the second systematic. This result
is compatible and significantly more precise than the event yield average mass of
�b1(3P) and �b2(3P) states of 10 530± 5± 17MeV/c2 and 10 551± 14± 17MeV/c2, re-
ported by the ATLAS [19] and D0 [24] experiments, respectively.
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Cross Section Measurements
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Figure 3: Differential production cross-section for prompt J/y as a function of pT in bins of y , assuming
that prompt J/y are produced unpolarised. The errors are the quadratic sums of the statistical and
systematic uncertainties.

Figure 4: Differential production cross-section for J/y from b as a function of pT in bins of y. The
errors are the quadratic sums of the statistical and systematic uncertainties.
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LHCb results, in the rapidity range 2.0<yJ/ < 4.5 and assuming the production of unpolarised
J/ and �c mesons, are shown with solid black circles and the internal error bars correspond to
the statistical error; the external error bars include the contribution from the systematic uncer-
tainties (apart from the polarisation). The lines surrounding the data points show the maximum
e↵ect of the unknown J/ and �c polarisations on the result. The upper and lower limits cor-
respond to the spin states as described in the text. The CDF data points, at

p
s=1.8 TeV in

pp̄ collisions and in the J/ pseudo-rapidity range |⌘J/ | < 1.0, are shown in (a) with open blue
circles [5]. The two hatched bands in (b) correspond to the ChiGen Monte Carlo generator
prediction [16] and NLO NRQCD [17].
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Figure 2: Double di↵erential cross-sections
d2

dpT dy
�⌥!µ+µ�

for (top) ⌥(1S), (middle) ⌥(2S) and

(bottom) ⌥(3S) at (left)
p
s = 7TeV and (right)

p
s = 8TeV. The error bars indicate the sum

in quadrature of the statistical and systematic uncertainties. The rapidity ranges 2.0 < y < 2.5,
2.5 < y < 3.0, 3.0 < y < 3.5, 3.5 < y < 4.0 and 4.0 < y < 4.5 are shown with red filled circles,
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respectively. Some data points are displaced from the bin centres to improve visibility.
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𝝌c Cross Sections
• P-wave charmonium cross sections
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Figure 8. Production rate of J/ from �c decays in pp collisions at
p
s = 7 TeV in the rapidity

range 2 < y < 4.5 computed from the shape function (red band) and NRQCD (dashed outlined
band) formalisms as functions of the J/ transverse momentum. Experimental values (black filled
circles) are obtained from the prompt J/ cross section and the feeddown fraction measurements
from LHCb [61, 65]. The “direct” experimental values (blue open squares) are obtained by sub-
tracting the contribution from the cascade decay  (2S) ! �c+X followed by �c ! J/ +�, which
is computed from the prompt  (2S) cross section measurements from LHCb [66] and the measured
branching fractions in ref. [67].

ref. [29] from two-photon decay rates of �c0 and �c2. For the color-octet matrix element,
we use the NLO best-fit value m

2
hO

�Q0(3S[8]
1 )i/hO�Q0(3P [1]

0 )i = 0.043 at ⇤ = 1.5 GeV [29],
as we have done for the determination of the parameters of our model shape functions. As
we have stated earlier, we compute the NLO short-distance coefficients for the color-singlet
and color-octet channels using the FDCHQHP Fortran package [63] with CTEQ6M parton
distribution functions [58]. We set the scales for ↵s and the parton distributions functions
to be mT =

q
p2T +m2

QQ̄
, and vary them simultaneously between 1

2mT and 2mT , as have
been done in many phenomenological studies of quarkonium production. To match what
have been measured in experiments, we compute the combined cross sections

d�[�c ! J/ ]

dpT
=

X

J=1,2

B�cJ!J/ +�
d�[�cJ ]

dpT
, (6.31)

as functions of J/ transverse momentum p
J/ 
T . We estimate p

J/ 
T by using the formula

p
J/ 
T =

mJ/ 

m�c

p
�c
T , (6.32)

which follows from the fact that the processes �cJ ! J/ + � for J = 1 and 2 are mainly
E1 transitions. We take the �cJ ! J/ + � branching fractions from ref. [67]. We neglect
the contribution from �c0, because the branching fraction B�c0!J/ +� is very small. The
results for d�[�c ! J/ ]/dpT from NRQCD and the shape function formalisms are shown
in fig. 8, compared to experimental values obtained from LHCb measurements. The exper-
imental values for absolute cross sections have been obtained from the measurements of the
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𝝌b Cross Sections
• P-wave bottomonium cross sections
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Figure 9. Production rate of ⌥(1S) from �b(1P ) (left) and �b(2P ) (right) decays times the
branching fraction B ⌘ B⌥(1S)!µ+µ� in pp collisions at

p
s = 7 TeV in the rapidity range 2 < y <

4.5 computed from the shape function (red band) and NRQCD (dashed outlined band) formalisms
as functions of the ⌥ transverse momentum. Experimental values (black filled circles) are obtained
from the inclusive ⌥ cross section and the feeddown fraction measurements from LHCb [62, 68].
The “direct” experimental values (blue open squares) are obtained by subtracting the cascade decay
contributions from ⌥(2S) ! �b(1P ) +X, ⌥(3S) ! �b(1P ) +X, and ⌥(3S) ! �b(2P ) +X, which
are computed from the inclusive ⌥(2S) and ⌥(3S) cross section measurements from LHCb [68] and
measured branching fractions in ref. [67].

ratio of �c to J/ production rates in ref. [61] and the measured prompt J/ production
rates in ref. [65]. Note that the prompt cross section measurements in ref. [65] include
feeddowns from decays of  (2S), while our calculation does not; to facilitate a better com-
parison, we also show experimental values for feeddown-subtracted �c cross sections, which
we obtain from the measured  (2S) cross sections in ref. [66] and the branching fractions
B (2S)!�cJ+X for J = 1 and 2 from ref. [67]. The difference between results from the
NRQCD and the shape function formalisms are rather small and are within the theoreti-
cal uncertainties, except when pT ⇡ m�c : for pT around 3–5 GeV, the cross section in the
shape function formalism is smaller than the result from the NRQCD formalism, and agrees
better with the feeddown-subtracted experimental values. While this difference slightly im-
proves agreement with experiment, it only amounts to about 30%, which is the nominal
size of corrections suppressed by v

2 that are neglected in both NRQCD and shape function
formalisms.

We can repeat the same calculation for bottomonium: we compute cross sections for
�b(1P ) and �b(2P ) for LHCb kinematics at

p
s = 7 TeV and 2 < y < 4.5. Similarly to the

case of �c we need values for the NRQCD matrix elements. For the color-singlet matrix
elements we again use the relation hO

�b0(3P [1]
0 )i = 3Nc

2⇡ |R
0(0)|2, with |R

0(0)|2 = 1.47 GeV5

for 1P and |R
0(0)|2 = 1.74 GeV5 for 2P states, which are averages of potential-model
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Going to lower pT
• If we were to extrapolate this down to even smaller pT…
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Figure 3: Fractions R�b(mP)
⌥(nS) as functions of p⌥T . Points with blue open (red solid) symbols

correspond to data collected at
p
s = 7(8)TeV, respectively. For better visualization the data

points are slightly displaced from the bin centres. The inner error bars represent statistical
uncertainties, while the outer error bars indicate statistical and systematic uncertainties added
in quadrature.

is measured to be
m�b1(3P) = 10 511.3± 1.7± 2.5MeV/c2,

where the first uncertainty is statistical and the second systematic. This result
is compatible and significantly more precise than the event yield average mass of
�b1(3P) and �b2(3P) states of 10 530± 5± 17MeV/c2 and 10 551± 14± 17MeV/c2, re-
ported by the ATLAS [19] and D0 [24] experiments, respectively.
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𝝌b Cross Sections
• P-wave bottomonium cross sections 

• A recent data-driven study suggests similar behaviors of small-pT 
cross sections.


• Although direct measurements are not available, knowledge of 
low-pT behavior is important for treatment of feeddown in 𝛶 
production 18
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Figure 10. Production rate of ⌥(1S) from �b(1P ) (left) and �b(2P ) (right) decays times
the branching fraction B ⌘ B⌥(1S)!µ+µ� in pp collisions at

p
s = 7 TeV in the rapidity range

2 < y < 4.5 computed from the shape function (red band) and NRQCD (dashed outlined band)
formalisms as functions of the ⌥ transverse momentum. Experimental values (black filled circles)
for pT  6 GeV are obtained by using the measured inclusive ⌥ cross section in ref. [68] and
extrapolating the feeddown fraction measurements from LHCb [62] to smaller values of pT . The
“direct” experimental values (blue open squares) are obtained by subtracting the cascade decay
contributions from ⌥(2S) ! �b(1P ) +X, ⌥(3S) ! �b(1P ) +X, and ⌥(3S) ! �b(2P ) +X, which
are computed from the inclusive ⌥(2S) and ⌥(3S) cross section measurements from LHCb [68] and
measured branching fractions in ref. [67].

calculations considered in ref. [69]. For the color-octet matrix element, we use the evolution
equation in eq. (6.30) and the best-fit value for the matrix element ratio for �c to determine
hO

�b0(3S[8]
1 )i at scale ⇤ = 4.75 GeV. On the experimental side, LHCb measurements are

available for the feeddown fractions in ref. [62] for ⌥(nS) from �b(n0
P ) decays for n and

n
0 between 1 and 3 with n

0
� n, and the absolute cross sections for ⌥(nS) as functions

of pT of ⌥ in ref. [68]. We use the measured values for ⌥(1S) cross sections and the
feeddown fractions to obtain the experimental values for �bJ(n0

P ) cross sections times
branching fraction into ⌥(1S), summed over J . To compare with the experimental values,
we compute

B ⇥ d�[�b(n0
P ) ! ⌥(1P )]

dpT
= B ⇥

X

J=1,2

B�bJ (n0P )!⌥(1P )+�
d�[�bJ(n0

P )]

dpT
, (6.33)

where B ⌘ B⌥(1S)!µ+µ� , as functions of ⌥ transverse momentum p
⌥
T . We compute p

⌥
T by

using
p
⌥
T =

m⌥

m�b(n0P )
p
�b(n0P )
T . (6.34)

We take the measured branching fractions from ref. [67]. Similarly to the charmonium
case, we neglect the contribution from �b0 on the account that its branching fraction into
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Summary
• NRQCD involves mixing induced by soft gluon emission.  

Soft momentum can be important near boundaries of phase space. 


• Kinematical effects from soft momenta can be resummed by shape 
function formalism, but this depends on unknown nonperturbative 
functions. Phenomenological application was very limited. 


• This work revealed relation between shape function formalism and 
renormalization in NRQCD. This severely constrains model 
dependence and restores predictability to standard NRQCD level. 


• Inclusion of nonperturbative kinematical corrections soften the 
small-pT behavior of 𝜒c, 𝜒b cross sections, potentially improving 
theory description of pT-dependent 𝜒c, 𝜒b cross sections. 


• Similar mixing happen in J/𝝍, 𝝍(2S), 𝛶 production: application of 
shape function formalism to S-wave production can be anticipated
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